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Focus on Problem Solving 


Chapter one contains detailed 
information about the best way to 
approach an engineering circuit 
analysis problem and lays out the 
steps that one should work through to 
arrive at the correct answer. 





CHAPTER | ONTROODUCTION 





The fundamental instinct is to scan the problem statement quickly and 
then page through the teat in s search for an applicable equation. We tend to 
long for the days when we were asked for the circumference of a circle, or 
faced with determining the volume of a pyramid! Although looking for a 
quick solution might be tempting, a consistently methodical approach to 
problem solving will yield better results in the long term. 

The adjacent flowchart was designed as a guide to overcoming the two 
common obstacles of sarung a problem and managing the solution process 
Several of the steps may seem obvious, but it is the chronological order as 
| well as the performance of cach task that leads to success 
| The real key to success in circuit analysis, however, ix practice, espe 
cially in a relaxed, low-stress environment. Experience is the best teacher 
and learning from our own mistakes will always be a part of the process of 
becoming a competent engineer 

























interest that describe the operation of the circuit. Once the engineer i satis 
fed with the simulated performance of the design, the same software can 
generate the printed circus board layout using geometrical parameters in 
the components library. This level of integration is continually increasing. 
to the point where soon an engineer will be able to draw a schematic, click 
a few buttons, and walk to the other side of the table to pick up a manufac 
tured version of the circuit, ready to test! 

The reader should be wary, however, of one thing. Circuit analysis soft 
ware, although fun t use, is by oo means s roplacemem for guod oki 
fashioned paper-and-pencil analysis We need to have a solid understanding 
of bow circuits work in order to develop an ability to design them. Simply 
going through the motions of running a particular software package is a lit 
te like playing the lottery, with user-generated entry errors, hidden default 
parameters in the myriad of menu choices, and the occasional shortcoming 
of human-writien code there is so substitute for having at least an approxi 
mate idea Of the expected behavior of a circuit. Then, if the simulation re 
sult does pot agree with expectations, we can find the error early, rather than 
after it's too late. 

Sull, computer-aided analysis is a powerful tool. k allows us to vary pe 
rameter Values and evaluate the change in circuit performance, and to con 
sider several variations to a design in a arnightforward manner. The resuli 


s a reduction of repetitive tasks, and more time to concentrate on engineer 
ing details 
































| READING FURTHER 
This relatively mexpersive. best-selling book teaches the reader how to 
develop wanwang strategres in the tace of seemingly imposuble problems 


| G. Polya, How to Solve h. Princeton, N.J.: Princeton University 
Press. 197! 

























1.6 „ SUCCESSFUL PROBLEM-SOLVING STRATEGIES _ 
When asked to describe the single most frustrating part of circuit analysis. 
the vasi majority of students fee! that it is knowing how to start the problem 
The second most diffloult part ia typically obtaining a complete eet of equa 
tuons and organizing them in wch a way as to appear manageable 
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For the cireult of Pig. £50, find the voltage Inbeled vatt = 200 ms. 


Identity the goc! of the problem. 
The schematic of Fig. 8.54 actually 
with the switch closed (Fig. 8.56) and 
(Fig 85c). We are asked to find o(0.2) for d 


Collect the known information. 

We shouid first check that buth new circuits 
>. correctly. We neat make the assumption th 
has been connected for a long time, so that 
pated We may make such an assumption in 
unless instructed otherwise 
Devise o plan. 
‘The circuit of Fig. & Sc may be analyzed by 
Ubimately we want a differential equation 
abies, Unis may roquare addivonal equations 
= We will then solve the differential equation 
w Construct on appropriate set of 
Referring to Fig. 8 Sc, we write 


100 101 sft 
+ +s 
z - di 


A carefully chosen example in each 
subsequent chapter is labeled with 
these steps to continually reinforce 

effective problem solving skills. 
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corresponding to Eq. [9} 






5+10=0 
Solving. we find that s = — 10, = 


















vit) = Ae ™ 


{10} 
(which, upon substitution into the left-hand side of Eq. [9], results in 


~WAe™ + Wace” «0 





















a expected.) 
We find A by setting ı = 0 in Eq. [10] and employing the fact that 
vi) = —96 V. Thus. 










vt) = -96 m) 


and so v0.2) = —12.99 V. down from a maximum of —96 V. 
Verity the solution. ts 8 reesonable or expected? 

We could aiso find the inductor current by realizing that the inductor 
“woos” a resistance of 50 Q im the circuit of Fig. & Sc, thas providing 


a time constant of r = 50/5 = 10 « Coupled with the fact that we 
know i; (0) = 2.4 A, we may write 









Substituting j; = —w/40, we find that 


S de (= 1) 
oat + e 













































a AGURE 65) A umpe È ma aM y ee dr +10 o iait) = 240°" A, 1> 0 
ecm a ome í = Q (d) The owout ar € mhis pior to è whe n 
appari egwore ee di From Ohm's law, w(t) = —401, (1) = —960""™, which is identical to 






J V carer 6 ered Bo [11]. h is no coincidence that the inductor current and msiaor 


voltage have the same exponential dependence 


a 


Determine if additional information is 
From previous experience, we know that a 
will require knowledge of v at a specific 
being the most convensent We mighi be te: 
— and write w(D) = 24 V, but this is only true 


















82 Determine the inductor voltage © in the circuit of Fig 6.6 for s > © S AOURE GS Creat te Meter Molter à 
apens The resistor voltage can change to 
that the switch is thrown: only the inductor Ame: ~2Se"*V 


unchanged. 

In the circuit of Fig 8.5%. i, = 24/10 = 
acts like a short circuit to a de current, ni 
circuit of Fig. 8.Sc, as well—a key point in 
cuit Therefore, in the circuit of Fig. 8 Se, vdd 


Attempt o solution 


Any of the the basic sobstion techniques ci 
Baned on experience, let's start by writing a 

















Accounting for the Energy 


Before we turn our attention to the interpretation of the response, let us re 
turn to the circuit of Pig. 8.1, and check the power and energy relationships 
The power being dissipated in the resistor is 


Paw UR = Re 







iji 





and the total energy turned into heat in the resistor is found by mtegrating 
the instantaneous power from zero time to infinite time 


w= f paai = IÈR | aed 
Jo Jo 


R| T] Je zll 

This is the result we capect, because the total energy stored initially in 
the inductor is | 1/3, and there is no longer any energy stored in the induc 
tor at infinie time since if: current eventually drops to zero All the initial 
energy therefore is accounted for by dissipanon in the resistor 
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simply need to learn how to “wunsiate” the relevant variables (for example, 
replacing voltage with force. charge with distance, resistance with friction 
coefficient, otc.) lo find that we already know how to work a sew type of 
problem. Very often, if we have previous experience in solving a similar or 
related problem, our intuition can guide us through the solution of a totally 
sew problem. 

What we are about to learo regarding linear circuit analysis forms the 
basis for many subsequent electrical engineering courses. The study of elec 
tronics relies on the analysis of circuits with devices known as diodes and 
tranaision, which are used io construct power supplies, amplifiers, and dig 
ital cimuits The skills which we will develop are typically applied in a 
rapid, methodical fashion by electronics engineers, who sometimes can 
analyze a complicated circuit without even reaching for a pencil! The 
tume-domain and frequency-domain chapters of this text lead directly unto 
discussions of signal processing. power transmission, control theary, and 
communications We fied that (requency-domain analyus in particular is an 
extremely powerful technique, easily applied w any physical system sub 
posted to time-varying cackation. 





























We see from Table 62 thuat the system has three separate gas tanks, 
requiring three separate sensors. Each sensor is rated up w 12,500 psis. 
with s corresponding output of 5 V. Thes, whee tank | is full, its sensor 
will provide a voltage signal of 5 x (10,000/12,500) = 4 V; the 

same is true for the sensor monitoring tank 2 The sensor connected 

to lank 5, however, will only provide a maximum voltage signal of 

5 x (2,000/12,500) = 800 mV. 

One possible solution is the circuit shown in Fig. 6.160, which em 
Ploys a summing amplifier stage with v,. v) and v) representing the 
three sensor outputs, followed by an inverting amplifier to adjust the 
voltage ugn and magnitude. Since we are not fold the output resistance 
of the sensor, we employ a buffer for cach one as shown in Pig. 6.165 
the result is (in the ideal case) no current flow from the sensor 

To keep the design as simple as poasibie, we begin by choosing 
Ry, Ry, Ry, and Ry to be | kA: any value will do as long as al) four 
resistors are equal. Thus, the output of the summing stage is 









1.4, ANALYSIS AND DESIGN __ 


Engineers take a fundamental understanding of scientific principles, com 
bene this with practical knowledge often expressed in mathematical terms, 
and (frequently with considerable creativity) arrive at a solution to a given 
problem. Analysis is the process through which we determine the scope of 
a problem, obtain the informanon required to understand i. and compuic 
the parameters of interest. Design is the process by which we synthesize 
something new as part of the solution to a problem. Generally speaking 
there is an expectation that a problem requiring design will have so unique 
solution, whereas the analysis phase typically will Thus. the las step in 
Geugning is always analyzing the result to see if it moet specifications 






































(vy + op + &) 





The final stage must invert this voltage and scale it such that the 
Output voltage is | V when all three tanks are full. The full condition 

results in vy = —(4-44 + 0.8) = -8.8 V Thus, the final stage needs 
a Voltage ratio of Ra/ Ry = 1/8.8. Arbitrarily choosing Rs = | kO, we 
find that a value of 8.8 kN for Ry completes the design 


a pen mga d. sdantsa Tias io o Aiai peme ms saiae a o 
oreermes 







72 Compute v, for the muitipic op amp arosi of Fig. 6.59. 





100 At} 10 0 



















29 Derrre sa expression for the general sumemang emplifier. in which cach reustor 
can be a different value. 


30 Dere am expression for the penera) difference amplifier, in which each 
meani cam have a different value 


€D 3). Cadeniam saltide (CaS) is commonty weed to fabricate resistors whose vaie 
depends on the intensity of light shining om it: surface. In Fig. 6.60.0 CaS 

“photocell” is used as the feedback resistor R, in total darkness, it hes a 

resistance of 100 kA. and s resistance of 10 kN under a light intensity of 

b comdele R, represents a crout that ts activated when a voltage of | 4 V 

or iess is applied to its terminals. Choose A, and V, so that the circuit 

represented by R; ia activated by s light of 2 candela or brighter 


Special design problems are marked 
with a “D” icon. 










@) 32 Two different microphones are used in a recomting studio, one for vocals and 
ose for mstruments Design a cucus that will alkers both microphone outputs 
to be comibtmed. but with the vocal: receiving twice the amplification of the 

murume 


© 13 A sammnoidal signal is riding on « 2 V de offret (im other words, the average 
vahoe of the total signal is 7 V} Design a circuit to mmove the de offset 
and amplify the timusondal signal (without phase reversal) by a factor 

of 100 















6.3 Cascaded Stages 


QÜ H Detige a ciun that provides ss output voltage equal to the average of there 
ingat voltages v) v), and vy 

® US An chectromic warehouse inventory vyuiem wars wales placed under cach 
pallet: the cumpet of any scale is calibested to provide | mV for cach kg 
Desaga a cucun thet provides a voltage Gaara proportional i the unal verghe 
oC a groap of smalar items (distributed ower four pallets) mmaming in stock 

woth the ure wright of cach palin: muberacted off (the unre weight e provided 

= a tefereace voltage for cach palki) Your ospa voltage should be calibrated 

such that | mV corresponds to | kg 












Design Emphasis 


The concept of design is introduced in 
Chapter 1; throughout the text, issues 
pertaining to design are interwoven 
with discussion of analysis 
procedures. 















7.5 Simple Op Amp Circuits with Cap- itors 

51. interchange the jocation of R and C in the circuit of Fig. 7.40, and assume thet 

R; = ow, & = 0, and A = oo for the op amp (a) Find uall) as a function of 
» U). (h) Obtain an equation misting nír) and w,(r) if A is nat assumed to be 

mhae 
1 As on umpianter n a device used to ingect somzed atoms into silicon im order 
to madify it electrical Charactenatics for subsequent fabrication of diodes and 
mamsors The toms striking the silico target lead to a current which cas be 
dweceed through a resistor of precisely known vahie The current is directly 
Proportional to the jon inacewity Q = 1.602 x 10°" x number of incident ions 
per second). If a 1.000 MO resistor is usod to detect the current, design è cir 
Cuil to provide an output derect!y proparsonal to the total mimber of some that 
nke the silicon during the ungiantatom run (known as the dose) 

53. is the coreuit of Fig. 7.30, in A = OSM. C = 2uF, R; = oo, and R, = 0 
Suppose that we wish the cutpat to be tas = cos lOr — 1 V. Obtain s, (7) if 

















































ia) A = MD and (b) A is infinite a 

S4 A velocity sensor is attached to a maning wheel. Design a circutt to provsée « N 

© pemstree voltage whose magnétade n equal to the acceleration revokita > 

per minute) of the wheel. Assume the velocity sensor's output is | mV Arp, 7 i 
and the whee! rotates at irs than 3500 rpm SJ 

55. (a) in the ciui of Fig. 7.72, swap the msistor and inductor, and derive an | ? 
expresion for tia, in terms of p, (D) Fixplaie why such a circuit would sot + + + 
typically be used in practice s AGUM LT 


® M An exposure meter connected ws camera provides an output directly propor 
tonal to the incident light intensity, sach that | mV = | mod (millicamdets) 
Desgn a cman that prov airs e VORRE OUPA Propormonal 10 ihe UMOgTaied 
issensity, sach that | V = | mods 

® 57 A conan glass-forming process requires that the cooling rate is oot to exceed 
100 Cama Available is 2 voltage proportional to the current glass melt 
temperature. such that ImV = 1°C over the range of 500 to MOC Design 
e curcutt whose voltage output represent the Cooling rate, euch that 
V = 10 Cimin. 

© SA A floating sensor is installed in a fuel tant to provide a moasure of the ŝvel 
remaining The sensor is calibrated so thet | volt = 10 liters. Design s circuit 
whowe voltage output provides a reading of the rate of fuel comumpooe m 
Iter» por second, such that | V = | Ve 

QD 3% A banery is to be tested to determine the amount of onergy it can deliver to s 
corte | Q load. signals arc eveitaite a voltage signal for the square of 
the battery voltage (| mV = | V’) and « voltage signal to indicate the square 
of the current flowing out of the batiery (1 mV = | A*). Design a circuit 
whose output volage n proportional to the total energy delivered uah ther 
| mY = | J of energy supplied w the load 

Q 0 The west engneen of an experimental aircraft want 10 monitor the gecelerstion 
Amag landing. as they are concerned the whee! auapension rysem: are exper 
cmceng WO mech stross |f they can provide you with a voltage ugnal from the 

mone gear wheels calibrated so thet | mV = | mph, design a circuit whose out 

pur voltage is proportional 1 the rate of deceleration (so that | V = | kms) H 


Quality 
6} (a) Draw the exacti dual of the circuit shown ia Fig. 7.09. Specify the dual 
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wartabtes srad the dual initial conditsom. (6) Wrue nodal equations for the dual 4 v ~R = 
arco ic) Write mesh equations for the dua) circuit 2 toe : 
62. Draw the exact dual of the circuit shows ie Fig. 7.51, Draw the cirowit in a = OF TF oF 






seat. clean form with square comer, è sncognizable reference nade end mo ite" y 
craen 


53 Drys the exact dual of the circuit shows m Fig 773. Keep i sost 















“PRACTICAL APPLICATION 


Not the Earth Ground from Geology 









Lip to now. we have been drawing circuit schematics ina of the receptacle was left unconnected The common 


fashion similar to that of the one shown in Fig. 3.38 terminal of every circuit in the equipment has been tied 






where voltages are defined across two clearly marked together and electrically connected to the conducting 
terminals, Special care was taken to emphasize the fact equipment chassis, this terminal i often denoted using 
that voltage cannot be defined at » single point— is by the chassis ground symbol of Fig 3.3% 
definition the difference im potential between iwo points a wiring fault exists, di 
However, many schematics make use of the convention perhaps just wear and 
of taking the earth ss defining zero volts, so that all other grounded.” so there inf 
voltages are implicitly referenced to this potential. The chasse ground and c: 
concept ts often referred w as earth ground, and is fun some liberty was taken} 



















Unfortunately 































damentally ued to safety regulabons designed to prevent catenee sinibol) Of tke | nonconducting PVC piping the low-resistance path w ‘earth grounds” are not equal, and current can flow as a 
Real World Connections cor ta coal ent omc as Tae The acreage | meh nt ee us. Ad pin ona 
symbol for earth ground ts chown in Fig. 3.394 aonni witty in fact be ce) when the composition of the carth varies greatly over a Within this text, the earth ground symbol will be used 
' t G 
Since earth ground is defined as zero volts, it is oñen reusance of hundreds di f particular regios. In such siusioas, i is possible to ac enchıively. i is worth remembering, however, thet nc 
convenient 10 use thia as a common terminal in schemat ance of the person, hotell ually have two separated buildings in which the (wo all grounds are created equal in practice 


ics The circuit of Fig 3.38 is shown redrawn in this tude lower. Once the per 
fashion in Fig. 1.40, where the carth ground symbol rep why it ian’! working 
resents a common node. It is important to note that the al] stones have happy 


Practical Application sections show 
how the material under discussion 





































somehow physically connected to the ground through a path to carth ground 





conducting path, For this reason. there are two other clectncal connections 


: / 
1 4 d f 
i 1 symbols that are occasionally used to denote a common are replaced with mdi \ paz g 


i 


two circuits are equivalent in terms of our value for v, The fact that “grow } ren 
(4.5 V in cither case), but are no longer exactly the same can cause a wide rangi ni A A 
d ee | pene P | , ld The circuit in Pig. 3.38 is said to be “floating” in that it problems. One exampl Q Š "v (0) ny 
l re C t y pertal n S to rea = W or could for all pracuical purposes be installed on a ciroun der buikiings, where } gari | 
k ? . board of a satellite in goosynchrosous orbit (or on its electrically conducting J Ary $ 
Situations. way to Pluto), The circuit in Fig. 340, however, is any water pipe was o 4 \ 
? 








terminal Figure 3.394 shows what is commonly referred 
i = WW a signal ground; there can be (and often is) a large 















j voltage between carth ground and any terminal tied to 4 
a signal ground ” B AGURE 3.41 (c) A she? o AE person about fo tach an pE poured peor of 
$ The fact that the commen terminal of a circuit may or R FIGURE 3.39 Tree i gaper [> not gory w be pretty (D) A schema of an equasient uncut tor Oe stator a i 5 
j may not be connected by some low -resistance pathway Peer ered io) nett gf A mas to akd. the paron hes bree epered by a equmaient animar, a hes Cee grent A 


maax han heen ani to represent the ortama path ko pount 


to carth ground can lead to potentrally dangerous silus 
bons. Consider the diagram of Fig. 341a. which depicts 
an innocent bystander about to touch a proce of equip 

ment powered by an ac outlet Only two terminals have 
4 been used from the wall socket, the round ground pin A 





SUMMARY AND REVIEW 


) Kirchhoffs curent law (KCI 










) states that the algebraic wm of the 
currents entenng any node is zero 


J Kirchhoffs voltage law (KVL) states that the algehraic sum of the 


voltages around any closed path in a circuit 





s zero 





All elements ın a corcutt that carry the tame current are said to be 





connected in senes 














Elements in a arcuit having a common voltage across them are said K 
be connected in parallel 

J A series combination of N resistors can he replaced by a single resistor 
having the value Ra = R; + Ry + +R, 





J A parallel combinanon of N resistors can be replaced by a single 





resistor having the 


Ra 
Voltage sources in senes can be replaced by a single source. provided 
care is taken 10 note the individual polanty of cach source 





3 Current sources in parallel can be replaced by a sengie source, provisec 
care i» taken to note the 





direction of cach current arrow 












CHAPTER 10 SINUSOIDAL STEADY-STATE 


But V,,/# and Im[@ merely re 
sors V and I. Thus, 


Extensive Margin Notes 
and Icons 


Ohm's law holds true both in the time domain and 





n the frequency domain in other words, the vottag 


t The voltage-current relauc 
across a resistor 65 always given by the resistance bmes same form as the relationship 


the current Sowing through the element 


Running margin notes provide tips, insights, and 
additional information about key aspects of the 
discussion. 

A “take note” icon highlights specific points 















hen there ii no w A which we can tell which tour nA wàich batr fry 















measuring Current o vollage im a retistive load 


Consider the practical voltage source and resimor A; shown in Fig. 5, |54 









l EAE E IEE E worth noting, and a “caution” icon identifies 


R. R 


common sources of error for students. 





A sinularly stmpie ca sbon show R, 


5 1Shas 


that the voltage across the load 





nt 











The Wo practical sources are electrically equivalent. the 











K 










where we now iei tepresem the internal renstan f ether practical 








Rai Ry = RR K. however, Eq. [23] reduces w A Ke 
source, which is the conven 





J notion 


















sò that (assuming ideal op amps) only the difference is amplified and the 
gain is act Dy the resistor fatio. Since these resistors are intemal to the in 


Ac an illustration of the me of these idem conn 


der 
source shown in Fig 5 la Since ts internal resistance is 2 0. the internal 


the practical curren 





+ < strumentation amplifier and not accessible to the user, pracucal device 
resistance of the equivalent practical voltage source us als EI. the voltage 33 1 
* such as the AD622 allow the gain to be set anywhere in the range of | 1 
f the ideal voltage source contained within the practical voltage source is x < 
5 ~ 1000 by connecting an external resistor hetween two pi 
n XI) = 6 V The equivalent practical voltage source i shown in Fig 5.165 
aNs Fig å IR> 
v To check the equivalence, jet ux visualize a 4 Q euuor connected 10 
Å cach source in both cases a current of | A, a voltage of 4 V, and a power of 





4 W are msocistod with the 4 Q load However, we should note very care 





fully that the idea’ 





t source is delivering a total power of 1? W, while 


e are two f I rules that at shed when analyzing 
he ideal voltage source n delivering only 6 W Furthermore, the internal O There are two fundamental rules that cust be applied whes anal 


» weal p curcusts 
resistance of the practical current source is absorbing & W, whereas the in feai Op amp cur 
POGUE LIG ir) A ren pein 


goers yours ib) The npt prt Geese 









ermal resistance of the practical voltage source +s absorbing only 2 W. Thus |. No current ever flows into either input terminal 









we see that the two practical sources are equivalent only with respect t No voltage ever exists between the input terminals 
what transpires at the load termenal», they are not equivalent internally 





Op amp crrcudts are usually analyzed for an output voltage in term 
some input Quantity of quantities 

Nodal analysis is typically the best choice in analyzing op amp 
circuits, and it i usually better to begin at the input and work towar 
the output 

Compute the current through the 4.7 kA resistor in Fig. 5.170 after 
transforming the 9 mA source inte an cquivaient voltage source. 


The equivalent source consists of an independent voltage source of 
(9 mA) = (5kQ 45 V in series with a 5 kO resistor, as depicted in 
Fig 5.176 

A simple KVL equation around the Joop yields 


The output current of an op amp cannot be assumed. it mu 

after the output voltage has been determined independent 

The gain of an inverung op amp circuit riven by the cquatic 
A 


R 





AVeIINg OP AMP Circuit is g quanor 






45 + 5000) + 47007 + 30007 + 3 = 0 
R 
R 


which can he easily solved to find thal the current / }' 

A roustor i almost always connected from the output pin of an op 
to tty inverting input pin, which incorporates negative feedback into 
sreust for creased stability 

The ideal op amp madel is hased on the approxumation of infinite 
open loop gain A, infiewe input resistance R,, and zero output 


resistance R 


In practice, the output voltage range of an 


“Reading Further” Sections sca es aman 


READING FURTHER 


At the end of each chapter, a list of additional readings E ALAA i einer taken eee Form 


100) Alsa available on the Texas Instrumenti webasie (www ti com 


on key chapter topics provides direction for students W.O nag Op Anp Cast, eed Upper St Rivet, N:P 
r 





Ha. w 


Characteristics of Zener and other types of diodes are covered in Chapter 


interested in further clarifying or deepening their wm a 
knowledge of important circuit concepts. 











Summary and Review 


HAPTER 


pen An overview section at the end of each chapter offers students 
owen a chance to check their retention of the major ideas presented 
ae emp aeli and serves as a reference for review and test preparation. 





15.: 5 ‘ © HAPTER $ 


rrem sou 
b) Verify your amwer ung PSeace anid a value nf $ 0 few 
property labeled schematics for each 


ANA R. ib) 

















f volt. amperes (VA ry 
asure t the energy flow rate mto oF 9 1s 
READING FURTHER a ; 
ra rama fal Prd Barn Srana, aie | lee 
Lama “aaa euaa 
n paean inaa] omental ores HiH 
. Ney A ETN O ¢ : 
: oil 2 > & = st $ t $ +. © AGURE 627 i 
Computer Problems 2 aa ai 
ww se 5 PGUEE sua Wia © rount ass 
PSpice and MATLAB examples have been > Í gu n E i 
introduced at appropriate places in many N i iai l La 
chapters. Computer-aided engineering is T fa TO vomemo msnuaa jin | 
used as an aid to, not a substitute for, eR, SS RETO a S ne oaa aeaa . 
developing problem-solving skills. l T~e 


MAA 
ai | 


Computer-aided analysis is also introduced oe a 7 
in selected homework problems to PE E 

encourage students to compare hand 

calculations to simulation-generated results. D $a 


= PROURE 591 i 















OUR COMMITMENT TO ACCURACY R 


You have a right to expect an accurate textbook, and McGraw-Hill Engi 
neering invests Considerable time and effort to ensure that we deliver one 
Listed below are the many steps we take in this process 


OUR ACCURACY VERIFICATION PROCESS > 


First Round 


Commitment to Accuracy 


Step | Numerous college engineering instructors review the manuscript 


MMM nap: An Accuracy Statement describes the 
SeA process the publisher and author have 
Step 2: An expert in the field works through every example and exercise in 
the final manuscript to verity the accuracy of the examples, exercises, and 


instituted to ensure accurate calculations. 


solutions. The authors review any resulting corrections and incorporate 








them into the final manuscript and solutions manual 






Step 3 The manusenpt goes to a copyeditor, who reviews the pages for 






grammatical and stylistic considerations. Al the same time, the expert in the 






held begins a second accuracy check A frections are submutied simul 





taneously to the authors, who review and integrate the editing. and then 





submit the manuscript pages for typesetting 






McGraw-Hill’s ARIS 


ARIS McGraw-Hill’s Assessment, Review, and 
Instruction System (ARIS) is a complete, 

online tutorial, electronic homework, and 
course management system, designed for 
greater ease of use than any other system 
available. ARIS includes a solutions manual, 
text image files, and transition guides for 
instructors as well as eProfessor video 
lectures, Network Analysis Tutorials, 
selected answers to text practice problems, 
additional problems and solutions, and FE 
Exam questions for students. 


Third Round 










Step 4) The authors review their page proofs for a dual purpose take 


certain that any previous Corrections were properly made, and 2) 1 wok for 





any ermon they might have missed 





Step 5. A proofreader 1s assigned to the project to examine the new page 


proofs, double check the authors’ work, and add a fresh, cntical eve to the 





book. Revisions are incorporated mto a new batch of pages which tt 


thors check ag 

















Fourth Round 





Step 6: The author team submits the solutions manual to the expert in the 





field, who checks text pages against the solutions manual as a final review 





Step 7 The project manager, editorial team, and author team review the 


mages for a final accuracy check 
pag 









The resulting engineering textbook has gone through several layers of qua! 


ity assurance and is verified to be as accurate and error-free as possible Our 






tuthors and publishing staff are confident that through this process we de 





liver textbooks that are industry leaders in their correctness and techmecal 






mtegrt 
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A Short Table of integrals 


a x sin 2ax 
sin“ ax dx = — — 
2 4a 





— 





— 


5 x sin 2ax 
cos’ ax dx =~ + 
2 4a 


1. 
xsinax dx = ~~ (sinax — ax cosax) 
F Bi 


l 


4 . 
x’ sinax dx = z 


. I 
(2ax sinax + 2cosax ~ a-x* cosax) 
ad 


xcosaxdx = ~z (cos ax + ax sinax) 
a 


l 

74 . . 

x“ cosax dx = — Qax cosax — 2sinax + a’x? sin ax) 
a 


sinfa~b)x sinfa+b)x , 








sinax sin bx dx = 3a h) a 4b) - £ be 
cos(a—b)x cos(a+b)x  , 
sin ax cos bx dx = —-——__- — ————-:a° h 
sin ax cos bx dx Nab) Ila + b) a` £ 
sin(a — b)}x sin(a +b)x , 
. — - b2 
cos ax cos bx dx Ma ab) Mat) Æ 
l ee 
xe dx = — (ax ~ i) 
ad- 
re dx = ; (a°x? — 2ax +2) 
a- 


t 


e sin bx dx = 


i ĀM ‘M ina iii 


aap sin bx — bcos bx) 


ay 





J e“ cos bx dx = (a cos bx + b sin bx) 


a? + b? 














lz. a>O 
a0 0 2 
sin ax 
dx = 0: a =0 
D X 
—iz;a <0 


T Pid 
. 2 2 m 
sin^ x dx = cos‘ xdx = — 
0 0 2 


bid T 
f sin mx sinnx dx = i cosmx cosnx dx = 0: 
o m Æ n,m and n integers 


0; m — n even 


ud 
f sin mx cosnx dx = am 
0 


mig m — n odd 


A Short Table of Trigonometric identities 


sin(a + B) = sin æ cos $ + cosa sin £ 

cos(a + 8) = cosa cos B + sina sin f 

cos(a + 90°) = Fsine 

sinfa + 90°) = cosa 

cosa cos B = 5 cos(a + By + 5 cos(a — p) 

sing sin B = 5 cos(a — f) — $ cos(a + p) 

sina cos B = i sin(a + £) + 5 sin(@ — £) 

sin 2æ = 2 sin æ cosa 

cos 2a = 2cos? a — | = l — 2 sin% a = cos? a — sin? a 
sin” æ = | (1 — cos 2a) 


cos? æ = zd + cos 2a) 


; ef — eme 
sing = 7 
et + ese 
cosa = 5 
+j 


et/* = cosa + j sing 


—B 
Acosa + Bsina = y A? + B? cos (o + tang! =) 
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CHAPTER 


Zhi 


=) Introduction 


1.1 _ PREAMBLE 


Today’s engineering graduates are no longer employed solely for the 
technical design aspects of engineering problems. Their efforts now 
extend beyond the creation of better computers and communication 
systems to vigorous efforts to solve socioeconomic problems such 
as air and water pollution, urban planning, mass transportation, the 
discovery of new energy sources, and the conservation of existing 
natural resources, particularly oil and natural gas. 

To contribute to the solution of these engineering problems an en- 
gineer must acquire many skills, one of which is a knowledge of elec- 
tric circuit analysis. If we have already entered or intend to enter an 
electrical engineering program, then circuit analysis likely represents 
one of the introductory courses in our chosen field. If we are associ- 
ated with another branch of engineering, then circuit analysis may 
represent a large fraction of our total study of electrical engineering— 
providing the basis for working with electronic instrumentation, elec- 
trically powered machines, and large-scale systems. Most important, 
however, is the possibility given to us to broaden our education and 
become more informed members of a team. Increasingly, such teams 
are multidisciplinary in composition, and effective communication 
within such a group can be achieved only if the language and defini- 
tions used are familiar to all. 

In this chapter, just prior to launching into our agenda of techni- 
cal discussions, we preview the topics which form the remainder of 
the text, pausing briefly to consider the relationship between analy- 
sis and design, and the evolving role computer tools play in modern 
circuit analysis. 





KEY CONCEPTS 


Facets to Circuit Analysis: 
dc Analysis, Transient 
Analysis, ac Analysis, and 
Frequency Analysis 
oa 
Analysis and Design 
oqo —___—_ -—-—_—. 
Computer-Aided Analysis 
o——————— 
Problem-Solving Approaches 


Not all electrical engineers routinely make use of circuit 
analysis, but they often bring to bear analytical and 
problem-solving skills learned early on in their careers. 

A circuit analysis course is one of the first exposures to 
such concepts. (Solar Mirrors: © Corbis; Skyline: © Getty 
Images/PhotoLink; Oil Rig: © Getty Images; Dish: 

© Getty Images/J. Luke/PhotoLink) 





Television sets include many nonlinear circuits. A great 
deal of them, however, can be understood and analyzed 
with the assistance of linear models. (© Sony Electronics, 
Inc.) 
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1.2. OVERVIEW OF TEXT 


The fundamental subject of this text is linear circuit analysis, which some- 
times prompts a few readers to ask, 


“Is there ever any nonlinear circuit analysis?” 


Of course! We encounter nonlinear circuits every day: they capture and de- 
code signals for our TVs and radios, perform calculations millions of times 
a second inside microprocessors, convert speech into electrical signals for 
transmission over phone lines, and execute many other functions outside 
our field of view. In designing, testing, and implementing such nonlinear 
circuits, detailed analysis is unavoidable. 


“Then why study linear circuit analysis?” 


you might ask. An excellent question. The simple fact of the matter is that 
no physical system (including electrical circuits) is ever perfectly linear. 
Fortunately for us, however, a great many systems behave in a reasonably 
linear fashion over a limited range—allowing us to model them as linear 
systems if we keep the range limitations in mind. 
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For example, consider the common function 
fa) =e 
A linear approximation to this function is 
fQxy)*1l4+x 


Let’s test this out. Table !.1 shows both the exact value and the approx- 
imate value of f (x) for a range of x. Interestingly, the linear approximation 
is exceptionally accurate up to about x = 0.1, when the relative error is still 
less than 1%, Although many engineers are rather quick on a calculator, it’s 
hard to argue that any approach is faster than just adding 1. 


TABLE 1.1 Comparison of a Linear Model for e* 
to Exact Value 


x fogo 14x Relative error** 
0.0001 1.0001 1.0001 0.0000005% 
0.001 1.0010 1.001 0.00005% 

0.01 1.0101 1.01 0.005% 
0.1 1.1052 Li 0.5% 
1.0 2.7183 2.0 26% 


*Quoted to four significant figures. 


ex —(1+x) 
er 


**Relative error 2 {100 x 


Linear problems are inherently more easily solved than their nonlinear 
counterparts. For this reason, we often seek reasonably accurate linear ap- 
proximations (or models) to physical situations. Furthermore, the linear 
models are more easily manipulated and understood—making design a 
more straightforward process. 

The circuits we will encounter in subsequent chapters all represent lin- 
ear approximations to physical electric circuits. Where appropriate, brief 
discussions of potential inaccuracies or limitations to these models are pro- 
vided, but generally speaking we find them to be suitably accurate for most 
applications. When greater accuracy is required in practice, nonlinear mod- 
els are employed, but with a considerable increase in solution complexity. 
A detailed discussion of what constitutes a linear electric circuit can be 
found in Chap. 2. 

Linear circuit analysis can be separated into four broad categories: dc 
analysis, transient analysis, ac analysis, and frequency response analysis. 
We begin our journey with the topic of resistive circuits, which may include 
simple examples such as a flashlight or a toaster. This provides us with a 
perfect opportunity to learn a number of very powerful engineering circuit 
analysis techniques, such as nodal analysis, mesh analysis, Superposition, 
source transformation, Thévenin’s theorem, Norton's theorem, and several 
methods for simplifying networks of components connected in series or 
parallel. The single most redeeming feature of resistive circuits is that the 








Modern trains are powered by electric motors. Their 
electrical systems are best analyzed using ac or phasor 
analysis techniques. (© Corbis) 





Frequency-dependent circuits lie at the heart of many 
electronic devices, and they can be a great deal of fun 
to design. (© 1994-2005 Hewlett-Packard Company.) 
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time dependence of any quantity of interest does not affect our analysis pro- 
cedure. In other words, if asked for an electrical quantity of a resistive cir- 
cuit at several specific instants in time, we do not need to analyze the circuit 
more than once. As a result, we will spend most of our effort early on 
considering only dc circuits—those circuits whose electrical parameters do 
not vary with time. 

Although de circuits such as flashlights or automotive rear window de- 
foggers are undeniably important in everyday life, things are often much 
more interesting when something happens suddenly (imagine a firecracker 
which takes 100 years to go from a quiet crackling to Bang!). In circuit 
analysis parlance, we refer to transient analysis as the suite of techniques 
used to study circuits which are suddenly energized or de-energized. To 
make such circuits interesting, we need to add elements that respond to the 
rate of change of electrical quantities, leading to circuit equations which 
include derivatives and integrals. Fortunately, we can obtain such equations 
using the simple techniques learned in the first part of our study. 

Still, not all time-varying circuits are turned on and off suddenly. Air 
conditioners, fans, and fluorescent lights are only a few of the many exam- 
ples we may see daily. In such situations, a calculus-based approach for 
every analysis can become tedious and time-consuming. Fortunately, there 
is a better alternative for situations where equipment has been allowed 
to run long enough for transient effects to die out, and this is commonly 
referred to as ac analysis, or sometimes phasor analysis. 

The final leg of our journey deals with a subject known as frequency 
response. Working directly with the differential equations obtained in time- 
domain analysis helps us develop an intuitive understanding of the opera- 
tion of circuits containing energy storage elements (e.g., capacitors and 
inductors). As we shall see, however, circuits with even a relatively small 
number of components can be somewhat onerous to analyze, and so much 
more straightforward methods have been developed. These methods, which 
include Laplace and Fourier analysis, allow us to transform differential 
equations into algebraic equations. Such methods also enable us to design 
circuits to respond in specific ways to particular frequencies. We make use 
of frequency-dependent circuits every day when we dial a telephone, select 
our favorite radio station, or connect to the Internet. 


1.3 _ RELATIONSHIP OF CIRCUIT ANALYSIS 
TO ENGINEERING 


Whether we intend to pursue further circuit analysis at the completion of 
this course or not, it is worth noting that there are several layers to the con- 
cepts under study. Beyond the nuts and bolts of circuit analysis techniques 
lies the opportunity to develop a methodical approach to problem solving, 
the ability to determine the goal or goals of a particular problem, skill at 
collecting the information needed to effect a solution, and, perhaps equally 
importantly, opportunities for practice at verifying solution accuracy. 
Students familiar with the study of other engineering topics such as fluid 
flow, automotive suspension systems, bridge design, supply chain manage- 
ment, or process control will recognize the general form of many of the 
equations we develop to describe the behavior of various circuits. We 
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simply need to learn how to “translate” the relevant variables (for example, 
replacing voltage with force, charge with distance, resistance with friction 
coefficient, etc.) to find that we already know how to work a new type of 
problem. Very often, if we have previous experience in solving a similar or 
related problem, our intuition can guide us through the solution of a totally 
new problem. 

What we are about to learn regarding linear circuit analysis forms the 
basis for many subsequent electrical engineering courses. The study of elec- 
tronics relies on the analysis of circuits with devices known as diodes and 
transistors, which are used to construct power supplies, amplifiers, and dig- 
ital circuits. The skills which we will develop are typically applied in a 
rapid, methodical fashion by electronics engineers, who sometimes can 
analyze a complicated circuit without even reaching for a pencil! The 
time-domain and frequency-domain chapters of this text lead directly into 
discussions of signal processing, power transmission, control theory, and 
communications. We find that frequency-domain analysis in particular is an 
extremely powerful technique, easily applied to any physical system sub- 
jected to time-varying excitation. 


1.4 _ ANALYSIS AND DESIGN 


Engineers take a fundamental understanding of scientific principles, com- 
bine this with practical knowledge often expressed in mathematical terms, 
and (frequently with considerable creativity) arrive at a solution to a given 
problem. Analysis is the process through which we determine the scope of 
a problem, obtain the information required to understand it, and compute 
the parameters of interest. Design is the process by which we synthesize 
something new as part of the solution to a problem. Generally speaking, 
there is an expectation that a problem requiring design will have no unique 
solution, whereas the analysis phase typically will. Thus, the last step in 
designing is always analyzing the result to see if it meets specifications. 


—_—~—@ 


A molecular beam epitaxy crystal growth facility. The 
equations governing its operation closely resemble those 
used to describe simple linear circuits. 





An example of a robotic manipulator. The feedback control 
system can be modeled using linear circuit elements to 
determine situations in which the operation may become 
unstable. (NASA Marshall Space Flight Center.) 











Two proposed designs for a next-generation space shuttle. 
Although both contain similar elements, each is unique. 
(NASA Dryden Flight Research Center.) 


Charles Babbage’s “Difference Engine Number 2,” as 
completed by the Science Museum (London) in 1991. 
(© Science Museum/Science & Society Picture Library.) 
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This text is focused on developing our ability to analyze and solve 
problems because it is the starting point in every engineering situation. The 
philosophy of this book is that we need clear explanations, well-placed ex- 
amples, and plenty of practice to develop such an ability. Therefore, elements 
of design are integrated into end-of-chapter problems and later chapters so as 
to be enjoyable rather than distracting. 


1.5 _ COMPUTER-AIDED ANALYSIS 


Soue a dlls dtm ta eatin tn 
Solving the types of equations that result from circuit analysis can often be- 
come notably cumbersome for even moderately complex circuits. This of 
course introduces an increased probability that errors will be made, in addi- 
tion to considerable time in performing the calculations. The desire to find 
a tool to help with this process actually predates electronic computers, with 
purely mechanical computers such as the Analytical Engine designed by 
Charles Babbage in the 1880s proposed as possible solutions. Perhaps the 
earliest successful electronic computer designed for solution of differential 
equations was the 1940s-era ENIAC, whose vacuum tubes filled a large 
room. With the advent of low-cost desktop computers, however, computer- 
aided circuit analysis has developed into an invaluable everyday tool which 
has become an integral part of not only analysis but design as well. 

One of the most powerful aspects of computer-aided design is the rela- 
tively recent integration of multiple programs in a fashion transparent to the 
user. This allows the circuit to be drawn schematically on the screen, re- 
duced automatically to the format required by an analysis program (such as 
SPICE, introduced in Chap. 4), and the resulting output smoothly trans- 
ferred to a third program capable of plotting various electrical quantities of 
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interest that describe the operation of the circuit. Once the engineer is satis- 
fied with the simulated performance of the design, the same software can 
generate the printed circuit board layout using geometrical parameters in 
the components library. This level of integration is continually increasing, 
to the point where soon an engineer will be able to draw a schematic, click 
a few buttons, and walk to the other side of the table to pick up a manufac- 
tured version of the circuit, ready to test! 

The reader should be wary, however, of one thing. Circuit analysis soft- 
ware, although fun to use, is by no means a replacement for good old- 
fashioned paper-and-pencil analysis. We need to have a solid understanding 
of how circuits work in order to develop an ability to design them. Simply 
going through the motions of running a particular software package is a lit- 
tle like playing the lottery: with user-generated entry errors, hidden default 
parameters in the myriad of menu choices, and the occasional shortcoming 
of human-written code, there is no substitute for having at least an approxi- 
mate idea of the expected behavior of a circuit. Then, if the simulation re- 
sult does not agree with expectations, we can find the error early, rather than 
after it’s too late. 

Still, computer-aided analysis is a powerful tool. It allows us to vary pa- 
rameter values and evaluate the change in circuit performance, and to con- 
sider several variations to a design in a straightforward manner. The result 


is a reduction of repetitive tasks, and more time to concentrate on engineer- 
ing details. 


1.6 _ SUCCESSFUL PROBLEM-SOLVING STRATEGIES 


When asked to describe the single most frustrating part of circuit analysis, 
the vast majority of students feel that it is knowing how to start the problem. 
The second most difficult part is typically obtaining a complete set of equa- 
tions and organizing them in such a way as to appear manageable. 






— O 


An amplifier circuit drawn using a commercial schematic 
capture software package. Inset: Simulated time 
dependent output. 
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The fundamental instinct is to scan the problem statement quickly and 
then page through the text in a search for an applicable equation. We tend to 
long for the days when we were asked for the circumference of a circle, or 
faced with determining the volume of a pyramid! Although looking for a 
quick solution might be tempting, a consistently methodical approach to 
problem solving will yield better results in the long term. 

The adjacent flowchart was designed as a guide to overcoming the two 
common obstacles of starting a problem and managing the solution process. 
Several of the steps may seem obvious, but it is the chronological order as 
well as the performance of each task that leads to success. 

The real key to success in circuit analysis, however, is practice, espe- 
cially in a relaxed, low-stress environment. Experience is the best teacher, 
and learning from our own mistakes will always be a part of the process of 
becoming a competent engineer. 


READING FURTHER 
This relatively inexpensive, best-selling book teaches the reader how to 
develop winning strategies in the face of seemingly impossible problems: 


G. Polya, How to Solve It. Princeton, N.J.: Princeton University 
Press, 1971. 
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Basic Components 
and Electric Circuits 


INTRODUCTION 


The primary topic of this text is the analysis of electrical circuits and 
systems. In conducting a particular analysis, we often find ourselves 
seeking specific currents, voltages, or powers, so we begin with a 
brief description of these quantities. In terms of components that can 
be used to build electrical circuits, we have quite a few from which 
to choose. So as not to overwhelm, we initially focus on the resistor, 
a simple passive component, and a range of idealized active sources 
of voltage and current. As we move forward, new components will 
be added to the inventory to allow more complex (and useful) 
circuits to be considered. 

One quick word of advice before we begin: Pay close attention 
to the role of “+” and “—” signs when labeling voltages, and the 
significance of the arrow in defining current; they often make the 
difference between wrong and right answers. 


2.1 _ UNITS AND SCALES 


A eaa a 


In order to state the value of some measurable quantity, we must 
give both a number and a unit, such as “3 inches.” Fortunately, we 
all use the same number system. This is not true for units, and a lit- 
tle time must be spent in becoming familiar with a suitable system. 
We must agree on a standard unit and be assured of its permanence 
and its general acceptability. The standard unit of length, for exam- 
ple, should not be defined in terms of the distance between two 
marks on a certain rubber band; this is not permanent, and further- 
more everybody else is using another standard. 

We have very little choice open to us with regard to a system of 
units. The one we will use was adopted by the National Bureau of 
Standards in 1964; it is used by all major professional engineering 





KEY CONCEPTS 


Basic Electrical Quantities 
and Associated Units: 
Charge, Current, Voltage, 
and Power 

eo 
Current Direction and 
Voltage Polarity 

OO ————— 
The Passive Sign Convention 
for Calculating Power 

eo 
Ideal Voltage and Current 
Sources 

qa 
Dependent Sources 

oa 
Resistance and Ohm's Law 








Units named after a person (e.g., the kelvin, after Lord 
Kelvin, a professor at the University of Giasgow) 

are written in lowercase, but abbreviated using an 
uppercase letter. 


The “calorie” used with food, drink, and exercise 1s 
really a kilocalorie, 4.187 J. 
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societies and is the language in which today’s textbooks are written. This is 
the International System of Units (abbreviated SJ in all languages), adopted 
by the General Conference on Weights and Measures in 1960. Modified 
several times since, the SI is built upon seven basic units: the meter, kilo- 
gram, second, ampere, kelvin, mole, and candela (see Table 2.1). This is a 
“metric system, some form of which ts now in common use in most coun- 
tries of the world, although it is not yet widely used in the United States. 
Units for other quantities such as volume, force, energy, etc., are derived 
from these seven base units. 


TABLE _ 2.1 Si Base Units 


Base Quantity Name Symbol 
length meter m 
mass kilogram kg 
time second S 
electric current ampere A 
thermodynamic temperature kelvin K 
amount of substance mole mol 
luminous intensity candela cd 


The fundamental unit of work or energy is the joule (J). One joule 
(a kg m*s~? in SI base units) is equivalent to 0.7376 foot pound-force 
(ft-lbf). Other energy units include the calorie (cal), equal to 4.187 J; 
the British thermal unit (Btu), which is 1055 J; and the kilowatthour (kWh), 
equal to 3.6 x 10°J. Power is defined as the rate at which work is done 
or energy is expended. The fundamental unit of power is the watt (W), 
defined as | J/s. One watt is equivalent to 0.7376 ft-lbf/s or, equivalently, 
1/745.7 horsepower (hp). 

The SI uses the decimal system to relate larger and smaller units to the 
basic unit, and employs prefixes to signify the various powers of 10. A list 
of prefixes and their symbols is given in Table 2.2; the ones most commonly 
encountered in engineering are highlighted. 


TABLE _ 2.2 Si Prefixes 


Factor Name Symbol Factor Name Symbol 
10-4 yocto y 1074 yotta Y 
1077 zepto Z 107! zetta Z 
107!8 atto a 1018 exa E 
to's femto f 1015 peta P 
107 pico p 10! tera T 
107° nano n 10° giga G 
107° micro H 10° mega M 
10-7 milli m 10° kilo k 
107? centi c 10° hecto h 
107! deci d 10! deka da 
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These prefixes are worth memorizing, for they will appear often both in 
this text and in other technical work. Combinations of several prefixes, such 
as the millimicrosecond, are unacceptable. It is worth noting that in terms 
of distance, it is much more common to see “micron (um)” as opposed to 
“micrometer,” and often the angstrom (A) is used for 10~!° meters. Also, in 
circuit analysis and engineering in general, it is fairly common to see num- 
bers expressed in what are frequently termed “engineering units.” In engi- 
neering notation, a quantity is represented by a number between | and 999 
and an appropriate metric unit using a power divisible by 3. So, for exam- 
ple, it is preferable to express the quantity 0.048 W as 48 mW, instead of 
4.8 cW, 4.8 x 1072 W, or 48,000 uW. 


2.1 Akrypton fluoride laser emits light at a wavelength of 248 nm. 
This is the same as: (a) 0.0248 mm; (b) 2.48 um; (c) 0.248 um; 
(d) 24,800 A. 


2.2 In a certain digital integrated circuit, a logic gate switches from the 
“on” state to the “off” state in 1 ns. This corresponds to: (a) 0.1 ps; (b) 
10 ps; (c) 100 ps; (d) 1000 ps. 


2.3 A typical incandescent reading lamp runs at 60 W. If it is left 
on constantly, how much energy (J) is consumed per day, and what 
is the weekly cost if energy is charged at a rate of 12.5 cents 

per kilowatthour? 





Ans: 2.1 (c); 2.2 (d); 2.3 5.18 MJ, $1.26. 


2.2 _ CHARGE, CURRENT, VOLTAGE, AND POWER 
Charge 


One of the most fundamental concepts in electric circuit analysis is that of 
charge conservation. We know from basic physics that there are two types 
of charge: positive (corresponding to a proton), and negative (correspond- 
ing to an electron). For the most part, this text is concerned with circuits in 
which only electron flow is relevant. There are many devices (such as bat- 
teries, diodes, and transistors) in which positive charge motion is important 
to understanding internal operation, but external to the device we typically 
concentrate on the electrons which flow through the connecting wires. 
Although we continuously transfer charges between different parts of a cir- 
cuit, we do nothing to change the total amount of charge. In other words, we 
neither create nor destroy electrons (or protons) when running electric 
circuits.' Charge in motion represents a current. 

In the SI system, the fundamental unit of charge is the coulomb (C). 
It is defined in terms of the ampere by counting the total charge that 
passes through an arbitrary cross section of a wire during an interval of one 
second; one coulomb is measured each second for a wire carrying a current 
of I ampere (Fig. 2.1). In this system of units, a single electron has a charge 
of —1.602 x 107'? C and a single proton has a charge of +1.602 x 107°C. 


(1) Although the occasional appearance of smoke may seem to suggest otherwise. . . 





As seen in Table 2.1, the base units of the SI are not 
derived from fundamental physical quantities. Instead, 
they represent historically agreed upon measurements, 
leading to definitions which occasionally seem 
backward. For example, it would make more sense 
physically to define the ampere based on electronic 
charge. 


Cross section 


Direction of 
charge motion 


Individual charges 


S FIGURE 2.1 The definition of current illustrated 
using current flowing through a wire; 1 ampere 
corresponds to 1 coulomb of charge passing through 
the arbitrarily chosen cross section in 1 second. 
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@ FIGURE 2.2 A graph of the instantaneous value of 
the total charge g(t) that has passed a given reference 
point since tf = 0. 


A) CA) 





E FIGURE 2.3 The instantaneous current; = dq/ct, 
where q is given in Fig. 2.2 
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A quantity of charge that does not change with time is typically repre- 
sented by Q. The instantaneous amount of charge (which may or may not be 
time-invariant) is commonly represented by q(t), or simply q. This conven- 
tion is used throughout the remainder of the text: capital letters are reserved 
for constant (time-invariant) quantities, whereas lowercase letters represen: 
the more general case. Thus, a constant charge may be represented by either 
Q or q, but an amount of charge that changes over time must be represented 
by the lowercase letter g. 


Current 

The idea of “transfer of charge” or “charge in motion” is of vital importance 
to us in studying electric circuits because, in moving a charge from place to 
place. we may also transfer energy from one point to another. The familiar 
cross-country power-transmission line is a practical example of a device 
that transfers energy. Of equal importance is the possibility of varying the 
rate at which the charge is transferred in order to communicate or transfer 
information. This process is the basis of communication systems such as 
radio, television, and telemetry. 

The current present in a discrete path, such as a metallic wire, has both a 
numerical value and a direction associated with it; it is a measure of the rate 
at which charge 1s moving past a given reference point in a specified direction. 

Once we have specified a reference direction, we may then let g(r) be the 
total charge that has passed the reference point since an arbitrary time £ = Q. 
moving in the defined direction. A contribution to this total charge will be 
negative if negative charge is moving in the reference direction, or if posi- 
tive charge is moving in the opposite direction. As an example, Fig. 2.2 
shows a history of the total charge q(t) that has passed a given reference 
point in a wire (such as the one shown in Fig. 2.1). 

We define the current at a specific point and flowing in a specified direc- 
tion as the instantaneous rate at which net positive charge is moving past 
that point in the specified direction. This, unfortunately, is the historical de- 
finition, which came into popular use before it was appreciated that current 
in wires is actually due to negative, not positive, charge motion. Current is 
symbolized by / or i, and so 
__ dq 

at 

The unit of current is the ampere (A), named after A. M. Ampère, a French 
physicist. It is commonly abbreviated as an “amp,” although this is unofficial 
and somewhat informal. One ampere equals | coulomb per second. 

Using Eq. [1], we compute the instantaneous current and obtain Fig. 2.3. 
The use of the lowercase letter / 1s again to be associated with an instantaneous 
value; an uppercase / would denote a constant (1.e., time-invariant) quantity. 

The charge transferred between time fo and £ may be expressed as a 


definite integral: 
qit) t 
| dq =| idt 
qo) fo 


The total charge transferred over all time is thus given by 


i 
g(t) = i dt’ + q(t) [2] 


f 





SECTION 2.2 CHARGE, CURRENT, VOLTAGE, AND POWER 


Several different types of current are illustrated in Fig. 2.4. A current 
that is constant in time is termed a direct current, or simply dc, and is shown 
by Fig. 2.4a. We will find many practical examples of currents that vary si- 
nusoidally with time (Fig. 2.45); currents of this form are present in normal 
household circuits. Such a current is often referred to as alternating current, 
or ac. Exponential currents and damped sinusoidal currents (Fig. 2.4c and d) 
will also be encountered later. 

We establish a graphical symbol for current by placing an arrow next to 
the conductor. Thus, in Fig. 2.5a the direction of the arrow and the value 3 A 
indicate either that a net positive charge of 3 C/s is moving to the nght or 
that a net negative charge of —3 C/s is moving to the left each second. In 
Fig. 2.5b there are again two possibilities: either —3 A is flowing to the left 
or +3 Ais flowing to the right. All four statements and both figures represent 
currents that are equivalent in their electrical effects, and we say that they are 
equal. A nonelectrical analogy that may be easier to visualize 1s to think in 
terms of a personal savings account: e.g., a deposit can be viewed as either a 
negative cash flow out of your account or a positive flow into your account. 

It is convenient to think of current as the motion of positive charge, even 
though it is known that current flow in metallic conductors results from 
electron motion. In ionized gases, in electrolytic solutions, and in some 
semiconductor materials, positively charged elements in motion consti- 
tute part or all of the current. Thus, any definition of current can agree with 
the physical nature of conduction only part of the time. The definition and 
symbolism we have adopted are standard. 

It is essential that we realize that the current arrow does not indicate the 
“actual” direction of current flow but is simply part of a convention that 
allows us to talk about “the current in the wire” in an unambiguous manner. 
The arrow is a fundamental part of the definition of a current! Thus, to talk 
about the value of a current i, (t) without specifying the arrow is to discuss 
an undefined entity. For example, Fig. 2.6a and b are meaningless represen- 
tations of i,(t), whereas Fig. 2.6c is the proper definitive symbology. 


it) 
i,(1) , — ~ 


(a) (b) (c) 


W FIGURE 2.6 (a, b) incomplete, improper, and incorrect definitions of a current. 
(c) the correct definition of hÆ). 





2.4 In the wire of Fig. 2.7, electrons are moving left to right to create 
a current of 1 mA. Determine 7; and bh. 


= Ii 


@ FIGURE 2.7 


Ans: jh = —1 mA; h = +1 mA. 
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@ FIGURE 2.4 Several types of current: (@) Direct 
current (dc). (6) Sinusoidal current (ac). 
(© Exponential current. (d) Damped sinusoidal 


current. 
liannen 
` 
\ 
3A 7A 
a Pe 
(a) (b) 
E FIGURE 2.5 Two methods of representation for 
the exact same current. 
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Voltage 


We must now begin to refer to a circuit element, something best defined in 
general terms to begin with. Such electrical devices as fuses, light bulbs, re- 
sistors, batteries, capacitors, generators, and spark coils can be represented 
by combinations of simple circuit elements. We begin by showing a very 
general circuit element as a shapeless object possessing two terminals at 
which connections to other elements may be made (Fig. 2.8). 

There are two paths by which current may enter or leave the element. In 
subsequent discussions we will define particular circuit elements by describ- 
ing the electrical characteristics that may be observed at their terminals. 

In Fig. 2.8, let us suppose that a dc current is sent into terminal A, 
through the general element, and back out of terminal B. Let us also assume 
that pushing charge through the element requires an expenditure of energy. 
We then say that an electrical voltage (or a potential difference) exists be- 
(a) (b) tween the two terminals, or that there is a voltage “across” the element. 
Thus, the voltage across a terminal pair is a measure of the work required to 
move charge through the element. The unit of voltage is the volt,” and 1 volt 
is the same as 1 J/C. Voltage is represented by V or v. 

A voltage can exist between a pair of electrical terminals whether a current 
is flowing or not. An automobile battery, for example, has a voltage of 12 V 
across its terminals even if nothing whatsoever is connected to the terminals. 

(c) (d) According to the principle of conservation of energy, the energy that is 

E FIGURE 2.9 (a, b) Terminal B is 5 V positive with expended in forcing charge through the element must appear somewhere 

respect to terminal A; (G, d') terminal A is 5 V postive else. When we later meet specific circuit elements, we will note whether 

NASSP o SE RL that energy is stored in some form that is readily available as electric energy 

or whether it changes irreversibly into heat, acoustic energy, or some other 
nonelectrical form. 

We must now establish a convention by which we can distinguish be- 
\ tween energy supplied fo an element and energy that is supplied by the 

element itself. We do this by our choice of sign for the voltage of terminal 
A with respect to terminal B. If a positive current is entering terminal A of 
the element and an external source must expend energy to establish this cur- 
rent, then terminal A is positive with respect to terminal B. Alternatively, we 
may say that terminal B is negative with respect to terminal A. 
The sense of the voltage is indicated by a plus-minus pair of algebraic 
signs. In Fig. 2.9a, for example, the placement of the + sign at terminal A 
indicates that terminal A is v volts positive with respect to terminal B. If we 
later find that v happens to have a numerical value of —5 V, then we may say 
(a) (b) either that A is —5 V positive with respect to B or that B is 5 V positive with 
respect to A. Other cases are shown in Fig. 2.9b, c, and d. 

Just as we noted in our definition of current, it is essential to realize that 
the plus-minus pair of algebraic signs does not indicate the “actual” polar- 
ity of the voltage but is simply part of a convention that enables us to talk 
unambiguously about “the voltage across the terminal pair.” Note: The 
definition of any voltage must include a plus-minus sign pair! Using a quan- 
tity vı (t) without specifying the location of the plus-minus sign pair is using 
(c) an undefined term. Figure 2.10a and b do not serve as definitions of v; (t); 


@ FIGURE 2.10 (a, b) These are inadequate Fig. 2.10c does. 
definitions of a voltage. (c) A correct definition includes 
both a symbol for the variable and a plus-minus 
symbol pair. ‘ 

















(2) We are probably fortunate that the full name of the 18th century Italian physicist, Alessandro Giuseppe 
Antonio Anastasio Volta, is not used for our unit of potential difference! 


SECTION 2.2 CHARGE, CURRENT, VOLTAGE, AND POWER 


2.5 For the element in Fig. 2.11, vı = 17 V. Determine v2. 






@ FIGURE 2.11 


Ans: v2 = —17 V. 


Power 


We have already defined power, and we will represent it by P or p. If one 
joule of energy is expended in transferring one coulomb of charge through 
the device in one second, then the rate of energy transfer is one watt. The 
absorbed power must be proportional both to the number of coulombs trans- 
ferred per second (current) and to the energy needed to transfer one 
coulomb through the element (voltage). Thus, 


p= vi [3] 
Dimensionally, the right side of this equation is the product of joules per 


coulomb and coulombs per second, which produces the expected dimension ta 
of joules per second, or watts. The conventions for current, voltage, and a 





power are shown in Fig. 2.12. & FIGURE 2.12 The power absorbed by the element 
We now have an expression for the power being absorbed by a circuit oo. A = AR A 
element in terms of a voltage across it and current through it. Voltage was nikedar EENES SERS S 


=y, 
defined in terms of an energy expenditure, and power is the rate at which en- Peg 


ergy is expended. However, no statement can be made concerning energy 
transfer in any of the four cases shown in Fig. 2.9, for example, until the 
direction of the current is specified. Let us imagine that a current arrow is 
placed alongside each upper lead, directed to the right, and labeled “+2 A.” 
First, consider the case shown in Fig. 2.9c. Terminal A is 5 V positive with 
respect to terminal B, which means that 5 J of energy is required to move 
each coulomb of positive charge into terminal A, through the object, and out 
terminal B. Since we are injecting +2 A (a current of 2 coulombs of positive 
charge per second) into terminal A, we are doing (5 J/C) x (2 C/s) = 10 J of 
work per second on the object. In other words, the object is absorbing 10 W 
of power from whatever is injecting the current. 

We know from an earlier discussion that there is no difference between 
Fig. 2.9c and Fig. 2.9d, so we expect the object depicted in Fig. 2.9d to also 
be absorbing 10 W. We can check this easily enough: we are injecting +2 A 
into terminal A of the object, so +2 A flows out of terminal B. Another way 
of saying this is that we are injecting —2 A of current into terminal B. It 
takes —5 J/C to move charge from terminal B to terminal A, so the object is 
absorbing (—5 J/C) x (—2 C/s) = +10 W as expected. The only difficulty 
in describing this particular case is keeping the minus signs straight, but 
with a bit of care we see the correct answer can be obtained regardless of 
our choice of positive reference terminal (terminal A in Fig. 2.9c, and 
terminal B in Fig. 2.9d). 


If the current arrow is directed into the “+” marked ter- 
minal of an element, then p = vi yields the absorbed 
power. A negative value indicates that power is actually 
being generated by the element; it might have been bet- 
ter to define a current flowing out of the “+” terminal. 


if the current arrow is directed out of the “+” terminal 
of an element, then p = vi yields the supplied power. 
A negative value in this case indicates that power is 
being absorbed. 


EXAMPLE 2.1 
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Now let’s look at the situation depicted in Fig. 2.9a, again with +2 A in- 
jected into terminal A. Since it takes —5 J/C to move charge from terminal 
A to terminal B, the object is absorbing (—5 J/C) x (2 C/s) = —10 W. What 
does this mean? How can anything absorb negative power? If we think 
about this in terms of energy transfer, —10 J is transferred to the object each 
second through the 2 A current flowing into terminal A. The object is actu- 
ally losing energy—at a rate of 10 J/s. In other words, it is supplying 10 J/s 
(i.e. 10 W) to some other object not shown in the figure. Negative absorbed 
power, then, is equivalent to positive supplied power. 

Let’s recap. Fig. 2.12 shows that if one terminal of the element is v volts 
positive with respect to the other terminal, and if a current i is entering the 
element through that terminal, then a power p = vi is being absorbed by 
the element; it is also correct to say that a power p = vi is being delivered to 
the element. When the current arrow is directed into the element at the plus- 
marked terminal, we satisfy the passive sign convention. This convention 
should be studied carefully, understood, and memorized. In other words, it 
says that if the current arrow and the voltage polarity signs are placed such 
that the current enters that end of the element marked with the positive sign, 
then the power absorbed by the element can be expressed by the product 
of the specified current and voltage variables. If the numerical value of the 
product is negative, then we say that the element is absorbing negative 
power, or that it is actually generating power and delivering it to some exter- 
nal element. For example, in Fig. 2.12 with v = 5 V and i = —4 A, the 
element may be described as either absorbing —20 W or generating 20 W. 

Conventions are only required when there is more than one way to do 
something, and confusion may result when two different groups try to 
communicate. For example, it is rather arbitrary to always place “North” at 
the top of a map; compass needles don’t point “up,” anyway. Still, if we 
were talking to people who had secretly chosen the opposite convention of 
placing “South” at the top of their maps, imagine the confusion that could 
result! In the same fashion, there is a general convention that always draws 
the current arrows pointing into the positive voltage terminal, irregardless 
of whether the element supplies or absorbs power. This convention is not 
incorrect but sometimes results in counterintuitive currents labeled on cir- 
cuit schematics. The reason for this is that it simply seems more natural to 
refer to positive current flowing out of a voltage or current source that is 
supplying positive power to one or more circuit elements. 





(a) (b) (c) 
@ FIGURE 2.13 (0, b, c) Three examples of two-terminal elements. 





SECTION 2.3 VOLTAGE AND CURRENT SOURCES 


In Fig. 2.13a, we see that the reference current is defined consistent 
with the passive sign convention, which assumes that the element is 


absorbing power. With +3 A flowing into the positive reference termi- 
nal, we compute 


P=(2V)3GA)=6W 


of power absorbed by the element. 

Fig. 2.13b shows a slightly different picture. Now, we have a cur- 
rent of —3 A flowing into the positive reference terminal. However, the 
voltage as defined is negative. This gives us an absorbed power 


P = (-2 V)(-3 A) =6W 


Thus, we see that the two cases are actually equivalent: A current 
of +3 A flowing into the top terminal is the same as a current of +3 A 
flowing out of the bottom terminal, or, equivalently, a current of —3 A 
flowing into the bottom terminal. 

Referring to Fig. 2.13c, we again apply the passive sign convention 
rules and compute an absorbed power 


P = (4V)(—5 A) = -—20 W 


Since we computed a negative absorbed power, this tells us that the 
element in Fig. 2.13c is actually supplying +20 W (e., it’s a source of 
energy). 








2.6 Find the power being absorbed by the circuit element in Fig. 2.14a. 
+ 
+ 
220 mV -3.8 V ge 100: y 
|46 A O —o 
~ SZITA 3.2 A 
(a) b (c) 

W FIGURE 2.14 


2.7 Find the power being generated by the circuit element in Fig. 2.14. 
2.8 Find the power being delivered to the circuit element in Fig. 2.14c at 
t = 5 ms. 


Ans: 1.012 W; 6.65 W; —15.53 W., 


2.3 _ VOLTAGE AND CURRENT SOURCES 


Using the concepts of current and voltage, it is now possible to be more spe- 
cific in defining a circuit element. 


In so doing, it is important to differentiate between the physical device itself and 
the mathematiçal model which we will use to analyze its behavior in a circuit. 


. The model is only an approximation. 








By definition, a simple circuit element is the 
mathematical model of a two-terminai electrical 
device, and it can be completely characterized by its 
voltage-current relationship; it cannot be subdivided 
into other two-terminal devices. 





{cr} {hy (oc) 
@ FIGURE 2.15 Circuit symboi of the independent 
voltage source. 


If you've ever noticed the room lights dim when an 

air conditioner kicks on, it’s because the sudden large 
current demand temporarily led to a voltage drop. After 
the motor starts moving, it takes jess current to keep it 


in motion. At that point, the current demand is reduced, 


the voltage returns to its original value, and the wall 
outlet again provides a reasonable approximation of 
an ideal voltage source. 
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Let us agree that we will use the expression circuit element to refer to the 
mathematical model. The choice of a particular model for any real device 
must be made on the basis of experimental data or experience; we will usually 
assume that this choice has already been made. For simplicity, we initially 
consider circuits with idealized components represented by simple models. 

All the simple circuit elements that we will consider can be classified ac- 
cording to the relationship of the current through the element to the voltage 
across the element. For example. if the voltage across the element is linearly 
proportional to the current through it. we will call the element a resistor. 
Other types of simple circuit elements have terminal voltages which are 
proportional to the derivative of the current with respect to time (an induc- 
tor), or to the integral of the current with respect to time (a capacitor). There 
are also elements in which the voltage is completely independent of the cur- 
rent, or the current is completely independent of the voltage; these are 
termed independent sources. Furthermore, we will need to define special 
kinds of sources for which either the source voltage or current depends upon 
a current or voltage elsewhere in the circuit: such sources are referred to as 
dependent sources. Dependent sources are used a great deal in electronics to 
model both de and ac behavior of transistors, especially in amplifier circuits. 


Independent Voltage Sources 


The first element we will consider is the independent voltage source. The 
circuit symbol is shown in Fig. 2.15a; the subscript s merely identifies the 
voltage as a “source” voltage, and is common but not required. An inde- 
pendent voltage source is characterized by a terminal voltage which is 
completely independent of the current through it. Thus, tf we are given an 
independent voltage source and are notified that the terminal voltage is 12 V, 
then we always assume this voltage, regardless of the current flowing. 

The independent voltage source is an ideal source and does not repre- 
sent exactly any real physical device, because the ideal source could thec- 
retically deliver an infinite amount of energy from its terminals. This tdea!- 
ized voltage source does, however, furnish a reasonable approximation to 
several practical voltage sources. An automobile storage battery, for exam- 
ple, has a 12 V terminal voltage that remains essentially constant as long as 
the current through it does not exceed a few amperes. A small current may 
flow in either direction through the battery. If it is positive and flowing out 
of the positively marked terminal, then the battery 1s furnishing power to the 
headlights, for example; if the current is positive and flowing into the posi- 
tive terminal, then the battery is charging by absorbing energy from the 
alternator.’ An ordinary household electrical outlet also approximates an 
independent voltage source, providing a voltage v, = 115./2 cos 2760r V; 
this representation is valid for currents less than 20 A or so. 

A point worth repeating here is that the presence of the plus sign at the 
upper end of the symbol for the independent voltage source in Fig. 2.15a 
does not necessarily mean that the upper terminal is numerically positive 
with respect to the lower terminal. Instead, it means that the upper terminal 
is v, Volts positive with respect to the lower. If at some instant v, happens 


to be negative, then the upper terminal is actually negative with respect to 
the lower at that instant. 


(3) Or the hattery of a friend’s car, if you accidentally left your headlights on. . . . 





SECTION 2.3 VOLTAGE AND CURRENT SOURCES 


Consider a current arrow labeled “i” placed adjacent to the upper conduc- 
tor of the source as in Fig. 2.155. The current iis entering the terminal at which 
the positive sign is located, the passive sign convention is satisfied, and the 
source thus absorbs power p = v,i. More often than not, a source is expected 
to deliver power to a network and not to absorb it. Consequently, we might 
choose to direct the arrow as in Fig. 2.15c so that v,i will represent the power 
delivered by the source. Technically, either arrow direction may be chosen; 
whenever possible, we will adopt the convention of Fig. 2.15c in this text for 
voltage and current sources, which are not usually considered passive devices. 

An independent voltage source with a constant terminal voltage is often 
termed an independent dc voltage source and can be represented by either of 
the symbols shown in Fig. 2.16a and b. Note in Fig. 2.165 that when the 
physical plate structure of the battery is suggested, the longer plate is placed 
at the positive terminal; the plus and minus signs then represent redundant 
notation, but they are usually included anyway. For the sake of complete- 
ness, the symbol for an independent ac voltage source is shown in Fig. 2.16c. 


Independent Current Sources 


Another ideal source which we will need is the independent current 
source, Here, the current through the element is completely independent of 
the voltage across it. The symbol for an independent current source is 
shown in Fig. 2.17. If i, is constant, we call the source an independent dc 
current source. An ac current source is often drawn with a tilde through the 
arrow, similar to the ac voltage source shown in Fig. 2.16c. 

Like the independent voltage source, the independent current source is 
at best a reasonable approximation for a physical element. In theory it can 
deliver infinite power from its terminals because it produces the same finite 
current for any voltage across it, no matter how large that voltage may be. It 
is, however, a good approximation for many practical sources, particularly 
in electronic circuits. | 

Although most students seem happy enough with an independent volt- 
age source providing a fixed voltage but essentially any current, it is a com- 
mon mistake to view an independent current source as having zero voltage 
across its terminals while providing a fixed current. In fact, we do not know 
a priori what the voltage across a current source will be—it depends entirely 
on the circuit to which it is connected. 


Dependent Sources 


The two types of ideal sources that we have discussed up to now are called 
independent sources because the value of the source quantity is not affected 
in any way by activities in the remainder of the circuit. This is in contrast 
with yet another kind of ideal source, the dependent, or controlled, source, 
in which the source quantity is determined by a voltage or current existing 
at some other location in the system being analyzed. Sources such as these 
appear in the equivalent electrical models for many electronic devices, such 
as transistors, operational amplifiers, and integrated circuits. To distinguish 
between dependent and independent sources, we introduce the diamond 
symbols shown in Fig. 2.18. In Fig. 2.18a@ and c, K is a dimensionless scaling 
constant. In Fig.2.18b, g is a scaling factor with units of A/V; in Fig. 2.18d, 
r is a scaling factor with units of V/A. The controlling current i, and the 
controlling voltage v, must be defined in the circuit. 





2 


| FIGURE 3 2.16 (a) oc vag source ve symbol 
(b) battery symbol; (© ac voltage source symbol. 


Terms like dc voltage source and dc current source are 
commonly used. Literally, they mean “direct-current 
voltage source” and “direct-current current source,” 
respectively. Although these terms may seem a little 
odd or even redundant, the terminology is so widely 
used there's no point in fighting it. 


E FIGURE 2.17 Circuit symbol for the independent 
current source. 





-Q > i > ze 
(d) 


E FIGURE 2.18 The four different types of 
dependent sources: (a) current-controlled current 
source; (b) voltage-controlled current source; 

(©) voltage-controlled voltage source; (d) current- 
controlled voltage source. 





EXAMPLE 2.2 
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It does seem odd at first to have a current source whose value depends 
on a voltage, or a voltage source which is controlled by a current flowing 
through some other element. Even a voltage source depending on a remote 
voltage can appear strange. Such sources are invaluable for modeling com- 
plex systems, however, making the analysis algebraically straightforward. 
Examples include the drain current of a field effect transistor as a function 
of the gate voltage, or the output voltage of an analog integrated circuit as a 
function of differential input voltage. When encountered during circuit 
analysis, we write down the entire controlling expression for the dependent 
source just as we would if it was a numerical value attached to an indepen- 
dent source. This often results in the need for an additional equation to com- 
plete the analysis, unless the controlling voltage or current is already one of 
the specified unknowns in our system of equations. 








(a) 





(b) 


@ FIGURE 2.19 (a) An example circuit containing 
a voltage-controlled voltage source. (b) The additional 
information provided is induded on the diagram. 


additional information that vz = 3 V. This is probably worth adding to 
our diagram, as shown in Fig. 2.19b. 

Next we step back and look at the information collected. In examin- 
ing the circuit diagram, we notice that the desired voltage vz is the 
same as the voltage across the dependent source. Thus, 


vr, = Sv 
At this point, we would be done with the problem if only we knew v2! 
Returning to our diagram, we see that we actually do know v2—it 
was specified as 3 V. We therefore write 
v2 = 3 
We now have two (simple) equations in two unknowns, and solve 
to find vz = 15 V. 


An important lesson at this early stage of the game is that the time 
it takes to completely label a circuit diagram is always a good invest- 
ment. As a final step, we should go back and check over our work to 
ensure that the result is correct. 


2.9 Find the power absorbed by each element in the circuit in Fig. 2.20. 








m FIGURE 2.20 


Ans: (left to right) —56 W; 16 W; —60 W; 160 W; —60 W. 


SECTION 2.3 VOLTAGE AND CURRENT SOURCES 


Dependent and independent voltage and current sources are active ele- 
ments; they are capable of delivering power to some external device. For ` 
the present we will think of a passive element as one which is capable only 
of receiving power. However, we will later see that several passive elements 
are able to store finite amounts of energy and then return that energy later to 
various external devices; since we still wish to call such elements passive, it 
will be necessary to improve upon our two definitions a little later. 


Networks and Circuits 


The interconnection of two or more simple circuit elements forms an elec- 
trical network. If the network contains at least one closed path, it is also an 
electric circuit. Note: Every circuit is a network, but not all networks are 
circuits (see Fig. 2.21)! 





(a) (b) 
@ FIGURE 2.21 (a) A network that is not a circuit. (b) A network that is a circuit. 


A network that contains at least one active element, such as an indepen- 
dent voltage or current source, is an active network. A network that does not 
contain any active elements is a passive network. 

We have now defined what we mean by the term circuit element, and 
we have presented the definitions of several specific circuit elements, the 
independent and dependent voltage and current sources. Throughout the 
remainder of the book we will define only five additional circuit elements: 
the resistor, inductor, capacitor, transformer, and the ideal operational ampli- 
fier (“op amp,” for short). These are all ideal elements. They are important 
because we may combine them into networks and circuits that represent real 
devices as accurately as we require. Thus, the transistor shown in Fig. 2.22a 
and b may be modeled by the voltage terminals designated v,, and the single 
dependent current source of Fig. 2.22c. Note that the dependent current 
source produces a current that depends on a voltage elsewhere in the circuit. 
The parameter gm, commonly referred to as the transconductance, is 
calculated using transistor-specific details as well as the operating point de- 
termined by the circuit connected to the transistor. It is generally a small 
number, on the order of 107? to perhaps 10 A/V. This model works pretty well 
as long as the frequency of any sinusoidal source is neither very large nor 
very small; the model can be modified to account for frequency-dependent 
effects by including additional ideal circuit elements such as resistors and 
capacitors. 
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(a) 






Metal Silicon 
(or dioxide 
polysilicon) (SiO3) 








(b) (c) 


@ FIGURE 2.22 The Metal Oxide Semiconductor Field Effect Transistor (MOSFET). (a) An IRF540 N-channel power MOSFET in a TO-220 package, rated at 100 V and 
22 A; (b) cross-sectional view of a basic MOSFET (R. Jaeger, Microelectronic Design, McGraw-Hill, 1997); (c) equivalent circuit model for use in ac circuit analysis. 


Similar (but much smaller) transistors typically constitute only one 
small part of an integrated circuit that may be less than 2mm x 2 mm 
square and 200 um thick and yet contains several thousand transistors plus 
various resistors and capacitors. Thus, we may have a physical device that 
is about the size of one letter on this page but requires a model composed of 
ten thousand ideal simple circuit elements. We use this concept of “circuit 
modeling” in a number of electrical engineering topics covered in other 
courses, including electronics, energy conversion, and antennas. 


2.4 OHM’'S LAW 


So far, we have been introduced to both dependent and independent voltage 
and current sources and were cautioned that they were idealized active ele- 
ments that could only be approximated in a real circuit. We are now ready 
to meet another idealized element, the linear resistor. The resistor is the sim- 
plest passive element, and we begin our discussion by considering the work 
of an obscure German physicist, Georg Simon Ohm, who published a pam- 
phiet in 1827 that described the results of one of the first efforts to measure 
currents and voltages, and to describe and relate them mathematically. One 
result was a statement of the fundamental relationship we now call Ohm’s 
law, even though it has since been shown that this result was discovered 
46 years earlier in England by Henry Cavendish, a brilliant semirecluse. 
Ohm’s pamphlet received much undeserved criticism and ridicule for sev- 
eral years after its first publication but was later accepted and served to 
remove the obscurity associated with his name. 

Ohm’s law states that the voltage across conducting materials is directly 
proportional to the current flowing through the material, or 


va Ri [4] 


where the constant of proportionality R is called the resistance. The unit of 
resistance is the ohm, which is 1 V/A and customarily abbreviated by a 
capital omega, &2. 


SECTION 2.4 OHM'S LAW 


When this equation is plotted on i-versus-v axes, the graph is a straight 
line passing through the origin (Fig. 2.23). Equation [4] is a linear equation, 
and we will consider it as the definition of a linear resistor. Hence, if the ra- 
tio of the current and voltage associated with any simple current element is 
a constant, then the element is a linear resistor and has a resistance equal to 
the voltage-to-current ratio. Resistance is normally considered to be a posi- 
tive quantity, although negative resistances may be simulated with special 
circuitry. 

Again, it must be emphasized that the linear resistor is an idealized 
circuit element; it is only a mathematical model of a real, physical device. 
“Resistors” may be easily purchased or manufactured, but it is soon found 
that the voltage-current ratios of these physical devices are reasonably con- 
stant only within certain ranges of current, voltage, or power, and depend 
also on temperature and other environmental factors. We usually refer to a 
linear resistor as simply a resistor; any resistor that is nonlinear will always 
be described as such. Nonlinear resistors should not necessarily be consid- 
ered undesirable elements. Although it is true that their presence compli- 
cates an analysis, the performance of the device may depend on or be greatly 
improved by the nonlinearity. For example, fuses for overcurrent protection 
and Zener diodes for voltage regulation are very nonlinear in nature, a fact 
that is exploited when using them in circuit design. 


Power Absorption 


Figure 2.24 shows several different resistor packages, as well as the most 
common circuit symbol used for a resistor. In-accordance with the voltage, 
current, and power conventions already adopted, the product of v and i 
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E FIGURE 2.24 (a) Several common resistor packages. (b) A 560 Q power resistor rated at up to 
500 W. (© A 5% tolerance 10-Teraohm (10,000,000,000,000 £2) resistor manufactured by Ohmcraft. 
(d) Circuit symbol for the resistor, applicable to all of the devices in (a) through (c). 





I (amperes) 





V (volts) 


12345678910 


@ FIGURE 2.23 Current-voltage relationship for an 
example 2 Q linear resistor. 


EXAMPLE 2.3 
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gives the power absorbed by the resistor. That is, v and i are selected to 
satisfy the passive sign convention. The absorbed power appears physically 
as heat and/or light and is always positive; a (positive) resistor is a passive 
element that cannot deliver power or store energy. Alternative expressions 
for the absorbed power are 


p = vi =i*R=v’/R [5] 


One of the authors (who prefers not to be identified further)* had the 
unfortunate experience of inadvertently connecting a 100 92, 2 W carbon re- 
sistor across a 110 V source. The ensuing flame, smoke, and fragmentation 
were rather disconcerting, demonstrating clearly that a practical resistor has 
definite limits to its ability to behave like the ideal linear model. In this case, 
the unfortunate resistor was called upon to absorb 121 W; since it was de- 
signed to handle only 2 W, its reaction was understandably violent. 





@ FIGURE 2.25 


The voltage across a resistor is specified by Ohm’s law, so 
v = Ri = (560)(0.428) = 239.7 V 


We may obtain the power dissipated by the resistor in several 
different ways. Since we have both the voltage across its terminals and 
the current flowing through it, 


p = vi = (239.7)(0.428) = 102.6 W 


which is approximately 20% of its maximum rating of 500 W. We 
check our results using the two alternative equations: 


p = v? /R = (239.7)? /560 = 102.6 W 
p =i2R = (0.428)? 560 = 102.6 W 
as expected. 
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With reference to v and ï defined in Fig. 2.25, compute the following 
quantities: 


2.10 Rifi = —1.6 mA and v = —6.3 V. 
2.11 The absorbed power if v = —6.3 V and R = 21 Q. 
2.12 iif v = —8 V and R is absorbing 0.24 W. 


Ans: 3.94 KQ; 1.89 W; —30.0 mA. 


(4) Name gladly furnished upon written request to S.M.D. 


























Technically speaking, any material (except for a super- 
conductor) will provide resistance to current flow. As in 
all introductory circuits texts, however, we will tacitly 
assume that wires appearing in circuit diagrams have 
zero resistance. This implies that there is no potential 
difference between the ends of a wire, and hence no 
power absorbed or heat generated. Although this is 
l usually not an unreasonable assumption, it does neglect 
izq] practical considerations when choosing the appropriate 
wire diameter for a specific application. 

Resistance is determined by (1) the inherent resistiv- 
ity of a material and (2) the device geometry. Resistivity, 
represented by the symbol p, is a measure of the ease 
with which electrons can travel through a certain mater- 
ial. Since it is the ratio of the electric field (V/m) to the 
areal density of current flowing in the material (A/m’), 
the general unit of p is an Q -m, although metric pre- 
fixes are often employed. Every material has a different 
inherent resistivity, which depends on temperature. 
Some examples are shown in Table 2.3; as can be seen, 
there is a small variation between different types of cop- 
per (less than 1%) but a very large difference between 
different metals. In particular, although physically 
stronger than copper, steel wire 1s several times more 
resistive. In some technical discussions, it is more 
common to see the conductivity (symbolized by o) of a 








New York: McGraw-Hill, 1993. pp. 4-4 to 4-8. 


** American Society of Testing Materials 








Wire Gauge 


material quoted, which is simply the reciprocal of the 
resistivity. 

The resistance of a particular object is obtained by 
multiplying the resistivity by the length £ of the resistor 
and dividing by the cross-sectional area (A) as in Eq. [6]; 
these parameters are illustrated in Fig. 2.26. 


R= : [6] 
}+~«—___—— € (em) ————_>| 





Cross-sectional 
area = A cm? 


í 
Resistivity = p Ocm l 
\ 






Direction of 
current flow 


E FIGURE 2.26 Definition of geometrical parameters used to compute the 
resistance of a wire. The resistivity of the material is assumed to be spatially 
uniform. 


We determine the resistivity when we select the 
material from which to fabricate a wire and measure the 
temperature of the application environment. Since a 
finite amount of power is absorbed by the wire due to its 
resistance, current flow leads to the production of heat. 
Thicker wires have lower resistance and also dissipate 
heat more easily but are heavier, take up a larger volume, 
and are more expensive. Thus, we are motivated by 
practical considerations to choose the smallest wire that 


TABLE . 2.3 Common Electrical Wire Materials and Resistivities* 


Resistivity at 20°C 
ASTM Specification** Temper and Shape (u2- cm) 
B33 Copper, tinned soft, round 1.7654 
B75 - Copper, tube, soft, OF copper 1.7241 
B188 Copper, hard bus tube, rectangular or square 1.7521 
B189. Copper, lead-coated soft, round 1.7654 
B230 Aluminum, hard, round 2.8625 
B227 Copper-clad steel, hard, round, 4.3971 
grade 40 HS 
B355 Copper, nickel-coated soft, round 1.9592 
Class 10 
B415 Aluminum-clad steel, hard, round 8.4805 


* C, B. Rawlins, “Conductor Materials," Standard Handbook for Electrical Engineering, 13" ed., D. G. Fink and H. W. Beaty, eds. 


(Continued on next page) 


can safely do the job, rather than simply choosing the diameter; an abbreviated table of common gauges is 
largest diameter wire available in an effort to minimize given in Table 2.4. Local fire and electrical safety codes 
resistive losses. The American Wire Gauge (AWG) is a typically dictate the required gauge for specific wiring 
standard system of specifying wire size. In selecting a applications, based on the maximum current expected as 
wire gauge, smaller AWG corresponds to a larger wire well as where the wires will be located. 


TABLE 2.4 Some Common Wire Gauges and the Resistance of (Soft) 
Solid Copper Wire* 


Conductor Size (AWG) Cross-Sectional Area (mm?) Ohms per 1000 ft at 20°C 
28 0.0804 65.3 
24 0.205 2SN. 
22 ; 0.324 16.2 
18 . 0.823 6.39 
14 2.08 2.52 
12 3.31 1.59 
6 13.3 0.3952 
4 21.1 0.2485 
2 33.6 0.1563 


* C. B. Rawlins, et al., Standard Handbook for Electrical Engineering, 13" ed., D. G. Fink and H. W. Beaty, eds. New York: 
McGraw-Hill, 1993, p. 4-47. 












EXAMPLE 2.4 







A wire is run across a 2000 ft span to a high-power lamp that di 
100 A. If 4 AWG wire is used, how much power is dissipated (i.e., 
lost or wasted) within the wire? | 





The best place to begin this problem is to sketch a quick picture, 
as shown in Fig. 2.27. We see from Table 2.4 that 4 AWG wire is 
0.2485 Q per 1000 ft. The wire out to the lamp is 2000 ft long, and the 


wire back to the power source is also 2000 ft long, for a total of 4000 ft. 
Thus, the wire has a resistance of 


R = (4000 ft)(0.2485 2/1000 ft) = 0.994 Q? 






2000 feet of 4 AWG wire 


2000 feet of 4 AWG wire 


E FIGURE 2.27 A quick sketch of the lamp circuit for Example 2.4. 





SECTION 2.4 OHM'S LAW ow) 


The dissipated power is given by i? R, where i = 100A. Thus, 
9940 W or 9.94 kW is dissipated by the wire. Even with less than 1 Q total 
resistance, we find that a huge amount of power is wasted by the wire: this 
must also be supplied by the power source, but it never reaches the lamp! 





2.13 Faced with the significant power losses described in Example 2.4, 
your manager instructs you to have the 4 AWG wire replaced with 

2 AWG. Calculate the power lost in the new wire, assuming the lamp 
is still drawing 100 A. Out of curiosity, how much more will the new 
wiring weigh (two times more, four times more, etc.)? 


Ans: 6.25 kW, 1.59 times more. 


Conductance 


For a linear resistor the ratio of current to voltage is also a constant. 
-=-= =G [7] 


where G is called the conductance. The SI unit of conductance is the 
siemens (S), 1 A/V. An older, unofficial unit for conductance is the mho, ab-. 
breviated by an inverted capital omega, 25. You will occasionally see it used 
on some circuit diagrams, as well as in catalogs and texts. The same circuit 
symbol (Fig. 2.24d) is used to represent both resistance and conductance. 
The absorbed power is again necessarily positive and may be expressed in 
terms of the conductance by 


li 
li 
= 
Q 
I 
| 


p [8] 

Thus a 2 Q resistor has a conductance of 4S, and if a current of 5 A is 
flowing through it, then a voltage of 10 V is present across the terminals and 
a power of 50 W is being absorbed. 

All the expressions given so far in this section were written in terms 
of instantaneous current, voltage, and power, such as v = i R and p = vi. 
We should recall that this is a shorthand notation for v(t) = Ri(t) and 
p(t) = v(t)i(t). The current through and voltage across a resistor must 
both vary with time in the same manner. Thus, if R= 10Q and 
v = 2sin 100r V, then ¢ = 0.2 sin 100t A. Note that the power is given by 
0.4 sin? 100 W, and a simple sketch will illustrate the different nature of 
its variation with time. Although the current and voltage are each negative 
during certain time intervals, the absorbed power is never negative! 


Resistance may ‘be used as the basis for defining two commonly used oe 
terms, short circuit and open circuit. We define a short circuit as a resistance 7 
of zero ohms; then, since v = 7 R, the voltage across a short circuit must \ 


be zero, although the current may have any value. In an analogous manner, 
we define an open circuit as an infinite resistance. It follows from Ohm’s law 
that the current must be zero, regardless of the voltage across the open circuit. 











Note that a current represented by : or z(t) can be 
constant (dc) or time-varying, Dut currents represented 
by the symbo! / must be non-time-varying. 
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Although real wires have a smail resistance assoctated with them, we always 
assume them to have zero resistance unless otherwise specified. Thus, in al: 
of our circuit schematics, wires are taken to be perfect short circuits. 


SUMMARY AND REVIEW 





4 The system of units most commonly used in electrical engineering 1s 
the SI. 


O The direction in which positive charges are moving is the direction of 
positive current flow. alternatively, positive current flow is in the 
direction opposite that of moving electrons. 


Q To detine a current, both a value and a direction must be given. 
Currents are typically denoted by the uppercase letter “I” for constant 
(dc) values, and either i(t) or simply 7 otherwise. 


4 To define a voltage across an element, it is necessary to label the 
terminals with “+” and “—” signs as well as to provide a value (either 
an algebraic symbol or a numerical value). 


3 Any element is said to supply positive power if positive current flows 
out of the positive voltage terminal. Any element absorbs positive 
power if positive current flows into the positive voltage terminal. 


3 There are six sources: the independent voltage source, the independent 
current source, the current-controlled dependent current source, the 
voltage-controlled dependent current source, the voltage-controlled 


dependent voltage source, and the current-controlled dependent voltage 
source. 


3 Ohm's law states that the voltage across a linear resistor is directly 
proportional to the current flowing through it; Le., v = Ri. 


4 The power dissipated by a resistor (which leads to the production of 
heat) is given by p = vi = iR = v?/R. 


a Wires are typically assumed to have zero resistance in circuit analysis. 


When selecting a wire gauge for a specific application, however, local 
electrical and fire codes must be consulted. 


READING FURTHER 


A good book that discusses the properties and manufacture of resistors in 
considerable depth: 


Felix Zandman, Paul-René Simon, and Joseph Szwarc, Resistor Theory 
and Technology. Raleigh, N.C.: SciTech Publishing, 2002. 


A good all-purpose electrical engineering handbook: 


Donald G. Fink and H. Wayne Beaty, Standard Handbook for Electrical 
Engineers, 13th ed., New York: McGraw-Hill, 1993. 


in particular, pp. 1-1 to 1-51, 2-8 to 2-10, and 4-2 to 4-207 provide an in-depth 
treatment of topics related to those discussed in this chapter. 


A detailed reference for the SI is available on the Web from the National 
Institute of Standards: 


Barry N. Taylor, Guide for the Use of the International System of Units 
(SI), NIST Special Publication 811, 1995 Edition, www.nist.gov. 





EXERCISES 


EXERCISES 
2.1 Units and Scales 


. Convert the following to engineering notation: 


— 


(a) 1.2 x 10% s (b) 750 mJ 

(c) 1130 Q (d) 3,500,000,000 bits 
(e} 0.0065 um (f) 13,560,000 Hz 
(g) 0.039 nA (h) 49,000 Q 


(i) 1.173 x 107° uA 


2. Convert the following to engineering notation: 
(a) 1,000,000 W (b) 12.35 mm 
(c) 47,000 W (d) 0.00546 A 
(e) 0.033 mJ (f) 5.33 x 10-° mW 
(g) 0.000000001 s (h) 5555 kW 


(i) 32,000,000,000 pm 


. Convert the following to SI units. Be sure to use engineering notation, and 
retain four significant digits. 


(a) 400 hp (b) 12 ft (c) 2.54 cm 
(d) 67 Btu (e) 285.4 x 10715 s 


4. A certain 15 V dry-cell battery, completely discharged, requires a current of 
100 mA for 3 hr to completely recharge. What is the energy storage capacity 
of the battery, assuming the voltage does not depend on its charge status? 


5. A zippy little electric car is equipped with a 175 hp motor. 


Qad 


(a) How many kW are required to run the motor if we assume 100 percent 
efficiency in converting electrical power to mechanical power? 


(b) How much energy (in J).is expended if the motor is run continuously for 
3 hours? 


(c) If a single lead-acid battery has a 430-kilowatthour storage capacity, how 
many batteries are required for part (b)? 


6. A KrF excimer laser generates 400 mJ laser pulses 20 ns in duration. 
(a) What is the peak instantaneous power of the laser? 


(b) If only 20 pulses can be generated per second, what is the average power 
output of the laser? 


7. An amplified titanium:sapphire laser generates | mJ laser pulses 75 fs in 
duration. 


(a) What is the peak instantaneous power of the laser? 


(b) If only 100 pulses can be generated per second, what is the average power 
output of the laser? 


8. The power supplied by a certain battery is a constant 6 W over the first 5 min, 
zero for the following 2 min, a value that increases linearly from zero to 10 W 
during the next 10 min, and a power that decreases linearly from 10 W to zero 
in the following 7 min. (a) What is the total energy in joules expended during 
this 24 min interval? (b) What is the average power in Btu/h during this time? 


9. A new type of battery delivers 10 W of power for 8 hr without voltage or 
current fluctuation. After 8 hr, however, the power output drops linearly from 
10 W to 0 in only 5 min. (a) What is the energy storage capacity of the battery? 
(b) How much energy is delivered during the last 5 min of the discharge cycle? 





2.2 Charge, Current, Voltage, and Power 


10. The total charge accumulated by a certain device is given as a function of 
time by q = 18? — 224 (in SI units). (a) What total charge is accumulated 





CHAPTER 2 BASIC COMPONENTS AND ELECTRIC CIRCUITS 





att = 2s? (b) What is the maximum charge accumulated in the interval 
0 < t < 3s, and when does it occur? (c) At what rate is charge being 
accumulated at t = 0.8 s? (d) Sketch curves of q versus t and i versus f in 
the interval 0 < t < 3s. 


11. The current i; (t) shown in Fig. 2.6c is given as —2 + 3e~*' A fort < 0, and 
—2 + 3e* A for t > 0. Find (a) i; (—0.2); (b) i, (0.2): (c) those instants at 
which i; = 0; (d) the total charge that has passed from left to right along the 
conductor in the interval —0.8 < t < 0.1s. 


12. The waveform shown in Fig. 2.28 has a period of 10 s. (a) What is the average 
value of the current over one period? (b) How much charge is transferred in the 
interval 1 < t < 12 s? (c) If q (0) = 0, sketch g(t), 0 < t < 16s. 


i (A) 





@ FIGURE 2.28 


13. Consider a path with discrete points A, B, C, D, and E. It takes 2 pJ to move 
an electron from A to B or from B to C. It takes 3 pJ to move a proton from C 
to D. It takes no energy to move an electron from D to E. 


(a) What is the potential difference (in volts) between A and B? (Assume + 
reference at B.) 


(b) What is the potential difference (in volts) between D and E? (Assume + 
reference at E.) 


(c) What is the potential difference (in volts) between C and D? (Assume + 
reference at D.) 


(d) What is the potential difference (in volts) between D and B? (Assume + 
reference at D.) 


14. An unmarked box is found in the back corner of a laboratory. It has two wires 
protruding from it, an orange wire and a purple wire. A voltmeter is connected 
to the two wires with the + reference on the purple wire. A voltage of —2.86 V 
is measured in this fashion. What would the voltage reading be if the voltmeter 
connections were reversed? 


15. Determine the power being absorbed by each of the circuit elements shown in 
Fig. 2.29. 





my 6V eae oF 7 8 cos 1000 mA 
——“f~W\V\—_o o irii iN 
-20A “ 4 sin 10002 V + 
= 2i, t=2 ms 
i = 5A 
(a) (b) (c) (d) 


@ FIGURE 2.29 


EXERCISES 


16. Let i = 3re7'! mA and v = (0.006 — 0.6r)e~!°' V for the circuit element 
of Fig. 2.30. (a) What power is being absorbed by the circuit element at 
t = 5 ms? (b) How much energy ts delivered to the element in the interval 
0 <t <o? 

17. In Fig. 2.30, let i = 3e~!®” A. Find the power being absorbed by the circuit 

: ms $ i 7 x 

element at t = 8 ms if v equals (a) 40i; (b) 0.2 di/dt. (c) 30 |, idt + 20 V. 

18. The current-voltage characteristic of a silicon solar cell exposed to direct 
sunlight at noon in Florida during midsummer is given in Fig. 2.31. It is 
obtained by placing different-sized resistors across the two terminals of the 
device and measuring the resulting currents and voltages. 
(a) What is the value of the short-circuit current? 
(b) What is the value of the voltage at open circuit? 


(c) Estimate the maximum power that can be obtained from the device. 


Current (A) 
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0.125 Voltage (V) 


m FIGURE 2.31 


0.250 0.375 0.500 


19. The current flowing into a certain circuit is monitored carefully over time. All 
voltages quoted assume the positive reference terminal is the top of the two 
circuit terminals. It is observed that for the first two hours, a current of 1 mA 
flows into the top terminal, while a voltage of +5 V is measured. Over the next 
30 minutes, no current flows in or out. Then, for two hours, a current of 1 mA 
flows out of the top terminal, with a voltage of +2 V measured. After that, no 
current flows in or out again. Assuming the circuit had no energy initially 
stored, answer the following: 

(a) How much power was delivered to the circuit during each of the three 
intervals? 

(b) How much energy was supplied to the circuit during the first two hours of 
observation? 


(c) How much energy remains in the circuit now? 


2.3 Voltage and Current Sources 


20. Determine which of the five sources in Fig. 2.32 are being charged (absorbing 
positive power), and show that the algebraic sum of the five absorbed power 
values is zero. 


21. Refer to the circuit of Fig. 2.32. Multiply each current and voltage by 4, 
and determine which of the five sources are acting as sources of energy (i.e., 
supplying positive power to other elements). 


22. In the simple circuit shown in Fig. 2.33, the same current flows through each 
element. If V, = 1 V and Ve = 9 V, compute: 


(a) the power absorbed by element A; 
(b) the power supplied by each of the two sources. 


(c) Does the total power supplied equal the total power absorbed? Is your 
finding reasonable? Why (or why not)? 


23. For the circuit in Fig. 2.34, if vz = 1000i2 and i? = 5 mA, determine vs. 





@ FIGURE 2.30 
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SO 0 


E FIGURE 2.32 


@ FIGURE 2.33 





E FIGURE 2.34 
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24. For the circuit of Fig. 2.35. tf = -1 mA. calculate the voltage vo. 


25. A simple circuit ts formed using « 12 V Jead-acid battery and an automobile 
headlight. If the battery delivers a total energy of 460.8 watt-hours over an 
8-hour discharge period, 


ta) how much power is delivered to the headlight? 





(P) what ts the current flowing through the bulb? (Assume the battery voltage 

FIGURE 2.35 remains constant while discharging.) 

26. A fuse must be selected for a certain application. You may choose from fuses 
rated to “blow” when the current exceeds 1.5 A. 3A. 4.5 A. or 5S A. If the 
supply voltage is HO V and the maximum allowable power dissipation is 
500 W. which fuse should be chosen, and why? 


2.4 Ohm's Law 


27. A 10% tolerance | KS? resistor may in fact have a value anywhere in the range 
of 900 to 1100 Q. H 5.0 V is applied across it. ta} what is the range of currents 
that might be measured? (7) What is the range of power that might be 
measured? 

28. A current of 2 mA is forced to flow through a 5% tolerance 470 © resistor. 
What power rating should the resistor have. and why? (Note that “S%. 
tolerance” means that the resistor could in reality have a value anywhere in 
the range of 446.5 Q and 493.5 ©.) 

29, Let R = 1200 2 for the resistor shown in Fig. 2.24d. Find the power bemg 
absorbed by R at? = 0.1) sif aoe = 20e 1 mA (by) v = 40 cos 201 V: 
(epui = 811° VA, 

30. A certain voltage is +10 V for 20 ms and —10 V for the seceeeding 20 ms 
and continues oscillating back and forth between these two values at 20 mis 
intervals. The voltage ts present across a 50 © resistor. Over any 40 ms interval 
find ta) the maximum value of the voltage: (/) the average value of 
the voltage: (c) the average value of the resistor current: (d) the maximum 
value of the absorbed power: (e) the average value of the absorbed power. 

31. In the circuit in Fig. 2.36. the same current must flow through all three 
components as a result of conservation laws. Using the fact that the total power 
supplied equals the total power absorbed. show that the voltage across resistor 
R> is given by: 








Vx. ce Vy — 
E FIGURE 2.36 . RO +R. 


32. The following experimental measurements were made on a two-terminal 
device by setting the voltage using a variable power supply and measuring the 
resulting current flow into one of the terminals. 


Voltage (V) Current (mA) 
—1.5 —3.19 
—0.3 —0.638 

0.0 1.01 x 1078 
1.2 2.55 
2.5 5.32 


(a) Plot the current vs. voltage characteristic. 
(b) Compute the effective conductance and resistance of the device. 


(c) Ona different graph, plot the current vs. voltage characteristic if the device 
resistance is increased by a factor of 3. 








EXERCISES 


33. For each of the circuits in Fig. 2.37, find the current / and compute the power 
absorbed by the resistor. 


IO kO 10kQ 





@ FIGURE 2.37 


34, It is not uncommon to see a variety of subscripts on voltages, currents, and 
resistors in circuit diagrams. In the circuit in Fig. 2.38, the voltage v, appears 
across the resistor named ry. Compute voy, if v, = 0.01 cos 1000r V. 







1kQ 





Vr 


@ FIGURE 2.38 


35. The circuit of Fig. 2.38 is constructed so that vs = 2sin5t V, andr, = 80 82. 
Calculate voy, at f = 0 and t = 314 ms. 


36. A length of 18 AWG solid copper wire is run along the side of a road to 
connect a sensor to a central computer system. If the wire 1s known to have 
a resistance of 53 Q, what is the total length of the wire? (Assume the 
temperature is ~ 20°C.) 


37. You’re stranded on a desert island, and the air temperature 1s 108°F. After 
realizing that your transmitter is not working, you trace the problem to a 
broken 470 Q resistor. Fortunately, you notice that a large spool of 28 AWG 
solid copper wire also washed ashore. How many feet of wire will you require 
to use as a replacement for the 470 Q2 resistor? Note that because the island is 
in the tropics, it is a little balmier than the 20°C used to quote the wire 
resistance in Table 2.4. You may use the following relationship” to correct the 
values in Table 2.4: 


Ry 234.5 + Tr 
Ri 234.5+T| 
where 7; = reference temperature (20°C in this case) 
R, = resistance at the reference temperature 


Tə = new temperature (in degrees Celsius) 
R = resistance at the new temperature. 





38. The resistance of a conductor having a length / and a uniform cross-sectional 
area A is given by R = l/a A, where ø (sigma) is the electrical conductivity. 
Ifo = 5.8 x 10’ S/m for copper: (a) what is the resistance of a #18 copper 
wire (diameter = 1.024 mm) that is 50 ft long? (b) If a circuit board has a 
copper-foil conducting ribbon 33 zm thick and 0.5 mm wide that can carry 
3 A safely at 50°C, find the resistance of a 15 cm length of this ribbon and the 
power delivered to it by the 3 A current. 


(5) D. G. Fink and H. W. Beaty, Standard Handbook for Electrical Engineers, 13th ed. New York: 
McGraw-Hill, 1993, p. 2-9. 




















CHAPTER 2 BASIC COMPONENTS AND ELECTRIC CIRCUITS 


39. Table 2.3 lists several types of copper wire standards, with a resistivity of 
approximately 1.7 aQ- em. Use the information in Table 2.4 for 28 AWG wire 
to extract the resistivity of the corresponding soft copper wire. Is your value 
consistent with Table 2.3? 

40, (a) List three examples ot “nonlinear” resistors. (b) Imagine a battery 
connected to a resistor. Energy is transferred from the battery to the resistor 
until the battery is completely discharged. Keeping in mind the physica! 
principle of energy conservation. where exactly did the energy initially stored 
in the battery go? 

41. If B33 copper is used to make round wire having a diameter of 1 mm. 


how much power would be dissipated in 100 m of wire carrying a current 
ot 1.8 A? 


42. Based on the information in Table 2.4. design a mechanical device that acts as 
a continuously variable resistor. (Hint: a coil might be of help.) 

43. The diode. a very common two-terminal nonlinear device, can be modeled 
using the following current-voltage relationship: 


(a) Sketch the current-voltage characteristic tor V = —0.7 to 0.7 V. 
(h) What is the effective resistance of the diode at V = 0.55 V? 
(co) At what current does the diode have a resistance of 1 Q? 

44. A resistance of 10 Q is required to repair a voltage regulator circuit for a 
portable application. The only available materials are 10.000 ft spools of cach 
wire gauge listed in Table 2.4. Design a suitable resistor. 

45. The resistivity of “n-type” crystalline silicon is given by p = 1/qNpLy. 
Where q. the charge per electron. is 1.602 x 107}? C, Np = the number of 
phosphorus impurity atoms per cm". and g, = the electron mobility (in units 
of em” V ts l), The mobility and impurity concentration are related by 
Fig. 2.39. Assuming a 6 in-diameter silicon wafer 250 um thick, design a 

100 22 resistor by specifying a phosphorus concentration in the range ot 

10)? < Np < 10° atoms/cm", and a suitable device geometry. 


10° 





H em Vs) 




















10? i | - 
1s 1? 101° 1017 10 10? 
Npd atoms/cm`) 


@ FIGURE 2.39 






CHAPTER 


, Voltage and 


urrent Laws 


INTRODUCTION 

In Chap. 2 we were introduced to the resistor as well as to several 
types of sources. After defining a few new circuit terms, we will be 
ready to begin analyzing simple circuits constructed from these 
devices. The techniques we will learn are based on two relatively 
simple laws: Kirchhoff’s current law (KCL) and Kirchhoff’s 
voltage law (KVL). KCL is based on the principle of conservation 
of charge, and KVL is based on the principle of conservation of 
energy—both fundamental physical laws. Once familiar with basic 
analysis, we make further use of KCL and KVL to reduce series 
and parallel combinations of resistors, voltage sources, or current 
sources, and we develop the important concepts of voltage and 
current division. In subsequent chapters, we learn additional 
techniques that allow us to efficiently analyze even more complex 
networks. 


3.1 _ NODES, PATHS, LOOPS, AND BRANCHES 


We now focus our attention on the current-voltage relationships in 
simple networks of two or more circuit elements. The elements will 
be connected together by wires (sometimes referred to as “leads”), 
which have zero resistance. Since the network then appears as a num- 
ber of simple elements and a set of connecting leads, it is called 
a lumped-parameter network. A more difficult analysis problem 
arises when we are faced with a distributed-parameter network, 
which contains an essentially infinite number of vanishingly small 
elements. We will concentrate on lumped-parameter networks in 
this text. 
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in circuits assembled in the real world, the wires wiil 
always have finite resistance. However, this resistance 
is typically so small compared to other resistances in 
the arcuit that we can neglect it without introducing 
significant error. In our idealized circuits, we will 
therefore refer to “zero resistance” wires trom now on, 


ay, 


f/f 
on - 
Canad 

No 


N 








ib) 


E FIGURE 3.1 (2) A circuit containing three nodes 
and five branches. (b} Node 1 1s redrawn to look hke 
two nodes; it ts still one node. 
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A point at which two or more elements have a common connection is 
called a node. For example. Fig. 3.la shows a circuit containing three 
nodes. Sometimes networks are drawn so as to trap an unwary student into 
believing that there are more nodes present than is actually the case. This 
occurs when a node, such as node | in Fig. 3.1a, is shown as two separate 
junctions connected by a (zero-resistance) conductor. as in Fig. 3.1b. How- 
ever, all that has been done is to spread the common point out into a 
common zero-resistance line. Thus, we must necessarily consider all of the 
perfectly conducting leads or portions of leads attached to the node as part 
of the node. Note also that every element has a node at each of its ends. 

Suppose that we start at one node in a network and move through a sim- 
ple element to the node at the other end. We then continue from that node 
through a different element to the next node, and continue this movement 
until we have gone through as many elements as we wish. If no node was 
encountered more than once. then the set of nodes and elements that we 
have passed through is defined as a path. If the node at which we started is 
the same as the node on which we ended, then the path is, by definition, a 
closed path or a loop. 

For example, in Fig. 3.1a, if we move from node 2 through the current 
source to node I., and then through the upper right resistor to node 3, we 
have established a path; since we have not continued on to node 2 again, we 
have not made a loop. If we proceeded from node 2 through the current 
source to node 1, down through the left resistor to node 2, and then up 
through the central resistor to node 1 again, we do not have a path, since a 
node (actually two nodes) was encountered more than once; we also do not 
have a loop, because a loop must be a path. 

Another term whose use will prove convenient is branch. We define a 
branch as a single path in a network, composed of one simple element and 
the node at each end of that element. Thus, a path is a particular collection 
of branches. The circuit shown in Fig. 3.1a@ and b contains five branches. 


3.2 _ KIRCHHOFF’S CURRENT LAW 7 


We are now ready to consider the first of the two laws named for Gustav 
Robert Kirchhoff (two h’s and two f’s), a German university professor who 
was born about the time Ohm was doing his experimental work. This 
axiomatic law is called Kirchhoff’s current law (abbreviated KCL), and 
it simply states that: 


The algebraic sum of the currents entering any node is zero. 


This law represents a mathematical statement of the fact that charge 
cannot accumulate at a node. A node is not a circuit element, and it certainly 
cannot store. destroy, or generate charge. Hence, the currents must sum to 
zero. A hydraulic analogy is sometimes useful here: for example, consider 
three water pipes joined in the shape of a Y. We define three “currents” as 
flowing into each of the three pipes. If we insist that water is always flow- 
ing, then obviously we cannot have three positive water currents, or the 
pipes would burst. This is a result of our defining currents independent of 
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the direction that water is actually flowing. Therefore, the value of either 
one or two of the currents as defined must be negative. 

Consider the node shown in Fig. 3.2. The algebraic sum of the four cur- 
rents entering the node must be zero: 





LA + LB N (—ic) r (—ip) = 


@ FIGURE 3.2 Example node to illustrate the applica- 
It is evident that the law could be equally well applied to the algebraic tion of Kirchhoff's current law. 


sum of the currents leaving the node: 


(—ia)+ (—iB)+ic+ip=0 


We might also wish to equate the sum of the currents having reference 
arrows directed into the node to the sum of those directed out of the node: 


LA + ip = ic + Ip 
which simply states that the sum of the currents going in must equal the sum 
of the currents going out. 


A compact expression for Kirchhoff’s current law is 


N 


> in = 0 [1] 


n=l 


which is just a shorthand statement for 


i+ti+i+. --+in=0 [2] 
When Eq. [1] or Eq. [2] is used, it is understood that the N current iii 
arrows are either all directed toward the node in question, or are all directed 
away from it. \ 






Soa s a EXAMPLE 3.1 
For the circuit in Fig. 3.3a, compute the current through resistor R3 
if it is known that the voltage source supplies a current of 3 A. 
Identify the goal of the problem. 


The current through resistor R3, labeled as i on the circuit diagram. 


Collect the known information. 
This current flows from the top node of R3, which is connected to three 


other branches. The current flowing into the node from each branch 
will add to form the current i. 


Devise a plan. 


If we label the current through R (Fig. 3.3b), we may write a KCL 
equation at the top node of resistors R2 and R3. 


Construct an appropriate set of equations. 
Summing the currents flowing into the node: 


ig, —2-i+5=0 


The currents flowing into this node are shown in the expanded dia- 
gram of Fig. 3.3c for clarity. 


(Continued on next page) 











(by 





S FIGURE 3.3 (c) Simple circuit for which the current 
through resistor R is desired. {b} The current through 
resistor Ki 15 labeled so that a KCL equation can be 
written. (c) The currents into the top node of A; are 
redrawn for clarity. 








i 


B 


@ FIGURE 3.5 Ihe potential difference between 
points A and 8 1s independent of the path selected. 
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Determine if additional information is required. 

We see that we have one equation but two unknowns, which means 
we need to obtain an additional equation. At this point, the fact 

that we know the 10 Y source is supplying 3 A comes in handy: KCI. 
shows us that this 1s also the current ig. 


Attempt a solution. 
Substituting, we find thaty = 3—-2+5=6A. 


Verify the solution. Is it reasonable or expected? 

It is always worth the effort to recheck our work. Also, we can 
attempt to evaluate whether at least the magnitude of the solution 1s 
reasonable. In this case. we have two sources—one supplies 5 A. and 
the other supplies 3 A. There are no other sources, independent or 
dependent. Thus, we would not expect to find any current in the 
circuit in excess of 8 A. 


PRACTICE 





LA ray 


3.1 Count the number of branches and nodes in the circull in Fig. 3.4. 
If i, = 3 A and the 18 V source delivers 8 A of current, what is the 
value of Ra? (Hint: You need Ohm's law as well as KCL.) 


pA A 
ae 





E FIGURE 3.4 


Ans: 5 branches, 3 nodes, IQ. 


3.3 _ KIRCHHOFF’'S VOLTAGE LAW _ 


Current is related to the charge flowing through a circuit element, whereas 
voltage is a measure of potential energy difference across the element. 
There is a single unique value for any voltage in circuit theory. Thus, the en- 
ergy required to move a unit charge from point A to point B in a circuit must 
have a value independent of the path chosen to get from A to B (there is of- 
ten more than one such path). We may assert this fact through Kirchhoff’. 
voltage law (abbreviated KVL): 


The algebraic sum of the voltages around any closed path is zero. 


In Fig. 3.5. if we carry a charge of 1 C from A to B through element 1. 
the reference polarity signs for v, show that we do v; joules of work.'! Now 


(1) Note that we chose a | C charge for the sake of numerical convenience: therefore, we did 
(1 Cyr, VC) = vy joules of wark. 
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if, instead, we choose to proceed from A to B via node C, then we expend 
v> — v3 joules of energy. The work done, however, is independent of the 
path in a circuit, and these values must be equal. Any route must lead to the 
same value for the voltage. In other words, 


VU}; = V2 — V3 [3] 


It follows that if we trace out a closed path, the algebraic sum of the volt- 
ages across the individual elements around it must be zero. Thus, we may 
write 


vi +u +3 4+---+vy = 0 


or, more compactly, 
N 
+ m= 0 [4] 
n=l 
We may apply KVL to a circuit in several different ways. One method 
that leads to fewer equation-writing errors than others consists of moving 
mentally around the closed path in a clockwise direction and writing down 
directly the voltage of each element whose (+) terminal is entered, and 
writing down the negative of every voltage first met at the (—) sign. Apply- 
ing this to the single loop of Fig. 3.5, we have 


—V) + U2 — V3 = 0 


which agrees with our previous result, Eq. [3]. 


39 | 


EXAMPLE 3.2 


In the circuit of Fig. 3.6, find v, and iy. 


We know the voltage across two of the three elements in the circuit. 
Thus, KVL can be applied immediately to obtain vx. 

Beginning with the bottom node of the 5 V source, we apply KVL 
clockwise around the loop: 


—-5-7+v=0 


So 0, = I2 Y. 

KCL applies to this circuit, but only tells us that the same current 
(ix) flows through all three elements. We now know the voltage across 
the 100 Q resistor, however. 

Invoking Ohm’s law, 

Vy | g 


ip = = — A = 120 mA 
100 100 





PRACTICE 


S ahde na es 


3.2 Determine i, and v, in the circuit of Fig. 3.7. 


Ans: v, = —4 V; i, = —400 mA. 





@ FIGURE 3.6 A simple circuit with two voltage 
sources and a single resistor. 





m FIGURE 3.7 








(40) AAA 
for 






EXAMPLE 3.3 


Points & and c, as well as the wire between them, are all 
part of the same node. 
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In the circuit of Fig. 3.8 there are eight circuit elements; voltages 
with plus-minus pairs are shown across each element. Find vp 
(the voltage across R2) and the voltage labeled v,. 


The best approach for finding vg? in this situation is to look for a loop 
to which we can apply KVL. There are several options, but after look- 
ing at the circuit carefully we see that the leftmost loop offers a 
straightforward route. as two of the voltages are clearly specified. Thus. 


we find vg: by writing a KVL equation around the loop on the left. 
starting at point c: 


4+4 — 36+ vre =0 
which leads to ug> = 32 V. 


36 V 





C b 
S FIGURE 3.8 A circuit with eight elements for which we desire vg and v. 


To find v,, we might think of this as the (algebraic) sum of the volt- 
ages across the three elements on the right. However, since we do not 
have values for these quantities, such an approach would not lead to a 
numerical answer. Instead, we apply KVL beginning at point c. moving 
up and across the top to a, through v, to b, and through the conducting 
lead to the starting point: 


+4 — 36+ 124 14427, =0 
so that 
bn, = 6V 


An alternative approach: Knowing vg, we might have taken the 
shortcut through R>: 


-32+ 1241440, = 


yielding v, = 6 V once again. 


As we have just seen, the key to correctly analyzing a circuit is to firs! 
methodically label ail voltages and currents on the diagram. This way, care- 
fully written KCL or KVL equations will yield correct relationships, and 
Ohm's law can be applied as necessary if more unknowns than equations 
are obtained initially. We illustrate these principles with a more detailed 
example. 


\ 
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EXAMPLE 3.4 


Determine v, in the circuit of Fig. 3.9a. 


5A 4Q 





(b) 
W FIGURE 3.9 (a) A circuit for which v, is to be determined using 
KVL. (b) Circuit with voltages and currents labeled. 


We begin by labeling voltages and currents on the rest of the elements 
in the circuit (Fig. 3.9b). Note that v, appears across the 2 Q2 resistor 
and the source i, as well. 

If we can obtain the current through the 2 Q resistor, Ohm’s law will 
yield v,. Writing the appropriate KCL equation, we see that 

In = 14 + ty 

Unfortunately, we do not have values for any of these three quanti- 
ties. Our solution has (temporarily) stalled. 

Since we were given the current flowing from the 60 V source, per- 
haps we should consider starting from that side of the circuit. Instead of 
finding v, using i2, it might be possible to find v, directly using KVL. 
Working from this perspective, we can write the following KVL 
equations: 


—60 + vg + vio = 9 
and 


—Vio +v + 0, = O [5] 


This is progress: we now have two equations in four unknowns, a 
small improvement over one equation in which all terms were unknown. 
In fact, we know that vg = 40 V through Ohm’s law, as we were told that 
5 A flows through the 8 Q resistor. Thus, vio = 0 + 60 — 40 = 20 V, so 
that Eq. [5] reduces to 


Uy = 20 — U4 


If we can determine v4, the problem is solved. 
(Continued on next page) 
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(a) 








(c) 


@ FIGURE 3.11 (2) A single-loop circuit with four 
elements. (b) The circuit model with source voltages 
and resistance values given. (c) Current and voltage 
reference signs have been added to the circuit. 


The best route to finding a numerical value for the voltage v4 in this 
case is to employ Ohm’s law, which requires a value for i4. From KCL, 
we see that 


i4 =5 -—ho =5-— =5-—= 
so that v4 = (4)(3) = 12 V and hence v, = 20 — 12 = 8 V. 


PRACTICE 


3.3 Determine v, in the circuit of Fig. 3.10. 





2A 20 





E FIGURE 3.10 


Ans: v; = 12.8 V. 


3.4 _ THE SINGLE-LOOP CIRCUIT 


We have seen that repeated use of KCL and KVL in conjunction with Ohm's 
law can be applied to nontrivial circuits containing several loops and a num- 
ber of different elements. Before proceeding further, this is a good time to 
focus on the concept of series (and, in the next section, parallel) circuits, as 
they form the basis of any network we will encounter in the future. 

All of the elements in a circuit that carry the same current are said to be 
connected in series. As an example, consider the circuit of Fig. 3.9. The 
60 V source is in series with the 8 {2 resistor; they carry the same 5 A cur- 
rent. However, the 8 Q resistor is not in series with the 4 Q resistor; they 
carry different currents. Note that elements may carry equal currents and 
not be in series; two 100 W light bulbs in neighboring houses may very well 
carry equal currents, but they certainly do not carry the same current and are 
not connected in series. 

Figure 3.1la shows a simple circuit consisting of two batteries and 
two resistors. Each terminal, connecting lead, and solder glob is assumed to 
have zero resistance; together they constitute an individual node of the circuit 
diagram in Fig. 3.11b. Both batteries are modeled by ideal voltage sources: 
any internal resistances they may have are assumed to be small enough to 
neglect. The two resistors are assumed to be replaceable by ideal (linear) 
resistors. 

We seek the current through each element, the voltage across each ele- 
ment, and the power absorbed by each element. Our first step in the analy- 
sis is the assumption of reference directions for the unknown currents. 
Arbitrarily, let us select a clockwise current i which flows out of the upper 
terminal of the voltage source on the left. This choice is indicated by an ar- 
row labeled i at that point in the circuit, as shown in Fig. 3.1 1c. A trivial 
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application of Kirchhoff’s current law assures us that this same current must 
also flow through every other element in the circuit; we emphasize this fact 
this one time by placing several other current symbols about the circuit. 

Our second step in the analysis is a choice of the voltage reference for each 
of the two resistors. The passive sign convention requires that the resistor cur- 
rent and voltage variables be defined so that the current enters the terminal at 
which the positive voltage reference is located. Since we already (arbitrarily) 
selected the current direction, vg; and vp are defined as in Fig. 3.1 1c. 

The third step is the application of Kirchhoff’s voltage law to the only 
closed path. Let us decide to move around the circuit in the clockwise di- 
rection, beginning at the lower left corner, and to write down directly every 
voltage first met at its positive reference, and to write down the negative of 
every voltage encountered at the negative terminal. Thus, 


—VUs} + UR] + Va + VR? = O [6] 
We then apply Ohm’s law to the resistive elements: 
Ur} = Rii and vp = Roi 
Substituting into Eq. [6] yields 
—Us1 + Rii + vy + Roi =0 
Since į is the only unknown, we find that 
_ Usi — Us2 
E Ri + R- 


The voltage or power associated with any element may now be obtained by 
applying v = Ri, p = vi, orp =i°R. 


PRACTICE 


a. aaa 
3.4 In the circuit of Fig. 3.11b, v,ı = 120 V, v2 = 30 V, R; = 30 Q, 
and R2 = 15 Q2. Compute the power absorbed by each element. 


Ans: Pi20v = —240 W; pry = +60 W; p39 = 120 W; pise = 60 W. 


Compute the power absorbed in each element for the circuit shown 
in Fig. 3.12a. ons 


30. Q 





(a) (b) 
@ FIGURE 3.12 (a) Asingle-loop circuit containing a dependent source. (b) The current / and 
voltage vzo are assigned. 


(Continued on next page) 
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application of Kirchhott’s current law assures us that this same current must 
also flow through every other element in the circuit; we emphasize this fact 
this one time by placing several other current symbols about the circuit. 

Our second step in the analysis is a choice of the voltage reference for each 
of the two resistors. The passive sign convention requires that the resistor cur- 
rent and voltage variables be detined so that the current enters the terminal at 
which the positive voltage reference is located. Since we already (arbitrarily) 
selected the current direction, vg) and vg are defined as in Fig. 3.1 1c. 

The third step is the application of Kirchhoff’s voltage law to the only 
closed path. Let us decide to move around the circuit in the clockwise di- 
rection, beginning at the lower left corner, and to write down directly every 
voltage first met at its positive reference, and to write down the negative of 
every voltage encountered at the negative terminal. Thus, 


“Usp HURL H ua +t UR? = 0 [6] 
We then apply Ohm’s law to the resistive elements: 
vey = Ru and vpr = Ro 
Substituting into Eq. [6] yields 
=t + Rat + uy + Rot = 0 
Since / is the only unknown, we find that 
Psp 7 Bs? 
RL +R: 


The voltage or power associated with any element may now be obtained by 
. . `. J 
applying v = Ri, p=v orp =i R. 


PRACTICE 


3.4 In the circuit of Fig. 3.1 1b, vı = 120 V, vo = 30 V, R = 302., 
and R: = 15 Q. Compute the power absorbed by each element. 


Ans: Pizy = —240 W: pany = +60 W: pron = 120 W; pise = 60 W. 









Compute the power absorbed in each elem nt ror the ; ; ai — 
in Fig. 3.12a. . t Ei 


300 





(a) th) 
E FIGURE 3.12 (0) Asingle-loop circuit containing a dependent source. (b) The current / and 
voltage vso are assigned. 


(Continued on next page) 
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SECTION 3.5 THE SINGLE-NODE-PAIR CIRCUIT 


trivial case where the circuit is not operating). Stated another way, the sum 
of the supplied power for each element should be zero. More pragmatically, 
the sum of the absorbed power equals the sum of the supplied power, 
which seems reasonable enough at face value. 

Let’s test this with the circuit of Fig. 3.12 from Example 3.5, which 
consists of two sources (one dependent and one independent) and two 
resistors. Adding the power absorbed by each element, we find 


> Pavsorbed = —960 + 1920 — 1920 + 960 = 0 
all elements 
In reality (our indication is the sign associated with the absorbed power) 
the 120 V source supplies +960 W, and the dependent source supplies 
+1920 W. Thus, the sources supply a total of 960 + 1920 = 2880 W. The 
resistors are expected to absorb positive power, which in this case sums to a 
total of 1920 + 960 = 2880 W. Thus, if we take into account each element 


of the circuit, 
) Pabsorbed = ) Psupplied 
as we expect. 


Turning our attention to Practice Problem 3.5, the solution to which 
the reader might want to verify, we see that the absorbed powers sum 
to 0.768 + 1.92 + 0.2048 + 0.1792 — 3.072 = 0. Interestingly enough. the 
12 V independent voltage source is absorbing +1.92 W, which means it is 
dissipating power, not supplying it. Instead, the dependent voltage source 
appears to be supplying all the power in this particular circuit. Is such a 
thing possible? We usually expect a source to supply positive power, but 
since we are employing idealized sources in our circuits, it is in fact possi- 
ble to have a net power flow into any source. If the circuit is changed in 
some way, the same source might then be found to supply positive power. 
The result is not known until a circuit analysis has been completed. 


3.5 _ THE SINGLE-NODE-PAIR CIRCUIT 


The companion of the single-loop circuit discussed in Sec. 3.4 is the single- 
node-pair circuit, in which any number of simple elements are connected 
between the same pair of nodes. An example of such a circuit is shown in 
Fig. 3.14a. The two current sources and the resistance values are known. 
First, assume a voltage across any element, assigning an arbitrary reference 
polarity. KVL then forces us to recognize that the voltage across each 
branch is the same as that across any other branch. Elements in a circuit 
having a common voltage across them are said to be connected in parallel. 





ia} (b) 
E FIGURE 3.14 (c) A singlenode-pair circuit. (6) A voltage and two currents are assigned. 
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in the circuit of Fig. 3.144. | 






We first define a voltage v and arbitrarily select its polarity as shown in 
Fig. 3.14b. Two currents, flowing in the resistors, are selected in con- 
formance with the passive sign convention, as shown in Fig. 3.14b. 

Determining either current i, or i2 will enable us to obtain a value 
for v. Thus, our next step is to apply KCL to either of the two nodes in 
the circuit. Equating the algebraic sum of the currents leaving the upper 
node to zero: 


—120+ i; +30+i2 =0 
Writing both currents in terms of the voltage v using Ohm’s law, 
i =30v and iz =15v 
we obtain 
fi —120 + 30v + 30+ 15v =0 
Solving this equation for v results in 
v=2V 
and invoking Ohm’s law then gives 
i =60A and in=30A 


The absorbed power in each element can now be computed. In the 
two resistors, | 


Pri = 30(2)? = 120W and pro = 15(2)? = 60 W 
and for the two sources, 
P120A = 120(—2) = —240 W and P3oa = 30(2) = 60 W 


Since the 120 A source absorbs negative 240 W, it is actually supplying 
power to the other elements in the circuit. In a similar fashion, we find 
that the 30 A source is actually absorbing power rather than supplying it. 





JH lds cen 


3.6 Determine v in the circuit of Fig. 3.15. 


Ans: 50 V. 


SECTION 3.5 THE SINGLE-NODE-PAIR CIRCUIT — (#1) 


Determine the value of v and the power supplied by the 
independent current source in Fig. 3.16. 









E FIGURE 3.16 A voltage v and a current /, are assigned in a 
single-node-pair circuit containing a dependent source. 


By KCL, the sum of the currents leaving the upper node must be zero, 
so that 


ig — 2i, — 0.024 — ix =0 


Again, note that the value of the dependent source (2i,) is treated the 
same as any other current would be, even though its exact value is not 
known until the circuit has been analyzed. 

We next apply Ohm’s law to each resistor: 


v j —v 
and - ins 





is = 


Therefore, 





v == E 
6000 (a5) A (a5) 7 
and so v = (600)(0.024) = 14.4 V. 
Any other information we may want to find for this circuit is 
now easily obtained, usually in a single step. For example, the power 


supplied by the independent source is p24 = 14.4(0.024) = 0.3456 W 
(345.6 mW). 


PRACTICE 
3.7 For the single-node-pair circuit of Fig. 3.17, find i4, ig,and ic. 








E FIGURE 3.17 


Ans: 3 A; —5.4A; 6A. 
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For the circuit of Fig. 3.18q, find iy, iz, is, and i4. 





(c) 


@ FIGURE 3.18 (a) A single-node-pair circuit. (b) Circuit with points labeled to 
assist in redrawing. (c) Redrawn circuit. 


As drawn, this circuit is a little difficult to analyze, so we decide first to 
redraw it after labeling the points A, B, C, and D as shown in Fig. 3.185 
and finally Fig. 3.18c. We also define a current ij9 flowing through the 
10 Q resistor in anticipation of using KCL. 

None of the desired currents is immediately obvious from the circuit 
diagram, so we look to obtaining them from Ohm’s law. Each of the 
three resistors has the same voltage (vı) across it, and we simply sum 
the currents flowing into the rightmost node: 


Vv} vı | Ul 
SAL eaa aaea 
r E ae 


SECTION 3.6 SERIES AND PARALLEL CONNECTED SOURCES 


Solving, we find vı = 250/5 = 50 V. 
Looking to the bottom of the circuit, we see that 


ee ee eee 
100 100 

In a similar fashion, we determine that i, = —2 A and lio = —5 À. O 
The remaining two currents i2 and i3 are found by using KCL to indepen- 
dently sum the known currents into the right-hand and left-hand nodes. Pi gè 

Thus, x 

i2 = 1, + 0.20; + ip = —2+10—S=3A » (*) = v + w- 
and 
i3 = io — 2.5 +i = 5 = 2.5 -0.5 = -8 A a) 
i (a) 
3.6 _ SERIES AND PARALLEL CONNECTED SOURCES 7 


———-o————————— SS Oe 


It turns out that some of the equation writing that we have been doing for 

series and parallel circuits can be avoided by combining sources. Note, Q Tà Q Danai 
. . ° l = — 

however, that all the current, voltage, and power relationships in the re-  ' eti 


mainder of the circuit will be unchanged. For example, several voltage 

sources in series may be replaced by an equivalent voltage source having a 

voltage equal to the algebraic sum of the individual sources (Fig. 3.19a). i 
Parallel current sources may also be combined by algebraically adding the M FIGURE 3.19 (a) Series-connected voltage sources 
individual currents, and the order of the parallel elements may be re- can be replaced by a single source. (b) Parallel current 
arranged as desired (Fig. 3.19b). sources can be replaced by a single source. 


(b) 


EXAMPLE 3.9 





(a) (b) 


E FIGURE 3.20 (a) A simple loop circuit containing four voltage sources in series. 
(b) Equivalent circuit. 


We have four voltage sources connected in series. Choosing to replace 
them with a single voltage source having its “+” reference terminal at the 
top, we begin at the “+” reference terminal of the 3 V source and write: 


+3+5-—-1+2=9V 
(Continued on next page) 
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The equivalent circuit is shown in Fig. 3.20b. We now find i using 
Ohm’s law: 


9 


‘ee OES 
‘= 470 


Typically, there is very little to be gained from including a dependent 
source in either a voltage or current source combination, but it is not incor- 
rect to do so. 





3.8 Determine v in the circuit of Fig. 3.21 by first combining the three 
current sources. 





@ FIGURE 3.21 


Ans: 50 V. 


To conclude the discussion of parallel and series source combinations, 
we should consider the parallel combination of two voltage sources and the 
series combination of two current sources. For instance, what is the equiva- 
lent of a 5 V source in parallel with a 10 V source? By the definition of a 
voltage source, the voltage across the source cannot change; by Kirchhoff’s 
voltage law, then, 5 equals 10 and we have hypothesized a physical impos- 
sibility. Thus, ideal voltage sources in parallel are permissible only when 
each has the same terminal voltage at every instant. In a similar way, two 
current sources may not be placed in series unless each has the same cur- 
rent, including sign, for every instant of time. 


EXAMPLE 3.10 








ry tg 





a A 


The circuit of Fig. 3.22a consists of two voltage sources in parallel. The 
value of each source is different, so this circuit violates KVL. For exam- 
ple, if a resistor is placed in parallel with the 5 V source, it is also in paral- 
lel with the 10 V source. The actual voltage across it is therefore ambigu- 
ous, and clearly the circuit cannot be constructed as indicated. If we 
attempt to build such a circuit in real life, we will find it impossible to 
locate “ideal” voltage sources—all real-world sources have an internal 
resistance. The presence of such resistance allows a voltage difference 





SECTION 3.7 RESISTORS JN SERIES AND PARALLEL 


1ACH) 
ta (9) 


(a) (b) (c) 


W FIGURE 3.22 <2) to (c) Examples of circuits with multiple sources, some of which violate 
Kirchhoffs laws. 


sv(*) iov) 2V (+) 


between the two real sources. Along these lines, the circuit of Fig. 3.22b 
is perfectly valid. 

The circuit of Fig. 3.22c violates KCL: it is unclear what current 
actually flows through the resistor R. 


PRACTICE 


3.9 Determine whether the circuit of Fig. 3.23 violates either of 
Kirchhoff’s laws. 








E FIGURE 3.23 


Ans: No. If the resistor were removed, however, the resulting circuit would. 


3.7 _ RESISTORS IN SERIES AND PARALLEL 


It is often possible to replace relatively complicated resistor combinations 
with a single equivalent resistor. This is useful when we are not specifically 
interested in the current, voltage, or power associated with any of the indi- 
vidual resistors in the combinations. All the current, voltage, and power rela- 
tionships in the remainder of the circuit will be unchanged. 

Consider the series combination of N resistors shown in Fig. 3.24a. We 
want to simplify the circuit with replacing the N resistors with a single 
resistor Req so that the remainder of the circuit, in this case only the voltage 





(a) (b) 
E FIGURE 3.24 (a) Series combination of N resistors. (b) Electrically equivalent circuit. 


EXAMPLE 3.11 





A 
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source, does not realize that any change has been made. The current, voltage, 
and power of the source must be the same before and after the replacement. 
First, apply KVL: 


Us = Vy + U2 F: + UN 
and then Ohm’s law: 
v, = Ri + Ri +--+ Rni = (Ri + Ro4+-::+ Ryd 


Now compare this result with the simple equation applying to the equiv- 
alent circuit shown in Fig. 3.24b: 


vs = Regi 


Thus, the value of the equivalent resistance for N series resistors is 





Reg = Ri + Ro +--+ + Ry [8] 


We are therefore able to replace a two-terminal network consisting of N 
series resistors with a single two-terminal element Req that has the same 
v-i relationship. 

It should be emphasized again that we might be interested in the current, 
voltage, or power of one of the original elements. For example, the voltage 
of a dependent voltage source may depend upon the voltage across R3. 
Once R, is combined with several series resistors to form an equivalent re- 
sistance, then it is gone and the voltage across it cannot be determined until 
R; is identified by removing it from the combination. In that case, it would 
have been better to look ahead and not make R3 a part of the combination 
initially. | 

Another tip: Inspection of the KVL equation for a series circuit shows 
that the order in which elements are placed makes no difference. 














We first interchange the element positions in the circuit, being careful 

to preserve the proper sense of the sources, as shown in Fig. 3.25b. The 
next step is to then combine the three voltage sources into an equivalent 
90 V source, and the four resistors into an equivalent 30 Q resistance, 


as in Fig. 3.25c. Thus, instead of writing 
—80 + 10i — 30+ 7i + 5i + 20+ 8i =0 


we have simply 


—90 + 30i = 0 
and so we find that 


i=3A 
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90 V 300 


(c) 


@ FIGURE 3.25 (a) A series circuit with several sources and resistors. 
(b) The elements are rearranged for the sake of clarity. (© A simpler 
equivalent. 


In order to calculate the power delivered to the circuit by the 80 V 
source appearing in the given circuit, it is necessary to return to 
Fig. 3.254 with the knowledge that the current is 3 A. The desired 
power is then 80 V x 3A = 240 W. 

It is interesting to note that no element of the original circuit remains 
in the equivalent circuit. 





E FIGURE 3.26 


Ans: —333 mA. 











(b) 
B FIGURE 3.27 (c) A circuit with X resistors in 


paraliel. (b) Equivalent circuit. 
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Similar simplifications can be applied to parallel circuits. A circuit 
containing N resistors in parallel, as in Fig. 3.27a, leads to the KCL. 
equation 





or 
vo v F . v 
I = — + -> — 
R, R- Ra 
ot 
Reg 
Thus, 





ee e o H [9° 


which can be written as 
-} pel —] | 
Roq = R + R, +o + Ry 
or, in terms of conductances, as 
Geq = Gi + G» + n. + GN 


The simplified (equivalent) circuit is shown in Fig. 3.27b. 


A parallel combination is routinely indicated by the following shorthand 
notation: 


Req = Ril R| R3 


The special case of only two parallel resistors is encountered fairly of- 
ten, and is given by 


Reg = Rill Ro 
l 


Or. more simply, 


[10) 





The last form is worth memorizing, although it is a common error to at- 
tempt to generalize Eq. [10] to more than two resistors, e.g., 
Ri RR; 


Reg & 
X RER: 4 R 


A quick look at the units of this equation will immediately show that the 
expression cannot possibly be correct. 
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PRACTICE 





3.11 Determine v in the circuit of Fig. 3.28 by first combining the three 
current sources, and then the two 10 Q resistors. 





m FIGURE 3.28 


Ans: 50 V. 





0.9i; 





@ FIGURE 3.29 (a) A multinode circuit. (b) The two independent current sources are 
combined into a 2 A source, and the 15 Q resistor in series with the two parallel 6 Q 
resistors are replaced with a single 18 &2 resistor. (c) A simplified equivalent circuit. 


We will seek to simplify the circuit before analyzing it, but take care 
not to include the dependent source since its voltage and power charac- 
teristics are of interest. 

(Continued on next page) 
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Despite not being drawn adjacent to one another, the two indepen- 
dent current sources are in fact in parallel, so we replace them with a 
2 A source. | 

The two 6 Q resistors are in parallel] and can be replaced with a 
single 3 Q resistor in series with the 15 Q resistor. Thus, the two 6 Q 
resistors and the 15 Q resistor are replaced by an 18 Q resistor 
(Fig. 3.295). 

No matter how tempting, we should not combine the remaining three 
resistors; the controlling variable 7; depends on the 3 Q resistor and so 
that resistor must remain untouched. The only further simplification, 
then, is 9 2| 18 & = 6 &2, as shown in Fig. 3.29c. 

Applying KCL at the top node of Fig. 3.29c, we have 


u 
—0.9i, — 2 + i3 + z =0 


Employing Ohm’s law. 
U = 3h 


which allows us to compute 


Thus, the voltage across the dependent source (which is the same as 
the voltage across the 3 Q resistor) is 


v= 3i; = 10 V 


The dependent source therefore furnishes v x 0.913 = 
10(0.9)(10/3) = 30 W to the remainder of the circuit. 

Now if we are later asked for the power dissipated in the 15 Q resis- 
tor, we must return to the original circuit. This resistor is in series with 
an equivalent 3 ? resistor; a voltage of 10 V is across the 18 Q total; 
therefore, a current of 5/9 A flows through the 15 Q resistor and the 
power absorbed by this element is (5/9)*(15) or 4.63 W. 


-PRACTICE 
3.12 For the circuit of Fig. 3.30, find the voltage v. 
100 t 








E FIGURE 3.30 


Ans: 12.73 V. 





SECTION 3.8 VOLTAGE AND CURRENT DIVISION wa) 





(a) (b) 





ic} 


@ FIGURE 3.31 These two circuit elements are both in series and in parallel. 
(b) R and R; are in parallel, and A, and Rg are in series. (c) There are no circuit 
elements either in series or in parallel with one another. 


Three final comments on series and parallel combinations might be 
helpful. The first is illustrated by referring to Fig. 3.3la@ and asking, “Are v, 
and R in series or in parallel?” The answer is “Both.” The two elements 
carry the same current and are therefore in series; they also enjoy the same 
voltage and consequently are in parallel. 

The second comment is a word of caution. Circuits can be drawn by in- 
experienced students or insidious instructors in such a way as to make series 
or parallel combinations difficult to spot. In Fig. 3.31b, for example, the 
only two resistors in parallel are Rə and R3. while the only two in series are 
R, and Ry. 

The final comment is simply that a simple circuit element need not be in 
series or parallel with any other simple circuit element in a circuit. For exam- 
ple, R4 and Rs in Fig. 3.315 are not in series or parallel with any other simple 
circuit element, and there are no simple circuit elements in Fig. 3.31¢ that are 
in series or parallel with any other simple circuit element. In other words, we 
cannot simplify that circuit further using any of the techniques discussed in 
this chapter. 





3.8 VOLTAGE AND CURRENT DIVISION 


By combining resistances and sources, we have found one method of short- 
ening the work of analyzing a circuit. Another useful shortcut is the appli- 
cation of the ideas of voltage and current division. Voltage division is used 
to express the voltage across one of several series resistors in terms of the 
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i R, voltage across the combination. In Fig. 3.32, the voltage across Rz is found 
via KVL and Ohm’s law: 


v = v, +v =iR;ı +i Rp =i(Ri + R2) 





sO 
m FIGURE 3.32 An illustration of voltage division. n a 
Ri + Ro 
Thus, 
Uv 
w = tik = (4 
( Ri + R -) 
or 
R2 
v2 = V 
Ri + R2 


and the voltage across R, is, similarly, 


R; 


vi = ————v 
Ri + R2 


If the network of Fig. 3.32 is generalized by removing R2 and replacing 
it with the series combination of R2, R3, ..., Ry, then we have the general 
result for voltage division across a string of N series resistors, 


[11] 





which allows us to compute the voltage v that appears across an arbitrary 
resistor Rg of the series. 






EXAMPLE 3.13 


40, i3 4Q 


12sint V(*) v  12sintV (2) y 


(a) (b) 


@ FIGURE 3.33 A numerical example illustrating resistance combination and voltage 
division. (a) Original circuit. (b) Simplified circuit. 


We first combine the 6 Q and 3 Q resistors, replacing them with 
(6)(3)/(6 + 3) =2 Q. 

Since vy appears across the parallel combination, our simplification 
has not lost this quantity. However, further simplification of the circuit 
by replacing the series combination of the 4 & resistor with our new 
2 Q resistor would. 





SECTION 3.8 VOLTAGE AND CURRENT DIVISION (s) 


Thus, we proceed by simply applying voltage division to the circuit 
in Fig. 3.33b: 


2 
t m 12 k 





= 4sint volts 
2 





ov 


E FIGURE 3.34 
Ans: 2 V. 


4 ` ` © * a r u ‘ 
The dual- of voltage division is current division. We are now given a 


total current supplied to several parallel resistors, as shown in the circuit of 
Fig. 3.35. 


The current flowing through R> is 


vo CRA Ro) i Rik 
R Ro £8 RR, +R 





E FIGURE 3.35 An illustration of current division. 
or 


[12] 


and, similarly, 


[13] 





Nature has not smiled on us here, for these last two equations have a 
factor which differs subtly from the factor used with voltage division, and 
some effort is going to be needed to avoid errors. Many students look on the 
expression for voltage division as “obvious” and that for current division as 
being “different.” it helps to realize that the larger of two parallel resistors 
always carries the smaller current. 

For a parallel combination of N resistors, the current through resistor Rx 1s 











l 
l R; Sa 
LLN 1 [14] 
R R Ry 
l 


(2) The principle of duality is encountered often in engineering. We will consider the topic briefly in 
Chap. 7 when we compare inductors and capacitors. 
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EXAMPLE 3.14 


Written in terms of conductances, 


Gk 


i, = i —————__—_—_- 
s Gi +Go+-:-+Gn 


which strongly resembles Eq. [11] for voltage division. 





12 sint V (>) Vy 


@ FIGURE 3.36 A circuit used as an example of 
current division. The wavy line in the voltage source 
symbol indicates a sinusoidal variation with time. 


Write an expression for the current through the 3 @ 
circuit of Fig. 3.36. 


The total current flowing into the 3 Q—6 Q combination is 


t) 12 sint 12 sint disi A 
l = SF = — = 
4+3\6 4+2 


and thus the desired current is given by current division: 


(t) = (2 sinż) P £ sin t À 
= oo al 
Ís 643) 3 


Unfortunately, current division is sometimes applied when it is not ap- 
plicable. As one example, let us consider again the circuit shown in 
Fig. 3.31c, a circuit that we have already agreed contains no circuit ele- 
ments that are in series or in parallel. Without parallel resistors, there is no 
way that current division can be applied. Even so, there are too many stu- 
dents who take a quick look at resistors R4 and Rg and try to apply current 
division, writing an incorrect equation such as 


x iL 
i i 
A a MEA + Rp 


Remember, parallel resistors must be branches between the same pair of 
nodes. 





3.14 In the circuit of Fig. 3.37, use resistance combination methods 
and current division to find i), i2, and v3. 


iy 2 


20 + 
120 mA gä 125 Q 50 0 240 Q V3 


E FIGURE 3.37 


Ans: 100 mA; 50 mA; 0.8 V. 










































Up to now, we have been drawing circuit schematics in a 
fashion similar to that of the one shown in Fig. 3.38, 
where voltages are defined across two clearly marked 
terminals. Special care was taken to emphasize the fact 
that voltage cannot be defined at a single point—it is by 
definition the difference in potential between two points. 
However, many schematics make use of the convention 
of taking the earth as defining zero volts, so that all other 
voltages are implicitly referenced to this potential. The 
concept is often referred to as earth ground, and is fun- 
damentally tied to safety regulations designed to prevent 
fires, fatal electrical shocks, and related mayhem. The 
symbol for earth ground is shown in Fig. 3.39a. 

Since earth ground is defined as zero volts, it is often 
convenient to use this as a common terminal in schemat- 
ics. The circuit of Fig. 3.38 is shown redrawn in this 
fashion in Fig. 3.40, where the earth ground symbol rep- 
resents a common node. It is important to note that the 
two circuits are equivalent in terms of our value for va 
(4.5 V in either case), but are no longer exactly the same. 
The circuit in Fig. 3.38 is said to be “floating” in that it 
could for all practical purposes be installed on a circuit 
board of a satellite in geosynchronous orbit (or on its 
way to Pluto). The circuit in Fig. 3.40, however, is 
somehow physically connected to the ground through a 
conducting path. For this reason, there are two other 
symbols that are occasionally used to denote a common 
terminal. Figure 3.39b shows what is commonly referred 
to as signal ground; there can be (and often is) a large 
voltage between earth ground and any terminal tied to 
signal ground. 

The fact that the common terminal of a circuit may or 
may not be connected by some low-resistance pathway 
to earth ground can lead to potentially dangerous situa- 
tions. Consider the diagram of Fig. 3.41a, which depicts 
an innocent bystander about to touch a piece of equip- 
ment powered by an ac outlet. Only two terminals have 
been used from the wall socket; the round ground pin 


4.7 





T FIGURE 3.38 A simple circuit with a voltage v, defined between two 
terminals. 
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Not the Earth Ground from Geology 





of the receptacle was left unconnected. The common 
terminal of every circuit in the equipment has been tied 
together and electrically connected to the conducting 
equipment chassis; this terminal is often denoted using 
the chassis ground symbol of Fig. 3.39c. Unfortunately, 
a wiring fault exists, due to either poor manufacturing or 
perhaps just wear and tear. At any rate, the chassis is not 
“grounded,” so there is a very large resistance between 
chassis ground and earth ground. A pseudo-schematic . 
(some liberty was taken with the person’s equivalent re- 
sistance symbol) of the situation is shown in Fig. 3.41). 
The electrical path between the conducting chassis and 
ground may in fact be the table, which could represent a 
resistance of hundreds of megaohms or more. The resis- 
tance of the person, however, is many orders of magni- 
tude lower. Once the person taps on the equipment to see 
why it isn’t working properly . . . well, let’s just say not 
all stories have happy endings. 

The fact that “ground” is not always “earth ground” 
can cause a wide range of safety and electrical noise 
problems. One example is occasionally encountered in 
older buildings, where plumbing originally consisted of 
electrically conducting copper pipes. In such buildings, 
any water pipe was often treated as a low-resistance 
path to earth ground, and therefore used in many 
electrical connections. However, when corroded pipes 
are replaced with more modern and cost-effective 


+ & æ 
(b) (c) 


(a) 
E FIGURE 3.39 Three different symbols used to represent a ground or 
common terminal: (a) earth ground; (6) signal ground; (c) chassis ground. 


4.7 KQ 


9 W 






i 


E FIGURE 3.40 The circuit of Fig. 3.38, redrawn using the earth ground 
symbol. The rightmost ground symbol is redundant; it is only necessary to 
label the positive terminal of vz; the negative reference is then implicitly 
ground, or zero volts, 


(Continued on next page) 
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nonconducting PVC piping, the low-resistance path to “earth grounds” are not equal. and current can flow as a 
earth ground no longer exists. A related problem occurs result. 

when the composition of the earth varies greatly over a Within this text, the earth ground symbol will be used 
particular region. In such situations, it is possible to ac- exclusively. It is worth remembering. however, that not 
tually have two separated buildings tn which the two all grounds are created equal in practice. 
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M FIGURE 3.41 (c) A sketch of an innocent person about to touch an improperly grounded piece ot 
equipment. It's not going to be pretty. (b) A schematic of an equivalent circuit for the situation as it Is 
about to unfold: the person has been represented by an equivalent resistance, as has the equipment. A 
resistor has been used to represent the nonhuman path to ground. 
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SUMMARY AND REVIEW 


RR e a Ge ie e = = 


3 Kirchhoff`s current law (KCL) states that the algebraic sum of the 
currents entering any node is zero. 

J Kirchhoff’s voltage law (KVL) states that the algebraic sum of the 
voltages around any closed path in a circuit is zero. 


3 All elements in a circuit that carry the same current are said to be 
connected in series. 


a Elements in a circuit having a common voltage across them are said to 
be connected in parallel. 


u A series combination of N resistors can be replaced by a single resistor 
having the value Reg = Ri + Ro +- + Ry. 

a A parallel combination of N resistors can be replaced by a single 
resistor having the value 





Reg ky R» Ry 
a Voltage sources in series can be replaced by a single source, provided 
care is taken to note the individual polarity of each source. 


2 Current sources in parallel can be replaced by a single source, provided 
care is taken to note the direction of each current arrow. 








EXERCISES 


4 Voltage division allows us to calculate what fraction of the total 
voltage across a series string of resistors is dropped across any one 
resistor (or group of resistors). 


Current division allows us to calculate what fraction of the total current 
into a parallel string of resistors flows through any one of the resistors. 


READING FURTHER 


A discussion of the principles of conservation of energy and conservation of 
charge, as well as Kirchhoff's laws, can be found in 


R. Feynman, R. B. Leighton, and M. L. Sands, The Feynman Lectures 
on Physics. Reading, Mass.: Addison-Wesley, 1989, pp. 4-1, 4-7. and 
25-9. 


A very detailed discussion of grounding practices consistent with the 1996 
National Electrical Code" can be found in 


J. E. McPartland and B. J. McPartland, MceGraw-Hill's National Electrical 
Code® Handbook, 22nd ed. New York: McGraw-Hill, 1996, pp. 337—485. 


EXERCISES 


3.1 Nodes, Paths, Loops, and Branches 


|. Redraw the circuit of Fig. 3.42. consolidating nodes into the minimum number 
possible. 





@ FIGURE 3.42 


te 


In the circuit of Fig. 3.42, count the number of (a) nodes; (b) branches. 
.In Fig. 3.43, 


(a) How many nodes are there” 


tad 


(b) How many branches are there? 

(c) H we move from A to B to E to D to C to B, have we formed a path? A loop? 
4. In Fig. 3.44, 

(a) How many nodes are there? 

(b) How many branches are there? 


(c) If we move from B to F to E to C, have we formed a path? A loop” 





@ FIGURE 3.44 


E FIGURE 3.43 
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5. Referring to the circuit depicted in Fig. 3.43. 

(a) Ifa second wire is connected between points E and D of the circuit. how 
many nodes does the new circuit have? 

(b) If a resistor is added to the circuit so that one terminal is connected to 
point C and the other terminal is left floating, how many nodes does the 
new circuit have? 

(c) Which of the following represent loops” 

(7) Moving trom Ato Bio Cto Dto Eto ad. 
GD Moving from 8 to — to A. 

GD Moving trom B to C to D to E to B. 

(77) Moving trom Ato BtoC. 


(vy) Moving from Ato B to C to B to A. 


3.2 Kirchhoff's Current Law 


6. (a) Determine the current labeled j- in the circuit shown in Fig. 3.45. (b) H the 
resistor carrying 3 A has a value of 1 Q. what is the value of the resistor 
carrying —5 A? 





E FIGURE 3.45 


7. Find f, in each of the circuits in Fig. 3.46. 





(a) ih) (c) 


M FIGURE 3.46 


8. Referring to Fig. 3.47. 


(a) Find?, iff, = 2 Aandi. = 0 A. (b) Find iy iff, = 2 Aandi. = 2i 


. ve 
(c) Find i. ifi =i, =i.. 


@ FIGURE 3.47 


9. Find j, and i, in the circuit of Fig. 3.48. 
10. A 100 W light bulb, a 60 W light bulb, and a 40 W light bulb are connected 


in parallel to each other and to a standard North American household 115 V 


supply. Compute the current flowing through each light bulb and the total 
E FIGURE 3.48 current delivered by the voltage supply. 








































EXERCISES 


lt. The digital multimeter (DMM) is a device commonly used to measure 
voltages. It is equipped with two leads (usually red for the positive reference 
and black for the negative reference) and an LCD display. Let's suppose a 
DMM is connected to the circuit of Fig. 3.465 with the positive lead at the top 
node and the negative lead on the bottom node. Using KCL, explain why we 
would ideally want a DMM used in this way to have an infinite resistance as 
opposed to zero resistance. 


12. A local restaurant has a neon sign constructed from [2 separate bulbs: when a 
bulb fails, it appears as an infinite resistance and cannot conduct current. In 
wiring the sign, the manufacturer offers two options (Fig. 3.49). From what 
you ve learned about KCL, which one should the restaurant owner select? 
Explain. 


+ — 


a NDS A ; a pac A 
W 23 i bin 
Aaa XN E UGA 


a 




















m FIGURE 3.49 


13. In the circuit of Fig. 3.50, 


(a) Calculate v, if i- = —3 A. 
(b) What voltage would need to replace the 5 V source to obtain v, = —6 V if 
i. = 0.5 A? 





E FIGURE 3.50 


14. Referring to the circuit in Fig. 3.5la, 
(a) Ifi, = 5A, find v; and iy. (b) If vi = 3 V, find iy and iy. 
(c) What value of i, will lead to vy 4 v? 


15. Find R and G in the circuit of Fig. 3.51 if the 5 A source is supplying 100 W 
and the 40 V source is supplying 500 W. 


102 


E FIGURE 3.51 
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3.3 Kirchhoff’s Voltage Law 


16. In the circuits of Fig. 3.52a and b. determine the current labeled /. 


2 2 
AN 19 Q a oN iQ IQ 





(ad) ih) 
@ FIGURE 3.52 


17, Calculate the value of in each circuit of Fig. 3.53. 


ia OV 





(er) th) 
@ FIGURE 3.53 


18. Consider the simple circuit shown in Fig. 3.54. Using KVL. derive the 
expressions 








E FIGURE 3.54 


19. The circuit shown in Fig. 3.55 includes a device known as an op amp. This 
device has two unusual properties in the circuit shown: (1) Vz = 0 V, and 
(2) no current can flow into either input terminal (marked “—” and “+” inside 
the symbol), but it can flow through the output terminal (marked “OUT’). 
This seemingly impossible situation—in direct conflict with KCL—is a result 
of power leads to the device that are not included in the symbol. Based on this 
information, calculate Vou. (Hint: two KVL equations are required, both 
involving the 5 V source.) 


4700 


100 2 


5V Q + 
Von 


E FIGURE 3.55 





EXERCISES 





20. Use Ohm's and Kirchhoff ’s laws on the circuit of Fig. 3.56 to find (a) vx; 
(b) tins (©) L; (d) the power provided by the dependent source. 





E FIGURE 3.56 


IN 


. (a) Use Kirchhoff’s and Ohm’s laws in a step-by-step procedure to evaluate 
all the currents and voltages in the circuit of Fig. 3.57. (b) Calculate the 
power absorbed by each of the five circuit elements and show that the sum 
is zero. 





@ FIGURE 3.57 


22. With reference to the circuit shown in Fig. 3.58, find the power absorbed by 
each of the seven circuit elements. 


150 20 2.52 


, 
2v4) QL EAR 


E FIGURE 3.58 





E FIGURE 3.59 


t 
tad 


. A certain circuit contains six elements and four nodes, numbered 1, 2, 3, and 4. 
Each circuit element is connected between a different pair of nodes. The 
voltage vı2 (+ reference at first-named node) is 12 V, and v34 = —8 V. Find 
V13, V23, and v2,4 if via equals (a) 0; (b) 6 V; (c) —6 V. 


24. Refer to the transistor circuit shown in Fig. 3.59. Keep in mind that although 
we do not know the current-voltage relationship for the device, it still obeys 
both KCL and KVL. (a) If Jp = 1.5 mA, compute Vps. (b) If Jp = 2 mA and 
Vo =3V, compute Vos. 


3.4 The Single-Loop Circuit 


25. Find the power being absorbed by element X in Fig. 3.60 if itis a 
(a) 100 & resistor; (b) 40 V independent voltage source, + reference 
on top; (c) dependent voltage source labeled 257, , + reference on top; 
(d) dependent voltage source labeled 0.8v,, + reference on top; (e) 2 A 
independent current source, arrow directed upward. @ FIGURE 3.60 
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26. Find j; in the circuit of Fig. 3.61 if the dependent voltage source is labeled: 
(a) 202; (b) 1.8033 te) lsi. 


iQ FN 


40 Q 





@ FIGURE 3.61 


27. Refer to the circuit of Fig. 3.61 and label the dependent source 1.8v3. Find v3 
if (a) the 90 V source generates 180 W; (b) the 90 V source absorbs 180 W; 
(c) the dependent source generates 100 W; (d) the dependent source absorbs 
100 W of power. 


28. For the battery charger modeled by the circuit of Fig. 3.62, find the value of the 
adjustable resistor R so that: (a) a charging current of 4 A flows; (b) a power of 
25 W is delivered to the battery (0.035 Q and 10.5 V}; (c) a voltage of 11 V is 
present at the terminals of the battery (0.035 Q and 10.5 V). 


0.02 0 | 0.035 0 





L oea ame ee - ear m- oem am en eee ee 


Battery charger Battery 


@ FIGURE 3.62 


29. The circuit of Fig. 3.62 is modified by installing a dependent voltage source 
in series with the battery. Break the top wire, place the + reference at the right 
and let the control be 0.057. where / is the clockwise loop current. Find this 
current and the terminal voltage of the battery, including the dependent source. 
ifR=0.5Q, 


30. Find the power absorbed by each of the six circuit elements in Fig. 3.63, and 
show that they sum to zero. 





E FIGURE 3.63 


I5 kO 3 


— 


. For the circuit of Fig. 3.64, 


(a) Determine the resistance R that will result in the 25 KQ resistor absorbing 
2 mW. 


(b) Determine the resistance R that results in the 12 V source delivering 
3.6 mW to the circuit. 


Rad (c) Replace the resistor R with a voltage source such that no power is 
25 KO absorbed by either resistor; draw the circuit, indicating the voltage polarity 
E FIGURE 3.64 of the new source. 








EXERCISES 


32. Referring to Table 2.4, if the bottom wire segment in the circuit of Fig. 3.65 is 
22 AWG solid copper and 3000 ft long, compute the current i. 


300 Q} 


2.30 





E FIGURE 3.65 R FIGURE 3.66 


33. In Fig. 3.66, if gm = 25 x 10° siemens and v, = 10 cos 5t mV, find u,(r). 


34. Kirchhoff’s laws apply whether or not Ohm’s law applies to a particular 
element. The /-V characteristic of a diode, for example, is given by 


Ip = Ts (eV?! Vr _ 1) 


where Vr = 27 mV at room temperature and /s can vary from 1077 to 

107? A. In the circuit of Fig. 3.67, use KVL/KCL to obtain Vp if Iy = 3 pA. 
(Note: This problem results in a transcendental equation, requiring an iterative 
approach to obtaining a numerical solution. Most scientific calculators will 
perform such a function.) 


3.5 The Single-Node-Pair Circuit 


35. Find the power absorbed by each circuit element of Fig. 3.68 if the control for 
the dependent source is (a) 0.8:,; (b) 0.8:,. In each case, demonstrate that the 
absorbed power quantities sum to zero. 





SKO RUN 20k 
4mA G CIX 3i 
E FIGURE 3.68 M FIGURE 3.69 


36. Find i, in the circuit of Fig. 3.69. 


37. Find the power absorbed by each element in the single-node-pair circuit of 
Fig. 3.70, and show that the sum is equal to zero. 


38. Find the power absorbed by element X in the circuit of Fig. 3.71 if it is a 
(a) 4 KQ resistor; (b) 20 mA independent current source, reference arrow 
downward; (c) dependent current source, reference arrow downward, labeled 
2i,; (d) 60 V independent voltage source, + reference at top. 





E FIGURE 3.71 





W FIGURE 3.67 





E FIGURE 3.70 
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39. (a) Let element X in Fig. 3.72 be an independent current source, arrow directed 
upward, labeled i,. What is 7, 1f none of the four circuit elements absorbs any 
power? (b) Let element X be an independent voltage source, + reference on 
top, labeled v.. What is v, if the voltage source absorbs no power? 





E FIGURE 3.72 


40. (a) Apply the techniques of single-node-pair analysis to the upper right node 
in Fig. 3.73 and find /,. (bò Now work with the upper left node and find vy. 
(c) How much power ts the 5 A source generating? 





€ FIGURE 3.73 
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42. Compute the power supplied by each element shown in Fig. 3.75, and show 
that their sum is equal to zero. 


— 


. Find the power absorbed by the 5 Q resistor in Fig. 3.74. 


6A 


E FIGURE 3.75 








43. Referring to Table 2.4, how many miles of 28 AWG solid copper wire 
is required for the labelled wire segment of Fig. 3.76 to obtain 7; = 5 A? 


I0 A 








m FIGURE 3.76 E FIGURE 3.77 


44. In the circuit of Fig. 3.77. if v = 6 V, find iç. 





EXERCISES - (n, 
3.6 Series and Parallel Connected Sources 


45. Using combinations of sources, compute i for both circuits in Fig. 3.78. 





@ FIGURE 3.78 


46. Compute v for each of the circuits in Fig. 3.78 by first combining sources. 
47. Compute the current labeled i in each of the circuits in Fig. 3.79. 





Q ' 
oy) 1 kQ 2y) 


ta) (b) 
@ FIGURE 3.79 


48. Compute the power absorbed by each element of the circuit shown in 
Fig. 3.80, and verify that their sum is zero. 





E FIGURE 3.60 


49, For the circuit in Fig. 3.81, compute 7 if: 
(a) vp) =v» = 10 Vand v = va = OV. = i ~ 
(b) vi = = 3 V and v = v4 = 2.5 V. | _ 29 
(c) vi = —3 V. v = 1.5 V, v3 = —0.5 V. and v4 = 0 V. _} 
50. In the circuit of Fig. 3.82, choose vı to obtain a current iy of 2 A. E FIGURE 3.81 








m FIGURE 3.82 
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51. Find the voltage vin the circunt of Fig. 3.83. 


(+) | mA Q -3 MA 





@ FIGURE 3.83 


52. The circuit shown in Fig. 3.84 contains several examples of independent 
current and voltage sources connected tn series and in parallel. (a) Find the 
power absorbed by each source. (2) To what value should the 4 V source be 
changed to reduce the power supplied by the --5 A source to zero? 





@ FIGURE 3.84 


3.7 Resistors in Series and Parallel 


53. Compute thé equivalent resistance as indicated in Fig. 3.85 if each resistor is 
i KQ. 


E FIGURE 3.85 
54. For the circuit in Fig. 3.86, 
(a) Compute the equivalent resistance. 


1Q (b) Derive an expression for the equivalent resistance if the circuit is extended 
using N branches, each branch having one more resistor than the branch 
to its lett. 


1Q 
55. Given three 10 k@ resistors, three 47 kQ resistors, and three 1 kQ resistors, 
find a combination (not all resistors need to be used) that yields: 
Er (a) 5KQ 
(b) 57333 2 
E FIGURE 3.86 (c) 29.5 kQ 
56. Simplify the networks in Fig. 3.87 using resistor and source combinations. 
100) 40 0) 
j =e bs È D 





(ay 


E FIGURE 3.87 








57. Compute the equivalent resistance of the circuit in Fig. 3.88. 





u FIGURE 3.88 


58. Find Req for each of the resistive networks shown in Fig. 3.89. 


hach resistor is EGG o> 


(a) 





60 
Ra E 
(H) 
2 150 100 10 Q 
Rog * 
RO 200 30.0 400 
(c) 
@ FIGURE 3.89 


EXERCISES 


59. In the network shown in Fig. 3.90: (a) let R = 80 Q and find Reg: (b) find R if 


Req = 80 Q: (c) find R if R = Reg. 


lO R 40 0 


Ra 200 


M FIGURE 3.90 


60. Show how to combine four 100 & resistors to obtain an equivalent resistance 


of (a) 25 R; (b) 60 Q: (c) 40 22. 





100 V 


& FIGURE 3.91 
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61. Find the power absorbed by cuch of the resistors in the circuit of Fig. 3.91, 


02. Use source- and resistor-combination techniques as a help in finding r, and 7. 
in the circuit of Fig. 3.92. 


20 0 











SQ OA 
——O— 


@ FIGURE 3.92 


63. Determine Gin for each network shown in Fig. 3.93. Values are all given in 
millistemens. 


30 
4 25 3 o 
oN Z 
va 
Eo 3 Pi, oce am 
N 
N 
À = 6 Vm — 
25 


td) ih) 


A 
A 


@ FIGURE 3.93 


3.8 Voltage and Current Division 


64. Use both resistance and source combinations. as well as current division. in the 
circuit of Fig. 3.94 to find the power absorbed by the 1 2. 10 Q. and 13 Q resistors 


lOO IS 0 






400) 


150 V 1. 


SEE 


20 


@ FIGURE 3.94 





EXERCISES 


65. The Wheatstone bridge (Fig. 3.95) is one of the most well-known electrical 
circuits and is used in resistance measurement. The resistor with an arrow 
through its symbol (R3) is a variable resistor, sometimes referred to as a 
potentiometer: its value can be changed by simply rotating a knob. The 
ammeter, symbolized by a circle with a diagonal arrow in the center, measures 
the current through the center wire. We assume this ammeter to be ideal, so 
that it has zero internal resistance. 

Operation is simple. The values of R1, R2, and R3 are known, and the 
value of R is desired. Resistor R3 is adjusted until i, = 0; in other words, until 


no current flows through the ammeter. At this point the bridge ts said to be 
“balanced.” 


R 
Using KCL and KVL, show that R = = R3. (Hints: The value of V, is 
j 


irrelevant; with i} = 0.7; = i} and /2 = i g: and there is no voltage dropped 
across the ammeter. ) 


66. The circuit of Fig. 3.96 consists of several resistors connected in a series string. 
Use voltage division to calculate how much voltage 1s dropped across the 
smallest resistor and across the largest resistor, respectively. 


10 Q 2.20 470 10 


lov(*) 5.80 


E FIGURE 3.96 


67. Employ voltage division to calculate the voltage across the 47 KQ resistor of 
Fig. 3.97. 


2.2kO 





1OkQ 


47KO 


E FIGURE 3.97 


68. Referring to the circuit depicted in Fig. 3.98, use current division to calculate 
the current flowing downward through (a) the 33 Q resistor; (b) the rightmost 
134 Q resistor. 





R FIGURE 3.98 








E FIGURE 3.95 
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69. It appears that despite the large number of components in the circuit of 
Fig. 3.99, only the voltage across the 15 Q resistor is of interest. Use current 
division to assist in calculating the correct value. 





E FIGURE 3.99 


© 70. Choosing from the following resistor values (they may be used more than 
once), set v. Ri, and R2 in Fig. 3.100 to obtain v, = 5.5 V. [1 kQ, 3.3 kQ, 
4.7 KQ, 10 KQ] 





E FIGURE 3.100 @ FIGURE 3.101 


D) 71. Choosing trom the following resistor values (they may be used more than 


once), set is, Rj, and R> in Fig. 3.101 to obtain v = 5.5 V. [1 kQ, 3.3 kQ, 
4.7 k&2, 10 k2] 


72. Determine the power dissipated by (absorbed by) the 15 kQ resistor in 
Fig. 3.102. 





E FIGURE 3.102 


73. For the circuit in Fig. 3.103, determine i,, and compute the power dissipated 
by (absorbed by) the 15 kQ resistor. 


15 kQ 10 kQ 


sv(*) > 4kO 47 kQ 


@ FIGURE 3.103 








EXERCISES 


74. For the circuit in Fig. 3.104, find /,. iy, and the power dissipated by (absorbed 
by) the 3 & resistor. 





M FIGURE 3.104 


75. What is the power dissipated by (absorbed by) the 47 KQ resistor in 
Fig. 3.105? 


47 KQ 





@ FIGURE 3.105 


76. Explain why voltage division cannot be used to determine v; in Fig. 3.106. 





E FIGURE 3.106 ZO 
77. Use current and voltage division on the circuit of Fig. 3.107 to find 

an expression for (a) v2; (b) vy; (c) ig. E FIGURE 3.107 
78. With reference to the circuit shown in Fig. 3.108: (a) let vs = 40 V, i, = 0, and 

find v;; (b) let v, = 0. i, = 3 mA, and find fo and i3. 


a 6000 Q 


E FIGURE 3.108 Cf) pg n 
79. In Fig. 3.109: (a) let vy = 10 V and find /;; (b) let 7; = 50 A and find vz; 


(c) calculate the ratio v, /{;. E FIGURE 3.109 a 
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80. Determine how much power is absorbed by R, in the circuit of Fig. 3.110. 


3K 





@ FIGURE 3.110 


R R 81. Use current and voltage division to help obtain an expression for vs in Fig. 3.111 

2 4 

82. With reference to the circuit of Fig. 3.112. find (a) 7, if 7; = 12 mA: (h) h if 
I, = 12 mAh it fb = 1S mA: (da) /, if 7, = 60 mA. 





WO 


@ FIGURE 3.111 





E FIGURE 3.112 


83. The circuit in Fig. 3.113 is a commonly used equivalent circuit used to model 
the ac behavior of a MOSFET amplifier circuit. If gm = 4 m35, compute vou. 


300 Q 








3 sin 10r V © 


@ FIGURE 3.113 


100 kQ 





+ i 
Sin i T 





84. The circuit in Fig. 3.114 is a commonly used equivalent circuit used to 
model the ac behavior of a bipolar junction transistor amplifier circuit. 
If gy = 38 MO, compute tour. 


300 2 


<p Em Uy { kO Faw 





W FIGURE 3.114 
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Basic Nodal and 
Mesh Analysis 


KEY CONCEPTS 


Nodal Analysis 








INTRODUCTION à 

f > + > i > ee ~ ata 36 Ve 7C ¢ g n g i 
Armed with the trio of Ohm’s and Kirchhoff’s laws, analyzing The Supernode Technique 
a simple linear circuit to obtain useful information such as the i 

» a 7 qo f Jar ace TT r4 í ‘ a e oo 

current, voltage, or power associated with a particular element is Mesh Analysis 

perhaps starting to seem a straightforward enough venture. Sull, n 





s 2 > > ‘ a N ‘IVe +4 > i wey =) y i > = i i o n 
for the moment at least, every circuit seems unique, requiring (to The Supermesh Technique 
some degree) a measure of creativity in approaching the analysis. o 





In this chapter, we learn two basic circuit analysis techniques— Choosing Between Nodal 





nodal analysis and mesh analysis—both of which allow us to and Mesh Analysis 
investigate many different circuits with a consistent, methodical fj 

approach. The result is a streamlined analysis, a more uniform Computer-Aided Analysis, 
level of complexity in our equations, fewer errors and, perhaps Including PSpice and 
most importantly, a reduced occurrence of “7 don’t know how MATLAB 


to even start!” 

Most of the circuits we have seen up to now have been rather 
simple and (to be honest) of questionable practical use. Such 
circuits are valuable, however, in helping us to learn to apply 
fundamental techniques. Although the more complex circuits 
appearing in this chapter may represent a variety of electrical 
systems including control circuits, communication networks, 
motors, or integrated circuits, as well as electric circuit models 
of nonelectrical systems, we believe it best not to dwell on such 
specifics at this early stage. Rather, it is important to initially focus 
on the methodology of problem solving that we will continue to 


develop throughout the book. 
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CHAPTER 4 BASIC NODAL AND MESH ANALYSIS 


4.1 NODAL ANALYSIS _ 


We begin our study of general methods for methodical circuit analysis by 
considering a powerful method based on KCL, namely nodal analysis. In 
Chap. 3 we considered the analysis of a simple circuit containing only two 
nodes. We found that the major step of the analysis was obtaining a single 
equation in terms of a single unknown quantity—the voltage between the 
pair of nodes. 

We will now let the number of nodes increase and correspondingly pro- 
vide one additional unknown quantity and one additional equation for each 
added node. Thus, a three-node circuit should have two unknown voltages 
and two equations: a [O-node circuit will have nine unknown voltages and 
nine equations; an N-node circuit will need (N — 1) voltages and (N — 1) 
equations. Each equation ts a simple KCL equation. 

To illustrate the basic mechanics of the technique, consider the three- 
node circuit shown in Fig. 4.la, redrawn in Fig. 4.1 to emphasize the fact 
that there are only three nodes, numbered accordingly. Our goal will be to 
determine the voltage across each element, and the next step in the analysis 
is critical. We designate one node as a reference node; it will be the nega- 
tive terminal of our N — | = 2 nodal voltages, as shown in Fig. 4. lc. 

A little simplification in the resultant equations is obtained if the node 
connected to the greatest number of branches is identified as the reference 
node. If there is a ground node. it is usually most convenient to select it as 
the reference node, although many people seem to prefer selecting the bot- 
tom node of a circuit as the reference, especially if no explicit ground is 
noted. 

The voltage of node | relative to the reference node is defined as v, and 
v2 18 defined as the voltage of node 2 with respect to the reference node. 





5Q 


1 a(t) IQ OLR 
i 3a A) (4) -14a 








(a) ib) 


50 p 


aQ) (y) -14A 


Reference node Ref. 


{c) (ad) 


E FIGURE 4.1 (2) Asimple three-node circuit. (6) Circuit redrawn to emphasize nodes. (c) Reference 
node selected and voltages assigned. (d) Shorthand voltage references. If desired, an appropriate 
ground symbol may be substituted for “Ref.” 
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These two voltages are sufficient, as the voltage between any other pair of 
nodes may be found in terms of them. For example, the voltage of node 1 with 
respect to node 2 is v; — v2. The voltages v; and v and their reference signs 
are shown in Fig. 4.1c. It is common practice once a reference node has 
been labeled to omit the reference signs for the sake of clarity; the node 
labeled with the voltage is taken to be the positive terminal (Fig. 4.1d). This 
is understood to be a type of shorthand voltage notation. 

We now apply KCL to nodes | and 2. We do this by equating the total 
current leaving the node through the several resistors to the total source 
current entering the node. Thus, 


> + -> =3.1 [1] 
or 
0.7v, — 0.2v: = 3.1 [2] 
At node 2 we obtain 
Pg ROT (= 1.4) [3] 
l 5 
or 
—Q.2v, + 1.2v = 1.4 [4] 


Equations [2] and [4] are the desired two equations in two unknowns, and 
they may be solved easily. The results are v; = 5 V and v2 = 2 V. 

From this, it is straightforward to determine the voltage across the 5 Q 
resistor: vso = v] — v = 3 V. The currents and absorbed powers may also 
be computed in one step. 

We should note at this point that there is more than one way to write the 
KCL equations for nodal analysis. For example, the reader may prefer to 
sum all the currents entering a given node and set this quantity to zero. 
Thus, for node | we might have written 


3, MTB 9g 
2 5 
or 
— t] və — V] 
3.1+ =- tma = 0 


either of which is equivalent to Eq. [1]. Zs one way better than any other? 
Every instructor and every student develops a personal preference, and at 
the end of the day the most important thing is to be consistent. The authors 
prefer constructing KCL equations for nodal analysis in such a way as to 
end up with all current source terms on one side and all resistor terms on the 
other. Specifically, 


> currents entering the node from current sources 
= E currents leaving the node through resistors 


There are several advantages to such an approach. First, there 1s never 
any confusion regarding whether a term should be “v — v2” or “v2 — v| 7 


The reference node in a schematic is implicitly defined 
as zero volts. However, it is important to remember 
that any terminal can be designated as the reference 
terminal. Thus, the reference node is at zero volts with 


respect to the other defined nodal voltages, and not 
necessarily with respect to earth ground. 


(2) w 


EXAMPLE 4.1 
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the first voltage in every resistor current expression corresponds to the node 
for which a KCL equation is being written, as seen in Eqs. [1] and [3]. Sec- 
ond, it allows a quick check that a term has not been accidentally omitted. 
Simply count the current sources connected to a node and then the resistors; 
grouping them in the stated fashion makes the comparison a little easier. 





Determine the current flowing left to right through the 15 Q 
resistor of Fig. 4.2a. 


IS.) 


Ref. Ref. 
(a) (b) 


@ FIGURE 4.2 (a) A four-node circuit containing two independent current sources. (b) The two 
resistors in series are replaced with a single 10 Q resistor, reducing the circuit to three nodes. 


Nodal analysis will directly yield numerical values for the nodal volt- 
ages vı and v2, and the desired current is given by i = (vı — v2)/15. 

Before launching into nodal analysis, however, we first note that no 
details regarding either the 7 Q resistor or the 3 Q resistor are of inter- 
est. Thus, we may replace their series combination with a 10 Q resistor 
as in Fig. 4.2b. The result is a reduction in the number of equations to 
solve. 


Writing an appropriate KCL equation for node 1, 


2=— + [5] 


and for node 2, 


A 6) 
Rearranging, we obtain 
5v; — 2v = 60 
and 
—v; + 4v2 = 60 


Solving, we find that v; = 20 V and v2 = 20 so that v; — v = 0. In 


other words, zero current is flowing through the 15 Q resistor in this 
circuit! 


SECTION 4.1 NODAL ANALYSIS 
PRACTICE 


4.1 For the circuit of Fig. 4.3, determine the nodal voltages vı and vp. 





ISQ 





@ FIGURE 4.3 


Ans: vı = —145/8 V, v = 5/2 V. 


Now let us increase the number of nodes so that we may use this tech- 
nique to work a slightly more difficult problem. 


EXAMPLE 4.2 





Identify the goal of the problem. 

There are four nodes in this circuit. Selecting the bottom node as our 
reference, we label the other three nodes as shown in Fig. 4.4b. The 
circuit has also been redrawn slightly for convenience. 


Collect the known information. 

We have three unknown voltages, vı, v2, and v3. All current sources 
and resistors have designated values, which are marked on the 
schematic. 


Devise a plan. 

This problem is well suited to the recently introduced technique of 
nodal analysis, as three independent KCL equations may be written in 
terms of the current sources and the current through each resistor. 


Construct an appropriate set of equations. 
We begin by writing a KCL equation for node 1: 


vi — w Vi — U3 
3 4 





=f=3:= 








or Reference node 
0.5833v, — 0.3333v2 — 0.25v3 = —11 [7] (b) 
@ FIGURE 4.4 (a) A four-node circuit. (b) Redrawn 
At node 2: circuit with reference node chosen and voltages 
v2 — UV v2 U2 — U3 labeled. 
-(-3) = ——+ +2 +4 
3 7 (Continued on next page) 
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or 
—0.3333v, + 1.4762v2 — 0.1429v3 = 3 [8] 
And, at node 3: 
U3 Vy — U2 V3 — V] 
(25) = D p i p ooo 
( | 5 + 7 4 
or, more simply, 
—0.25v, — 0.1429v- + 0.5929v3 = 25 [9] 


~ Determine if additional information is required. 
We have three equations in three unknowns. Provided that they are 
independent, this is sufficient to determine the three voltages. 


Attempt a solution. 

Equations [7] through [9] may be solved by successive elimination of 
variables, by matrix methods, or by Cramer's rule and determinants. 
Using the latter method, described in App. 2, we have 


—11 —0.3333 —0.2500 
: 3 1.4762 —0.1429 


~0.14 1.714 
= | 25 0.1429 0.5929! __ -5412 V 


























0.5833 —0.3333 —0.2500] 0.3167 
—0.3333 1.4762 —0.1429 
—0.2500 —0.1429 0.5929 
Similarly, 
0.5833 —11 —0.2500 
—0.3333 3 —0.1429 
—0.2500 25 0.5929 2.450 
= SE 7736 V 
"2 0.3167 0.3167 
and 
0.5833 —0.3333 —11 
0.3333 1.4762 3 
_ _ 14.67 
vy = 0.2500 -0.1429 25| _ ~ 46.32 V 
0.3167 0.3167 


» Verify the solution. Is it reasonable or expected? 
One way to check part of our solution is to solve the three equations 
using another technique. Beyond that, is it possible to determine 
whether these voltages are “reasonable” values? We have a maximum 
possible current of 3 + 8 + 25 = 36 amperes anywhere in the circuit. 
The largest resistor is 7 QR, so we do not expect any voltage magnitude 
greater than7 x 36 = 252 V. 


There are, of course, numerous methods available for the solution of 
linear systems of equations, and we describe several in App. 2 in detail. 
Prior to the advent of the scientific calculator, Cramer’s rule as seen in 
Example 4.2 was very common in circuit analysis, although occasionally 
tedious to implement. It is, however, straightforward to use on a simple 
four-function calculator and so an awareness of the technique can be 
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valuable. MATLAB, on the other hand, although not likely to be available 
during an examination, is a powerful software package that can greatly sim- 
plify the solution process; a brief tutorial on getting started is provided in 
App. 6. 

For the situation encountered in Example 4.2, there are several options 
available through MATLAB. First, we can represent Eqs. [7]-[9] in matrix 


form: 
0.5833 —0.3333 —0.25 vy —11 
0.3333 1.4762 —0.1429 | | v | = 3 
—0.25 —0.1429 0.5929 | | v3 25 
so that 
vi 0.5833 —0.3333 -025 |] [—11 
v | = | —0.3333 1.4762 —0.1429 3 
v3 -0.25 —0.1429 0.5929 25 


In MATLAB, we write 


>N [0.5833 -0.3333 -0.25; -0.3333 1.4762 -0.1429; -0.25 -0.1429 0.5929]; 
v> C = f-11; 3; 25); 
=> b = a^đ-1 * cœ 


de gA, 


where spaces separate elements along rows, and a semicolon separates 
rows. The matrix named b, which can also be referred to as a vector as it has 
only one column, is our solution. Thus, v; = 5.412 V, v = 7.738 V, and 
v3 = 46.31 V (some rounding error has been incurred). 

We could also use the KCL equations as we wrote them initially if we 
employ the symbolic processor of MATLAB. 


>> eqni = '-8 -3 = (vl - v2)/ 3 + (vi - v3)/ 4'; 

>> eqn2 = '-(-3) = (v2 - vi)/ 3 + v2/ 14+ (v2 - v3)/ 7'; 
>% egn3 = '-{-25) = v3/ 5 + (v3 - v2)/ 7 + (v3 = vl})/ 4'; 
>> answer = solve(eqnl, eqn2, eqn3, ‘vi', 'v2', 'v3'); 


>> answer.vl 
ANS = 
7207123 

>> answer.v2 
ANS = 

147719 


> answer.v3 
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which results in exact answers, with no rounding errors. The solve() routine 
is invoked with the list of symbolic equations we named eqn1, eqn2, and 
eqn3, but the variables v1, v2 and v3 must also be specified. If solve() is 
called with fewer variables than equations, an algebraic solution is returned. 
The form of the solution is worth a quick comment; it is returned in what is 
referred to in programming parlance as a structure; in this case, we called 
our structure “answer.” Each component of the structure is accessed sepa- 
rately by name as shown. 


PRACTICE 





4.2 For the circuit of Fig. 4.5, compute the voltage across each current 
source. 


20) 


Reference node 


@ FIGURE 4.5 


Ans: 34 = 5.235 V; v7q = 11.47 V.: 


The previous examples have demonstrated the basic approach to nodal 


analysis, but it is worth considering what happens if dependent sources are 
present as well. 






EXAMPLE 4.3 


Determine the power supplied by the dependent source of Fig. 4.6a. 





Ref. 


(a) (b) 


@ FIGURE 4.6 (a) A four-node circuit containing a dependent current source. (b) Circuit labeled 
for nodal analysis. 
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We choose the bottom node as our reference, since it has the largest 
number of branch connections, and proceed to label the nodal voltages 
vı and vz as shown in Fig. 4.6b. The quantity labeled v, is actually 
equal to v2. 

At node 1, we write 


[10] 


and at node 2 
T eae ae [11] 


Unfortunately, we have only two equations but three unknowns; this 
is a direct result of the presence of the dependent current source, since 
it is not controlled by a nodal voltage. Thus, we must develop an 
additional equation that relates i; to one or more nodal voltages. 

In this case, we find that 

l 


is-7 [12] 


which upon substitution into Eq. [11] yields (with a little rearranging) 


3v — 2v = 30 [13] 
and Eq. [10] simplifies to 
—I5v; + 8v = 0 [14] 
Solving, we find that vı = —40 V, v> = —75 V, and i; = 0.5v; = 


—20 A. Thus, the power supplied by the dependent source. is equal to 
(3i1)(v2) = (—60)(—75) = 4.5 kW. 


We see that the presence of a dependent source will create the need for —— 
an additional equation in our analysis if the controlling quantity is not a 
nodal voltage. Now let’s look at the same circuit, but with the controlling \ 


variable of the dependent current source changed to a different quantity— 
the voltage across the 3 Q resistor, which is in fact a nodal voltage. We will 
find that only two equations are required to complete the analysis. 


, EXAMPLE 4.4 


Determine the power supplied by the dependent source of Fig. 4.7a. 


We select the bottom node as our reference and label the nodal voltages 
as shown in Fig. 4.7b. We have labeled the nodal voltage v, explicitly 
for clarity, but this redundancy is of course not necessary. Note that our 
choice of reference node is important in this case; it led to the quantity 
Ux being a nodal voltage. 

Our KCL equation for node | is 


vy — Uy VI 


l 


i= [15] 


N| 


(Continued on next page) 
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(a) (h) 
ir M FIGURE 4.7 (c) A tour-node circuit containing a dependent current source. (b) Circuit labeled 
, for nodal analysis. 


and for node x is 


Cy — U [Ak 
Bu = > [16] 
Grouping terms and solving, we find that vy = $ V and v, = -F V. 


Thus, the dependent source in this circuit generates (3v,)(v,) = 55.1 W. 


PRACTICE 


D n a iF 


4.3 For the circuit of Fig. 4.8, determine the nodal voltage v; if A is 
W FIGURE 4.8 (a) 21): (b) 20). 





Ans: (a} ue V; (b) -10 V. 


Summary of Basic Nodal Analysis Procedure 


Count the number of nodes (N). 


Designate a reference node. The number of terms in your nodal 
equations can be minimized by selecting the node with the great- 
est number of branches connected to H. 


Label the nodal voltages (there are N — | of them). 


Write a KCL equation for each of the nonreference nodes. 
Sum the currents flowing into a node from sources on one side of 
the equation. On the other side, sum the currents flowing out of 
the node through resistors. Pay close attention to “—” signs. 


Express any additional unknowns such as currents or voltages 
other than nodal voltages in terms of appropriate nodal 
voltages. This situation can occur if voltage sources or dependent 
sources appear in our circuit. 


Organize the equations. Group terms according to nodal voltag s. 


Solve the system of equations for the nodal voltages (there will 
be N — I of them). 





SECTION 4.2 THE SUPERNODE 


These seven basic steps will work on any circuit we ever encounter. 
although the presence of voltage sources will require extra care. Such situ- 
ations are discussed in Sec. 4.2. 


4.2 _ THE SUPERNODE 


We next consider how voltage sources affect the strategy of nodal analysis. 

As a typical example, consider the circuit shown in Fig. 4.9a. The orig- 
inal four-node circuit of Fig. 4.4 has been changed by replacing the 7 Q 
resistor between nodes 2 and 3 with a 22 V voltage source. We still assign 
the same node-to-reference voltages vı, v2, and v3. Previously, the next step 
was the application of KCL at each of the three nonreference nodes. If we 
try to do that once again, we see that we will run into some difficulty at both 
nodes 2 and 3, for we do not know what the current is in the branch with the 
voltage source. There is no way by which we can express the current as a 
function of the voltage, for the definition of a voltage source is exactly that 
the voltage is independent of the current. 

There are two ways out of this dilemma. The more difficult approach is to 
assign an unknown current to the branch which contains the voltage source, 
proceed to apply KCL three times, and then apply KVL (v3 — v> = 22) once 
between nodes 2 and 3; the result is four equations in four unknowns for this 
example. 

The easier method is to treat node 2, node 3, and the voltage source to- 
gether as a sort of supernode and apply KCL to both nodes at the same time: 
the supernode is indicated by the region enclosed by the broken line in 
Fig. 4.9a. This is certainly possible because, if the total current leaving node 
2 is zero and the total current leaving node 3 is zero, then the total current 
leaving the combination of the two nodes is zero. This concept is depicted 
graphically in the expanded view of Fig. 4.9b. 








Determine the value of the unknown node voltage v; in the circuit 
of Fig. 4.9a. : 


The KCL equation at node 1 is unchanged from Example 4.2: 


Ui — V2 Vi =" U3 
3 4 


—§~3= 
or 
0.5833v; — 0.3333v2 — 0.250003 = —11 [17] 


Next we consider the 2, 3 supernode. Two current sources are con- 
nected, and four resistors. Thus, 

U2 — V] U3 — V] 3 

3 +25 = —— + —— + — 

3 4 5 


or 
—0.5833v, + 1.3333v2 + 0.45v3 = 28 [18] 


(Continued on next page) 
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Reference node 


(a) 





(b) 


E FIGURE 4.9 (a) The circuit of Example 4.2 with a 
22 V source in place of the 7 Q resistor. (b) Expanded 
view of the region defined as a supernode; KCL 
requires that all currents flowing into the region must 
sum to zero, or we would pile up or run out of 
electrons. 
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Since we have three unknowns, we need one additional equation, 
and it must utilize the fact that there 1s a 22 V voltage source between 
nodes 2 and 3: 


t by = 22 [19] 


Solving Eqs. [17] to [19]. the solution tor v; is 1.071 V. 


PRACTICE 


D A A n Eel 
4.4 For the circuit of Fig. 4.10. compute the voltage across each 
current source. 





Ans: 5.375 V. 375 mV. 


Reference node 


@ FIGURE 4.10 


The presence of a voltage source thus reduces by one the number of non- 
reference nodes at which we must apply KCL, regardless of whether the 
voltage source extends between two nonreference nodes or is connected be- 
tween a node and the reference. We should be careful in analyzing circuits 
such as that of Practice Prob. 4.4. Since both ends of the resistor are part of 
the supernode. there must technically be vo corresponding current terms in 
the KCL equation, but they cancel each other out. We can summarize the 
supernode method as follows: 


(CAUTION: 
Ce 


Summary of Supernode Analysis Procedure 


Count the number of nodes (N). 


Designate a reference node. The number of terms in your nodal 
equations can be minimized by selecting the node with the greatest 
number of branches connected to it. 


Label the nodal voltages (there are N — | of them). 


If the circuit contains voltage sources, form a supernode about 
each one. This is done by enclosing the source, its two terminals, 
and any other elements connected between the two terminals 
within a broken-line enclosure. 


Write a KCL equation for each nonreference node and for 
each supernode that does not contain the reference node. Sum 
the currents flowing into a node/supernode from current sources 
on one side of the equation. On the other side, sum the currents 
flowing out of the node/supernode through resistors. Pay close 
attention to “—” signs, 


Relate the voltage across each voltage source to nodal voltages. 
This is accomplished by simple application of KVL; one such 
equation is needed for each supernode defined. 


Express any additional unknowns (i.e., currents or voltages other 
than nodal voltages) in terms of appropriate nodal voltages. This 
situation can occur if dependent sources appear in our circuit. 


Organize the equations. Group terms according to nodal voltages. 


Solve the system of equations for the nodal voltages (there will 
be N — | of them). 
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We see that we have added two additional steps from our general nodal 
analysis procedure. In reality, however, application of the supernode tech- 
nique to a circuit containing voltage sources not connected to the reference 
node will result in a reduction in the number of KCL equations required. 
With this in mind, let’s consider the circuit of Fig. 4.11, which contains all 
four types of sources and has five nodes. 


EXAMPLE 4.6 


Determine the node-to-reference voltages in the circuit of Fig. 4.11. 


After establishing a supernode about each voltage source, we see that 
we need to write KCL equations only at node 2 and at the supernode 
containing the dependent voltage source. By inspection, it is clear that 
V = —12 V. 
At node 2, 
wey. w= vy 
0.5 : 2 


while at the 3-4 supernode, 


= 14 [20] 


us — V3 V4 Ve Vi 
ee sammie eects 9 
SS E T [21] 
We next relate the source voltages to the node voltages: 


v3 — v4 = 0.2v; [22] 
and 
0.2v, = 0.2 (v4 _ vı) [23] 


Finally, we express the dependent current source in terms of the 
assigned variables: 


0.5v, = 0.5(v2 — vı) [24] 


Five nodes requires four KCL equations in general nodal analysis, 
but we have reduced this requirement to only two, as we formed two 
separate supernodes. Each supernode required a KVL equation (Eq. [22] 
and v; = —12, the latter written by inspection). Neither dependent 
source was controlled by a nodal voltage, so two additional equations 
were needed as a result. 

With this done, we can now eliminate v, and v, to obtain a set of 
four equations in the four node voltages: 


—2v; + 2.5v — 0.5v = is 
O.lv; — w +0.5v + 1.4v = 0 
Vi = —12 
0.20, + vw3—-1.2u45= 0 
Solving, vı = —12 V, v2 = —4 V, v = 0 V, and v4 = —2 V. 


PRACTICE 


a mm 


4.5 Determine the nodal voltages in the circuit of Fig. 4.12. 


Ans: v; = 3 V, vo = 5.09'V, vs = 1:28 V, vg = 1.68 V. 





@ FIGURE 4.11 A five-node circuit with four different 
types of sources. 





@ FIGURE 4.12 





We should mention that mesh-type analysis can be 
applied to nonplanar circuits, but since it is not possible 
to define a complete set of unique meshes for such 
circuits, assignment of unique mesh currents is not 
possible. 


CHAPTER 4 BASIC NODAL AND MESH ANALYSIS 


4.3 MESH ANALYSIS | 


The technique of nodal analysis described in the preceding section is com- 
pletely general and can always be applied to any electrical network. An al- 
ternative method that is sometimes easier to apply to certain circuits is 
known as mesh analysis. Even though this technique is not applicable to 
every network. it can be applied to many of the networks we will need to 
analyze. Mesh analysis ts applicable only to those networks which are pla- 
nar, a term we hasten to define. 

If it is possible to draw the diagram of a circuit on a plane surface in such 
a way that no branch passes over or under any other branch, then that circuit 
is said to be a planar circuit. Thus, Fig. 4.13a shows a planar network, 
Fig. 4.136 shows a nonplanar network, and Fig. 4.13c also shows a planar 
network, although it is drawn in such a way as to make it appear nonplanar 
at first glance. 








tet) th) (Cc) 


M FIGURE 4.13 Examples of planar and nonplanar networks; crossed wires without a solid dot are no! 
in physical contact with each other 


In Sec. 3.1, the terms path, closed path, and loop were detined. Before 
we define a mesh, let us consider the sets of branches drawn with heavy 
lines in Fig. 4.14. The first set of branches is not a path, since four branches 
are connected to the center node, and it is of course also not a loop. The sec- 
ond set of branches does not constitute a path, since it is traversed only by 
passing through the central node twice. The remaining four paths are all 
loops. The circuit contains 11 branches. 

The mesh is a property of a planar circuit and is undefined for a nonpla- 
nar circuit. We define a mesh as a loop that does not contain any other loops 
within it. Thus, the loops indicated in Fig. 4.14c and d are not meshes, 
whereas those of parts e and f are meshes. Once a circuit has been drawn 
neatly in planar form, it often has the appearance of a multipaned window; 
the boundary of each pane in the window may be considered to be a mesh. 

If a network is planar. mesh analysis can be used to accomplish the 
analysis. This technique involves the concept of a mesh current, which we 
introduce by considering the analysis of the two-mesh circuit of Fig. 4.15a. 

As we did in the single-loop circuit, we will begin by defining a current 
through one of the branches. Let us call the current flowing to the right 
through the 6 Q resistor i. We will apply KVL around each of the two 
meshes, and the two resulting equations are sufficient to determine two un- 
known currents. We next define a second current i> flowing to the right in 
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(a) 





(d) (e) CA 
E FIGURE 4.14 (a) The set of branches identified by the heavy lines is neither a path nor a loop. 
(b) The set of branches here is not a path, since it can be traversed only by passing through the 
central node twice. (© This path is a loop but not a mesh, since it encloses other loops. (d) This 
path is also a toop but not a mesh. (e, f) Each of these paths ts both a loop and a mesh. 


the 4 Q resistor. We might also choose to call the current flowing downward 
through the central branch i3, but it is evident from KCL that i3 may be ex- 
pressed in terms of the two previously assumed currents as (7; — i2). The 
assumed currents are shown in Fig. 4.155. 

Following the method of solution for the single-loop circuit, we now ap- 
ply KVL to the left-hand mesh, 


—42 + 6i + 30, — i) =0 
or 


9i; — 3i2 = 42 [25] 
Applying KVL to the right-hand mesh, 


—3(i, — i2) + 4i — 10 = 0 
or 


—3i; + 7i: = 10 (26] 


Equations [25] and [26] are independent equations; one cannot be de- 
rived from the other. There are two equations and two unknowns, and the 
solution 1s easily obtained: 


i; =6A in = 4A and (fj, —ib) = 2A 


If our circuit contains M meshes, then we expect to have M mesh cur- 
~ rents and therefore will be required to write M independent equations. 

Now let us consider this same problem in a slightly different manner by 
using mesh currents. We define a mesh current as a current that flows only 
around the perimeter of a mesh. One of the greatest advantages in the use of 
mesh currents is the fact that Kirchhoff's current law is automatically satis- 
fied. If a mesh current flows into a given node, it flows out of it also. 


4Q 


(a) 





(b) 


E FIGURE 4.15 (a, b) A simple circuit for which 
currents are required. 


60 4Q 


ov) Qov 


@ FIGURE 4.16 The same circuit considered in 
Fig. 4.15b, but viewed a slightly different way. 


A mesh current may often be identified as a branch 
current, as /; and /} have been identified in this 
example. This is not always true, however, for consider- 
ation of a square nine-mesh network soon shows that 
the central mesh current cannot be identified as the 
current in any branch. 





EXAMPLE 4.7 
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If we label the left-hand mesh of our problem as mesh 1, then we may 
establish a mesh current 7; flowing in a clockwise direction about this mesh. 
A mesh current is indicated by a curved arrow that almost closes on itself 
and is drawn inside the appropriate mesh, as shown in Fig. 4.16. The mesh 
current /2 is established in the remaining mesh, again in a clockwise direc- 
tion. Although the directions are arbitrary, we will always choose clockwise 
mesh currents because a certain error-minimizing symmetry then results in 
the equations. 

We no longer have a current or current arrow shown directly on each 
branch in the circuit. The current through any branch must be determined by 
considering the mesh currents flowing in every mesh in which that branch 
appears. This is not difficult, because no branch can appear in more than two 
meshes. For example, the 3 Q resistor appears in both meshes, and the cur- 
rent flowing downward through it is 7; — i2. The 6 Q resistor appears only 
in mesh 1, and the current flowing to the right in that branch is equal to the 
mesh current /). 

For the left-hand mesh, 


—42 + 61; + 3(i; — in) = 0 
while for the right-hand mesh, 


3(i2 —1;) + 41. — 10 = O 


and these two equations are equivalent to Eqs. [25] and [26]. 








Determine the power supplied by the 2 V source of Fig. 4.17a. 


4 521 4 52 


(a) (b) 


@ FIGURE 4.17 (a) A two-mesh circuit containing three sources. (b) Circuit labeled for 
mesh analysis. 


We first define two clockwise mesh currents as shown in Fig. 4.17b. 
Beginning at the bottom left node of mesh 1, we write the following 
KVL equation as we proceed clockwise through the branches: 


—5 + 4i +20, —i2)—-2=0 
Doing the same for mesh 2, we write 


+2 + 202 — i) +522+1=0 
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Rearranging and grouping terms, 
6i — 2h = 7 
and 


—2i,; + Tig = —3 


43 2 

Solving, ii = — = 1.132 Aandi? = — -3 = —0.1053 A. 
38 19 

The current flowing out of the positive reference terminal of the 2 V 


source is i, — ir. Thus, the 2 V source supplies (2)(1.237) = 2.474 W. 


PRACTICE 





4.6 Determine i; and i> in the circuit in Fig. 4.18. 


l4 Q I0 Q 


@ FIGURE 4.18 


Ans: i, =-+-1642 mA; —157.9 mA. 


Let us next consider the five-node, seven-branch, three-mesh circuit 


shown in Fig. 4.19. This is a slightly more complicated problem because of 
the additional mesh. 









EXAMPLE 4.8 


Use mesh analysis to determine the three mesh currents in the 
circuit of Fig. 4.19. 


The three required mesh currents are assigned as indicated in Fig. 4.19, 20, 
and we methodically apply KVL about each mesh: 
—7 + 1(i; — in) +64 2(; — i3) =0 7v(*) ih 


l (i2 — ij) + 2i2 + 3(i2 — i3) = 0 
2(i — i1) — 6 + 3 (iz — i2) + liz =0 


IQ 


Simplifying, 
w FIGURE 4.19 A five-node, seven-branch, three- 


. 7 . SEES P; — < è 
3i — i2 — 213, = 1 mesh circuit. 


—i,; + 6i2 — 3i3 = 0 
—2i, — 3i2 + 613 = 6 


and solving, we obtain 7; = 3 A, i2 = 2 A, andi; = 3A. 









EXAMPLE 4.9 





(a) 





(b) 


@ FIGURE 4.21 (a) A two-mesh circuit containing 
a dependent source. (b) Circuit labeled for mesh 
analysis 
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PRACTICE 


4.7 Determine /; and /> in the circuit of Fig 4.20. 








@ FIGURE 4.20 


Ans: 2.220 A, 470.0 mA. 


The previous examples dealt with circuits powered exclusively by inde- 
pendent voltage sources. If a current source is included in the circuit, it may 
either simplify or complicate the analysis, as discussed in Sec. 4.4. As seen 
in our study of the nodal analysis technique, dependent sources generally 
require an additional equation besides the M mesh equations, unless the 
controlling variable is a mesh current (or sum of mesh currents). We explore 
this in the following example. 


Determine the current i; in the circuit of Fig. 4.21a. 


The current i; is actually a mesh current, so rather than redefine it we 
label the rightmost mesh current i; and define a clockwise mesh current 
i> for the left mesh, as shown in Fig. 4.215. 

For the left mesh, KVL yields 


—5 — 4i, + Hin — i1) + 4i2 = 0 [27] 
and for the right mesh we find 
4(i; — i2) + 21; +3 =0 [28] 
Grouping terms, these equations may be written more compactly as 
—8i; + 8i2 = 5 
and 
6i; — 4i2 = -3 


Solving, i2 = 375 mA, soi; = —250 mA. 


Since the dependent source of Fig. 4.21 is controlled by a mesh current 
(i1), only two equations—Egs. [27] and [28]—were required to analyze the 
two-mesh circuit. In the following example, we explore the situation that 
arises if the controlling variable is not a mesh current. 
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EXAMPLE 4.10 





Determine the current i; in the circuit of Fig. 4.22a. 





(a) (b) 


@ FIGURE 4.22 (a) A circuit with a dependent source controlled by a voltage. (b) Circuit labeled 
for mesh analysis. 


In order to draw comparisons to Example 4.9 we use the same mesh 
current definitions, as shown in Fig. 4.225. 
For the left mesh, KVL now yields 


—5 — 2v, + 4(i2 — ii) + 4i = 0 [29] 
and for the right mesh we find the same as before, namely 
4(i;) — ig) F 2i +3 = 0 [30] 


Since the dependent source is controlled by the unknown voltage 
Uy, we are faced with two equations in three unknowns. The way out of 
our dilemma is to simply construct an equation for v, in terms of mesh 
currents, such as 


Vy = 4(i2 — i1) [31] 


We simplify this system of equations by substituting Eq. [31] into 
Eq. [29], resulting in 


4i =5 


Solving, we find thati; = 1.25 A. In this particular instance, Eq. [30] 
is not needed unless a value for iv is desired. 


PRACTICE 


i aaa 


4.8 Determine i; in the circuit of Fig. 4.23 if the controlling quantity A 
is equal to: (a) 2i2; (b) 2v,. 





Ans: (a) 1.35 A; (b) 546 mA. 


E FIGURE 4.23 


The mesh analysis procedure can be summarized by the seven basic 
steps that follow. It will work on any planar circuit we ever encounter, al- 
though the presence of current sources will require extra care. Such situa- 
tions are discussed in Sec. 4.4. 
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Summary of Basic Mesh Analysis Procedure 



















1. Determine if the circuit is a planar circuit. If not, perform nodal 
analysis instead. 


N 


Count the number of meshes (M). Redraw the circuit if 
necessary. 


3. Label each of the M mesh currents. Generally, defining all mesh 
currents to flow clockwise results in a simpler analysis. 


4. Write a KVL equation around each mesh. Begin with a conve- 
nient node and proceed in the direction of the mesh current. Pay 
close attention to “—” signs. If a current source lies on the periph- 
ery of a mesh, no KVL equation is needed and the mesh current is 
determined by inspection. 


5. Express any additional unknowns such as voltages or currents 
other than mesh currents in terms of appropriate mesh cur- 
rents. This situation can occur if current sources or dependent 
sources appear in our circuit. 


Organize the equations. Group terms according to mesh currents. 


7. Solve the system of equations for the mesh currents (there will 
be M of them). 


4.4 THE SUPERMESH 


How must we modify this straightforward procedure when a current source 
is present in the network? Taking our lead from nodal analysis, we should 
feel that there are two possible methods. First, we could assign an unknown 
voltage across the current source, apply KVL around each mesh as before, 
and then relate the source current to the assigned mesh currents. This is gen- 
erally the more difficult approach. 

A better technique is one that is quite similar to the supernode approach 
in nodal analysis. There we formed a supernode, completely enclosing 
the voltage source inside the supernode and reducing the number of non- 
reference nodes by 1 for each voltage source. Now we create a kind of 
“‘supermesh” from two meshes that have a current source as a common 
element; the current source is in the interior of the supermesh. We thus re- 
duce the number of meshes by 1 for each current source present. If the 
current source lies on the perimeter of the circuit, then the single mesh in 
which it is found is ignored. Kirchhoff’s voltage law is thus applied only to 
those meshes or supermeshes in the reinterpreted network. 










EXAMPLE 4.11 
e of mesh sh analysis nalysis to evaluate the three mesh 
Here we note that a 7 A independent current source is in the common 


boundary of two meshes. Mesh currents i), i2, and iz have already been 
assigned, and the current source leads us to create a supermesh whose 


SECTION 4.4 THE SUPERMESH 


interior is that of meshes 1 and 3 as shown in Fig. 4.24b. Applying 
KVL about this loop, 
—7 + 1l(iy — i2) + 303 — i2) + li = 0 
or 
i, — 41. + 413 = 7 [32] 
and around mesh 2, 
(iz — iy) + 2i2 + 3(i2 — i3) = 0 
or l 
—i; + 6i2 — 313 = 0 [33] 
Finally, the independent-source current is related to the assumed 
mesh currents, 
i —i3 =7 [34] 
Solving Eqs. [32] through [34], we find i; = 9 A, i2 = 2.5 A, and 
b = 2 A: 





PRACTICE (b) 

4.9 Determine the current į; in the circuit of Fig. 4.25. @ FIGURE 4.24 (a) A three-mesh circuit with 
tiie atari an independent current source. (b) A supermesh is 
Ans: —1.93 A. 


defined by the colored line. 


The presence of one or more dependent sources merely requires each of 
these source quantities and the variable on which it depends to be expressed 
in terms of the assigned mesh currents. In Fig. 4.26, for example, we note 
that both a dependent and an independent current source are included in the 
network. Let’s see how their presence affects the analysis of the circuit and 
actually simplifies it. E FIGURE 4.25 





EXAMPLE 4.12 





Use mesh analysis to evaluate the three unknown c 
circuit of Fig. 4.26. | : 


The current sources appear in meshes 1 and 3. Since the 15 A source is 
located on the perimeter of the circuit, we may eliminate mesh 1 from 
consideration—it is clear that i; = 15 A. 

We find that because we now know one of the two mesh currents 
relevant to the dependent current source, there is no need to write a 
supermesh equation about meshes 1 and 3. Instead, we simply relate i; 
and i3 to the current from the dependent source using KCL: 





Ye A) 3(i5:— iz) E FIGURE 4.26 A three-mesh circuit with one 
5 3 oT 9 dependent and one independent current source. 


(Continued on next page) 
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which can be written more compactly as 


l 2 


, , , l. 2. 
i + gh + gh =0 or gh Fgh ls [3S] 


pe 


With one equation in two unknowns, all that remains is to write a 
KVL equation about mesh 2 


I(x — id + 2i + 302 — 13) = O 
Or 


6i — 373 = 15 [36] 


Solving Eqs. [35] and [36], we find that i- = 11 Aandi; = 17 A; 
we already determined that 7, = 15 A by inspection. 


PRACTICE 


4.10 Use mesh analysis to find v, in the circuit of Fig. 4.27. 





ü 10a 





E FIGURE 4.27 


Ans: 104.2 V 


We can now summarize the general approach to writing mesh equations. 
whether or not dependent sources. voltage sources, and/or current sources 
are present, provided that the circuit can be drawn as a planar circuit: 





Summary of Supermesh Analysis Procedure 


1. Determine if the circuit is a planar circuit. If not, perform nodal 
analysis instead. 


to 


Count the number of meshes (M). Redraw the circuit if 
necessary. 


3. Label each of the M mesh currents. Generally, defining all mesh 
currents to flow clockwise results in a simpler analysis. 


4. If the circuit contains current sources shared by two meshes, 
form a supermesh to enclose both meshes. A highlighted enclo- 
sure helps when writing KVL equations. 


5. Write a KVL equation around each mesh/supermesh. Begin 
with a convenient node and proceed in the direction of the mesh 
current, Pay close attention to “—” signs. If a current source lies 





SECTION 4.5 NODAL VS. MESH ANALYSIS: A COMPARISON 


on the periphery of a mesh, no KVL equation is needed and the 
mesh current is determined by inspection. 


6. Relate the current flowing from each current source to mesh 
currents. This is accomplished by simple application of KCL; 
one such equation is needed for each supermesh defined. 


7. Express any additional unknowns such as voltages or currents 
other than mesh currents in terms of appropriate mesh 
currents. This situation can occur if dependent sources appear in 
our circuit. 


Organize the equations. Group terms according to nodal voltages. 


Solve the system of equations for the nodal voltages (there will 
be M of them). 





4.5 NODAL VS. MESH ANALYSIS: A COMPARISON 


Now that we have examined two distinctly different approaches to circuit 
analysis, it seems logical to ask if there is ever any advantage to using one 
over the other. If the circuit is nonplanar, then there is no choice: only nodal 
analysis may be applied. 

Provided that we are indeed considering the analysis of a planar circuit, 
however, there are situations where one technique has a small advantage 
over the other. If we plan to use nodal analysis, then a circuit with N nodes 
will lead to at most N — 1 KCL equations. Each supernode defined will fur- 
ther reduce this number by one. If the same circuit has M distinct meshes, 
then we will obtain at most M KVL equations; each supermesh will reduce 
this number by one. Based on these facts, we should select the approach that 
will result in the smaller number of simultaneous equations. 

If one or more dependent sources are included in the circuit, then each 
controlling quantity may influence our choice of nodal or mesh analysis. 
For example, a dependent voltage source controlled by a nodal voltage does 
not require an additional equation when we perform nodal analysis. Like- 
wise, a dependent current source controlled by a mesh current does not re- 
quire an additional equation when we perform mesh analysis. What about 
the situation where a dependent voltage source is controlled by a current? 
Or the converse, where a dependent current source is controlled by a volt- 
age? Provided that the controlling quantity can be easily related to mesh 
currents, we might expect mesh analysis to be the more straightforward 
option. Likewise, if the controlling quantity can be easily related to nodal 
voltages, nodal analysis may be preferable. One final point in this regard is 
to keep in mind the location of the source; current sources which lie on the 
periphery of a mesh, whether dependent or independent, are easily treated 
in mesh analysis; voltage sources connected to the reference terminal are 
easily treated in nodal analysis. 

When either method results in essentially the same number of equations, 
it may be worthwhile to also consider what quantities are being sought. 
Nodal analysis results in direct calculation of nodal voltages, whereas mesh 
analysis provides currents. If we are asked to find currents through a set of 
resistors, for example, after performing nodal analysis, we must still invoke 
Ohm’s law at each resistor to determine the current. 
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E FIGURE 4.28 A planar circuit with five nodes and four meshes. 


As an example, consider the circuit in Fig. 4.28. We wish to determine 
the current /,. 

We choose the bottom node as the reference node, and note that there are 
four nonreference nodes. Although this means that we can write four dis- 
tinct equations, there is no need to label the node between the 100 V source 
and the 8 Q2 resistor, since that node voltage is clearly 100 V. Thus. we label 
the remaining node voltages vı, v. and v3 as in Fig. 4.29. 


SA 





@ FIGURE 4.29 The circuit of Fig. 4.28 with node voltages labeled. 
Note that an earth ground symbol was chosen to designate the 
reference terminal. 


We write the following three equations: 


vı — 100 v Uj — Ud 
n > 4 a =0 or 0.875v, — 0.5v =12.5 [37 
Ua — v] vo və — U3 


SF FF AS 8 =0 or 05v — 0.93330 — Ou, =8 [38] 





Var 03 l 
~o te t8=0 or ~Q.lu. 40.303 = —8 [39) 


Solving, we find that v; = 25.89 V and v> = 20.31 V. We determine the 
current i; by application of Ohm’s law: 


U} — Va 


h = —— = 2.79 A (40) 


—_ 


Next, we consider the same circuit using mesh analysis. We see in 
Fig. 4.30 that we have four distinct meshes, although it is obvious that 
ig = —8 A; we therefore need to write three distinct equations. 
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@ FIGURE 4.30 The circuit of Fig. 4.28 with mesh currents labeled. 


Writing a KVL equation for meshes 1, 2, and 3: 


—100 + 8; +4, — i2) = 0 or 12i — 4h = 100 141] 
A(t. _ i) -+ 2i» + 3(83 — 13) =O or —4i, -+ 9i» — Bis = 0 [42] 
3(iz — In) + 1004 + 8) + 5i =0 or —3i + 1833 = -80 [43] 


Solving, we find that iz (= i,) = 2.79 A. For this particular problem, 
mesh analysis proved to be simpler. Since either method is valid, however, 
working the same problem both ways can also serve as a means to check our 
answers. 


4.6 COMPUTER-AIDED CIRCUIT ANALYSIS 


We have seen that it does not take many components at all to create a circuit 
of respectable complexity. As we continue to examine even more complex 
circuits, it will become obvious rather quickly that it is easy to make errors 
during the analysis, and verifying solutions by hand can be time-consuming. 
A powerful computer software package known as PSpice is commonly em- 
ployed for rapid analysis of circuits, and the schematic capture tools are typ- 
ically integrated with either a printed circuit board or integrated circuit layout 
tool. Originally developed in the early 1970s at the University of California 
at Berkeley, SPICE (Simulation Program with Integrated Circuit Emphasis) 
is now an industry standard. MicroSim Corporation introduced PSpice in 
1984, which built intuitive graphical interfaces around the core SPICE pro- 
gram. Depending on the type of circuit application being considered, there 
are now several companies offering variations of the basic SPICE package. 
Although computer-aided analysis is a relatively quick means of deter- 
mining voltages and currents in a circuit, we should be careful not to allow 
simulation packages to completely replace traditional “paper and pencil” 
analysis. There are several reasons for this. First, in order to design we must 
be able to analyze. Overreliance on software tools can inhibit the develop- 
ment of necessary analytical skills, similar to introducing calculators too 
early in grade school. Second, it ts virtually impossible to use a complicated 
software package over a long period of time without making some type of 
data-entry error. If we have no basic intuition as to what type of answer to 
expect from a simulation, then there is no way to determine whether or not 
it is valid. Thus, the generic name really is a fairly accurate description: 
computer-aided analysis. Human brains are not obsolete. Not yet, anyway. 
As an example, consider the circuit of Fig. 4.15b, which includes two dc 
voltage sources and three resistors. We wish to simulate this circuit using 
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(c) 
@ FIGURE 4.31 (0) Circuit of Fig. 4.150 drawn using Orcad schematic capture software. (b) Current, 
voltage, and power display buttons. (c) Circuit after simulation run, with current display enabled. 


PSpice so that we may determine the currents i; and /2. Figure 4.31la shows 
the circuit as drawn using a schematic capture program. | 

In order to determine the mesh currents, we need only run a bias point 
simulation. Under PSpice, select New Simulation Profile. Type in First 


(1) Refer to Appendix 4 for a brief tutorial on PSpice and schematic capture. 
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Example (or your personal preference) and click on Create. Under the 
Analysis Type: pull-down menu, select Bias Point, then click on OK. 
Returning to the original schematic window, under PSpice select Run (or 
use either of the two shortcuts: pressing the F11 key or clicking on the blue 
“Play” symbol). To see the currents calculated by PSpice, make sure the cur- 
rent button is selected (Fig. 4.315). The results of our simulation are shown 
in Fig. 4.31c. We see that the two currents i, and ip are 6 A and 4 A, respec- 
tively, as we found previously. 

As a further example, consider the circuit shown in Fig. 4.32a. It 
contains a dc voltage source, a dc current source, and a voltage-controlled 
current source. We are interested in the three nodal voltages, which from 
either nodal or mesh analysis are found to be 82.91 V, 69.9 V, and 59.9 V, 
respectively as we move from left to right across the top of the circuit. 
Figure 4.32) shows this circuit, drawn using a schematic capture tool, after 
the simulation was performed. The three nodal voltages are indicated di- 
rectly on the schematic. Note that in drawing a dependent source using the 
schematic capture tool, we must explicitly link two terminals of the source 
to the controlling voltage or current. 


0.2 V, 
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(b) 


W FIGURE 4.32 (c) Circuit with dependent current source. (b) Circuit drawn using schematic capture 
tool, with simulation results presented directly on the schematic. 











PRACTICAL APPLICATION 


Node-Based PSpice Schematic Creation 


The most common method of describing a circuit in con- 
junction with computer-aided circuit analysis is with 
some type of graphical schematic drawing package, an 
example output of which was shown in Fig. 4.32. 
SPICE, however, was written before the advent of such 
software, and as such requires circuits to be described in 
a specific text-based format. The format has its roots in 
the syntax used for punch cards, which gives it a some- 
what distinct appearance. The basis for circuit de- 
scription is the definition of elements, each terminal of 
which is assigned a node number. So, although we have 
just studied two different generalized circuit analysis 
methods—the nodal and mesh techniques—it is interest- 
ing that SPICE and PSpice were written using a clearly 
defined nodal analysis approach. 


Seppe o a AMi! Eiio tel o Put "am a ETS gor 


Even though modern circuit analysis is largely done 
using graphics-oriented interactive software, when errors 
are generated (usually due to a mistake in drawing the 
schematic or in selecting a combination of analysis op- 
tions), the ability to read the text-based “input deck” 
generated by the schematic capture tool can be invalu- 
able in tracking down the specific problem. The easiest 
way to develop such an ability is to learn how to run 
PSpice directly from a user-written input deck. 

Consider, for example, the sample input deck below 
(lines beginning with an asterisk are comments, and are 
skipped by SPICE). 


(Asks SPICE to determine the dc operating point of the circuit.) 


(R1 is defined between nodes 1 and 2: it has a value of 1 KQ.) 
(R2 is defined between nodes 2 and 0; it has a value of 1 kQ.) 
peo, (V1 ts defined between nodes | and 0; it has a value of 5 V dc.) 


We can create the input deck by using the Notepad 
program from Windows or our favorite text editor. Sav- 
ing the file under the name example.cir, we next invoke, 
PSpice A/D (see App. 4). Under File, we choose Qpen, 
locate the directory in which we saved our file exam- 
ple.cir, and for Files of Type: select Circuit Files 
(*.cir). After selecting our file and clicking Open, we 
see the PSpice A/D window with our circuit file loaded 
(Fig. 4.33a). A netlist such as this, containing instruc- 
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tions for the simulation to be performed, can be created 
by schematic capture software or created manually as in 
this example. 

We run the simulation by either clicking the blue 
“play” symbol at the top right, or selecting Run under 
Simulation. In the lower left corner of the main window, 
a smaller summary window informs us that the simula- 
tion ran successfully (Fig. 4.33). To view the results, we 
select Output File from under the View menu and see: 
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The input deck is repeated in the output for reference and to assist in error checking. 
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AS we see, using the text-based approach to describ- 
ing circuits is somewhat less user-friendly than schematic 
capture tools. In particular, it is very easy to introduce 
simple (but significant) errors into a simulation by mis- 
takenly numbering the nodes incorrectly, as there is no 
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In the output summary, we are given the voltage between each node 
and node 0. Our 5 V source is connected between nodes 1 and 0; 
resistor R2, connected between nodes 2 and 0, has 2.5 V across it 
as expected. 

Also note a quirk of SPICE: The current provided by our 
source is quoted using the passive sign convention (i.e., —2.5 mA). 


direct visualization of the input deck beyond what is 
written on paper. However, interpreting the output is 
very straightforward, and practicing reading a few such 
files is well worth the effort. 
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a simple voltage divider. 


(a) 





Simulation running.. 
* Example input deck for a simple voltage divider 
Reading and checking circuit 
Circuit read in and checked, no errors 
Calculating bias point 
Bias point calculated 
Simulation complete 


(b) 


@ FIGURE 4.33 (a) PSpice A/D window with circuit file loaded. (b) Simulation activity summary. 
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At this point, the real power of computer-aided analysis begins to be ap- 
parent: Once you have the circuit drawn in the schematic capture program, it 
is easy to experiment by simply changing component values and observing the 
effect on currents and voltages. To gain a little experience at this point, try sim- 
ulating any of the circuits shown in previous examples and practice problems. 


SUMMARY AND REVIEW 








4 Prior to beginning an analysis, make a neat, simple circuit diagram. 
Indicate all element and source values. 


a If nodal analysis is the chosen approach. 


3 Choose one of the nodes as a reference node. Then label the node 
voltages vi, Ua. .... Vy}. remembering that each is understood to 
be measured with respect to the reference node. 


4 If the circuit contains only current sources, apply KCL at each 
nonreference node. 


2 If the circuit contains voltage sources. form a supernode about each 
one, and then proceed to apply KCL at all nonreference nodes and 
supernodes. 


Q If you are considering mesh analysis, first make certain that the 
network is a planar network. 


4 Assign a clockwise mesh current in each mesh: (1, i2,..-, im. 


J If the circuit contains only voltage sources, apply KVL around 
each mesh. 


2 ff the circuit contains current sources, create a supermesh for each 
one that is common to two meshes, and then apply KVL around 
each mesh and supermesh. 


4 Dependent sources will add an additional equation to nodal analysis 
if the controlling variable is a current, but not if the controlling variable 
is anodal voltage. Conversely, a dependent source will add an additional 
equation to mesh analysis if the controlling variable is a voltage, but not 
if the controlling variable is a mesh current. 


a In deciding whether to use nodal or mesh analysis for a planar circuit, a 
circuit with fewer nodes/supernodes than meshes/supermeshes will 
result in fewer equations using nodal analysis. 


Q Computer-aided analysis is useful for checking results and analyzing 
circuits with large numbers of elements. However, common sense must 
be used to check simulation results. 


READING FURTHER 


A detailed treatment of nodal and mesh analysis can be found in: 


R. A. DeCarlo and P. M. Lin, Linear Circuit Analysis, 2nd ed. New York: 
Oxford University Press, 2001. 


A solid guide to SPICE is 


P. Tuinenga, SPICE: A Guide to Circuit Simulation and Analysis Using 
PSPICE, 3rd ed. Upper Saddle River, N. J.: Prentice-Hall, 1995. 





EXERCISES 


EXERCISES 


4.1 Nodal Analysis 


l. (a) Find us if 0. lu; — 0.305 — 0.403 = 0, —0.5v + 0.1v: = 4. and 
—0).2v; — 0.302 + 0.4053 = 6. (b) Evalute the determinant: 


2 3.4 Í 
3 4 I 2 
4 1 2 3 
1 —2 3 0 


2. (a) Find v4, vg, and vce if va + vg + Uc = 27, 2vg + 16 = va — 3vc, and 
4vc + 2va +6 = 0. (b) Evaluate the determinant: 
0 1 
] 2 
2 3 
3 


i 


3. (a) Solve the following system of equations: 





4 = v/f 100 + (vi — vy) /20+ (vı — vy) /50 
10 — 4 — (—2) = (vr — v1) /50 + (vy — v2)/40 
—2 = v2/25 + (v2 — v,)/40 + (v2 — v )/20 


(b) Verify your solution using MATLAB. 
4. Determine the value of the voltage labeled v; in Fig. 4.34. 


32 


m FIGURE 4.34 


5. Determine the value of the voltage labeled v; in Fig. 4.35. 


+ iy oa 


was © Ch) -sa 


E FIGURE 4.35 


6. For the circuit of Fig. 4.36, determine the value of the voltage labeled v; and 
the current labeled i). 





W FIGURE 4.36 
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7. Use nodal analysis to find vp in the circuit shown in Fig. 4.37. 











400) 


a(t) -Sog 


200 E FIGURE 4.37 


500 


200 Q 


8. Use nodal analysis to find v, in the circuit of Fig. 4.38. 


9. For the circuit of Fig. 4.39 (a) use nodal analysis to determine vy and v2. 


POS Ps (b) Compute the power absorbed by the 6 Q resistor. 


IO A 





100 2 254) 


@ FIGURE 4.38 





E FIGURE 4.39 


10. Employ nodal analysis techniques to find v; and i> in the circuit of Fig. 4.40. 


500 
45.0) 
5i, o> oe Ò 0.20 
E FIGURE 4.40 


iL. Referring to the circuit depicted in Fig. 4.41, use nodal analysis to determine 
the value of V- that will result in v; = 0. 





EN FIGURE 4.41 





EXERCISES 


12. For the circuit of Fig. 4.42, use nodal analysis to determine the current is. 


1Q 4Q 

A Dza 
20 60 
m FIGURE 4.42 


13. Employ nodal analysis to obtain a value for v, as indicated in Fig. 4.43. 


5mA 





@ FIGURE 4.43 


14. Determine the voltage labeled v in the circuit of Fig. 4.44 using nodal analysis 
techniques. 





E FIGURE 4.44 


15. Determine the nodal voltages indicated in the circuit of Fig. 4.45. 





E FIGURE 4.45 
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4.2 The Supernode 
16. Use nodal analysis to tind v4 in the circuit shown in Fig, 4.46, 


17. With the help of nodal analysis on the circuit of Fig. 4.47, tind (a) va: (b) the 


power dissipated in the 2.5 Q resistor. 





w FIGURE 4.46 





M@ FIGURE 4.47 


50.0 18. Use nodal analysis to determine v; and the power being supplied by the 
dependent current source in the circuit shown in Fig. 4.48. 


19. In Fig. 4.49, use nodal analysis to find the value of k that will cause v, to be zerc. 


Io REG) 
ki 


© 2 
5A (+) C> L> 00l r 
s Da Os 
E FIGURE 4.48 
et. 


R 
E FIGURE 4.49 


20. Consider the circuit of Fig. 4.50. Determine the current labeled i}. 


0.5; l 
° 20 
k IO l 


@ FIGURE 4.50 


21. Make use of the supernode concept to assist in the determination of the voltage 
labeled vw in Fig. 4.51. Crossed wires not marked by a solid dot are not in 
physical contact. 





E FIGURE 4.51 
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22. For the circuit of Fig. 4.52, determine all four nodal voltages. 





@ FIGURE 4.52 





23. Determine the power supplied by the 2 A source in the circuit of Fig. 4.53. @ FIGURE 4.53 
24. Determine the power supplied by the 2 A source in the circuit of Fig. 4.54. 





E FIGURE 4.54 
25, Determine the nodal voltages characterizing the circuit of Fig. 4.55. @ FIGURE 4.55 
4.3 Mesh Analysis 


26. Determine the mesh currents i, and i, as shown in the circuit of Fig. 4.56. 


400 Q 200 Q 





E FIGURE 4.56 


27. Regarding the circuit of Fig. 4.57, employ mesh analysis to determine (a) the 
current /,; (b) the power supplied by the 10 V source. 


50 iQ 30 ho 


4M 





© FIGURE 4.57 


28. Employ mesh analysis to determine the current flowing in the circuit of 
Fig. 4.58 through (a) the 2 & resistor; (b) the 5 Q2 resistor. E FIGURE 4.58 
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29. For the circuit of Fig. 4.59, use mesh analysis to determine (a) the current 
labeled ix: (b) the power absorbed by the 25 Q resistor. 


200 100 


200 





m FIGURE 4.59 


lod 30. Use mesh analysis to determine the current labeled i in the circuit of Fig. 4.60. 
31. Use mesh analysis to find /, in the circuit shown in Fig. 4.61. 
30 0 





400 


@ FIGURE 4.60 





W FIGURE 4.61 


32. Calculate the power being dissipated in the 2 Q resistor for the circuit of 
Fig. 4.62. 





E FIGURE 4.62 


33. Use mesh analysis on the circuit shown in Fig. 4.48 to find the power being 
supplied by the dependent voltage source. 


34. Use mesh analysis to find ¿x in the circuit shown in Fig. 4.63. 


202 252 





E FIGURE 4.63 





EXERCISES 


35. Determine the clockwise mesh currents for the circuit of Fig. 4.64. 
4.7kQ 


47k © 


Ol C> O 0.1%, 


@ FIGURE 4.64 


36. Determine each mesh current in the circuit of Fig. 4.65. 


R 10 kO 





TO 


@ FIGURE 4.65 

37. (a) Referring to the circuit of Fig. 4.66, determine the value of R if it is known 
that the mesh current i; = 1.5 mA. (b) Is the value of R necessarily unique? @ FIGURE 4.66 
Explain. 


38. For the circuit of Fig. 4.67, employ the mesh analysis technique to find the 
power absorbed by each resistor. 


2.2 5V 
2.7 kQ v l5 


sv(*) 4kQ) 





E FIGURE 4.67 


39. The circuit shown in Fig. 4.68 is the equivalent circuit of a common-base 
bipolar junction transistor amplifier. The input source has been shorted, and a 


300 Q i 





— am — — 


@ FIGURE 4.68 
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1 V source has been substituted for the output device. (a) Use mesh analysis to 
find [,. (b) Verify your solution to part (a) using nodal analysis. (c) What is the 
physical significance of the quantity V,/1,? 

40. Choose nonzero values for the three voltage sources of Fig. 4.69 so that no 
current flows through any resistor in the circuit. 


4.4 The Supermesh 
41. Use mesh analysis to help tind the power generated by each of the five sources 


in Fig. 4.70. 





E FIGURE 4.69 





Mm FIGURE 4.70 


42. Find i, in the circuit of Fig. 4.71. 
43. Use the supermesh concept to determine the power supplied by the 2.2 V 


source of Fig. 4.72. 


aO Qs Os 





E FIGURE 4.71 


30 G) 60 
© 


@ FIGURE 4.72 


44. Determine the voltage across the 2 mA source in Fig. 4.73, assuming its 
bottom node is ground. 





@ FIGURE 4.73 
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45. Employ mesh analysis to obtain the voltage across the 2.5 Q resistor of 
Fig. 4.74. 





m FIGURE 4.74 
46. Calculate the mesh currents for the circuit of Fig. 4.75. 


12.2 V 13 V 


10 mQ 22 mQ 


118v(*) 15 mQ 





@ FIGURE 4.75 


47. For the circuit of Fig. 4.76, determine the value of resistor X if ip = 2.273 A. 


2 X 
7V 


TVN 


@ FIGURE 4.76 


48. Consider the circuit of Fig. 4.77. Compute the three mesh currents indicated. 


2 300 mf) 





TW 
@ FIGURE 4.77 
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4.5 Nodal vs. Mesh Analysis: A Comparison 


49, Determine the voltage labeled v, in each of the circuits of Fig. 4.78. 


i 
i) 
ral 


20 0 





(ez) ih} 


(c) 
R FIGURE 4.78 


TETTE 50. Find v3 in the circuit of Fig. 4.79 if element A is (a) a short circuit: (b) a 9 V 
—— independent voltage source, with positive reference on the left; (c) a dependent 
current source, arrow head on the left. labeled 51). 


. Determine the currents i; and i> in the circuit of Fig. 4.79 if element A is a 
12 Q resistor. Explain the logic behind your choice of either nodal or mesh 
analysis. 


A 


52. Obtain a value for the current labeled i,9 in the circuit of Fig. 4.80. 


2kQ 





E FIGURE 4.79 < 


5 mA 20 kQ 


M FIGURE 4.80 


53. Determine the two currents labeled in the circuit of Fig. 4.81. 


54. For the circuit of Fig. 4.82, determine the voltage of the center node. 





@ FIGURE 4.81 @ FIGURE 4.82 








EXERCISES 


55. Determine the current through each branch of the circuit in Fig. 4.83. 





E FIGURE 4.83 


56. Determine the voltage across the 2 mA current source of Fig. 4.84. 


3 kQ 3 KQO 





@ FIGURE 4.84 


57. For the circuit of Fig. 4.85, let A be a 5 V voltage source with positive 
reference at the top, let B represent a 3 A current source with the arrow 
pointing toward ground, let C be a 3 Q resistor, let D be a 2 A current source 
with arrow pointing toward ground, let F be a 1 V voltage source with negative 
reference on the right, and let E be a 4 & resistor. Compute i4. 





@ FIGURE 4.85 


58. Choose any nonzero values for /;, I, and V; so that 6 W is dissipated by the 
6 Q resistor in the circuit of Fig. 4.86. 


59. Referring to the circuit of Fig. 4.84, replace the 2 mA current source with a 2 V 
voltage source, “+” reference terminal at the bottom, and the 3 V source with a 


7 mA current source, arrow pointing down. Determine the mesh currents for 
the new circuit. 


60. In the circuit of Fig. 4.85, A is a dependent current source with arrow pointing 
down and labeled 5i,. Let B and E be 2 Q resistors, let C be a 2 A current 
source with arrow pointing toward ground, let F be a 2 V voltage source with 
negative reference on the right, and let D be a 3 A current source with the 
arrow at the top. Determine the nodal voltages and all mesh currents. 


10 


E FIGURE 4.86 





60) 
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Llp 61. 





C+ © o. 


70. 





4.6 Computer-Aided Circuit Analysis 


Use PSpice to verity the solution of Exer. 52. Submit a printout of a propert 
labeled schematic. Include hand calculations. 


- Use PSpice to verify the solution of Exer. 54. Submit a printout of a properly 


labeled schematic. Include hand calculations. 


. Use PSpice to verify the solution of Exer. 56. Submit a printout of a properly 


labeled schematic. Include hand calculations. 


. Use PSpice to verify the solution of Exer. 58. Submit a printout of a properly 


labeled schematic. Include hand calculations. 


. Use PSpice to verify the solution of Exer. 60. Submit a printout of a properly 


labeled schematic. Include hand calculations. 


. Construct a circuit consisting of a 5 V source in series with a 100 Q resistor. 


connected to a network containing at least one 3 A source. three different 
resistors, and a voltage-controlled current source that depends on the voltage 
across the 100 Q resistor. (a) Determine all node voltages and all branch 
currents. (6) Use PSpice to verify your results. 


. Construct a circuit using a 10 V battery, a 3 A source, and as many | Q 


resistors as necessary to obtain a potential of 5 V across the 3 A source. Verify 
your hand calculations using PSpice. 


. Write an appropriate input deck for SPICE to tind vs in the circuit of Fig. 4.87. 


Submit a printout of the output file. with the solution highlighted. 


100 LEQ 








@ FIGURE 4.87 


Design a circuit using only 9 V batteries and resistors that will provide nodal 
voltages of 4 V. 3 V, and 2 V. Write an appropriate input deck for SPICE to 
simulate your solution, and submit a printout of the output file with the desired 
voltages highlighted. Draw a labeled schematic on the printout for reference. 
with node numbers identitied. 


A very long string of multicolored outdoor lights is installed on a house. After 
applying power, the homeowner notices that two bulbs are burned out. (a) Are 
the lights connected in series or parallel? (b) Write a SPICE input deck to 
simulate the lights, assuming 20 AWG wire, 115 V ac power supply, and an 
individual bulb rating of 1 W. There are 400 lights in the string; simulate an 
electrically equivalent circuit with fewer than 25 components for simplicity. 
Submit a printout of the output file, with the power supplied by the wall socket 
highlighted. (c) After replacing the burned-out bulbs, the homeowner notices 
that the lights closest to the outlet are approximately 10 percent brighter than 
the lights at the far end of the string. Provide a possible explanation, keeping in 
mind that nothing in the string is zero ohms. 


CHAPTER 


8’ Analysis Techniques 


KEY CONCEPTS 


Superposition as a Means of 














INTRODUCTION Determining the /ndividual 
The techniques of nodal and mesh analysis described in Chap. 4 Contributions of Different 
are reliable and extremely powerful methods. However, both Sources to Any Current or 
require that we develop a complete set of equations to describe Voltage 
a particular circuit as a general rule, even if only one current, o— 

r ° se R a 
voltage, or power quantity is of interest. In this chapter, we Source Transformation as a 
l . npe : ie , a | Means of Simplifying Circuits 
investigate several different techniques for isolating specific parts 
of a circuit in order to simplify the analysis. After examining the | 

; ; ; i Thévenin’s Theorem 
usage of these techniques, we focus on how one might go about 
@-— 
selecting one method over another. 
Norton's Theorem 
con — 





5.1 _ LINEARITY AND SUPERPOSITION M dliaias 


All of the circuits which we plan to analyze can be classified as lin- Equivalent Networks 
ear circuits, so this is a good time to be more specific in defining 
exactly what we mean by that. Having done this, we can then con- 
sider the most important consequence of linearity, the principle of 


e- —— 





Maximum Power Transfer 


superposition. This principle is very basic and will appear repeat- k 

edly in our study of linear circuit analysis. As a matter of fact, the A <> Y Transformations for 
nonapplicability of superposition to nonlinear circuits is the very Resistive Networks 
reason they are so difficult to analyze! SSS 


Selecting a Particular 


The principle of superposition states that the response (a desired cur- gd 
p perp F Combination of Analysis 


rent or voltage) in a linear circuit having more than one independent 





e. source can be obtained by adding the responses caused by the separate Techniques 
$ independent sources acting alone. = 
arnore <a 


Performing dc Sweep 
Linear Elements and Linear Circuits Simulations Using PSpice 
Let us first define a linear element as a passive element that has a 
linear voltage-current relationship. By a “linear voltage-current 


H/o 


121 














S FIGURE 5.1 A creut with two independent current 
sources, 
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relationship” we simply mean that multiplication of the current through the 
element by a constant X results in the multiplication of the voltage across the 
element by the same constant A. At this time. only one passive element has 
been defined (the resistor) and its voltage-current relationship 


v(t) = Ril) 


is Clearly linear. As a matter of fact. if v(7) is plotted as a function of itt). 
the result is a straight line. 

We must also define a linear dependent source as a dependent current 
or voltage source whose output current or voltage is proportional only to 
the first power of a specified current or voltage variable in the circuit (or to 
the sum of such quantities). For example. the dependent voltage source 
v, = 0.67, — L4e> is linear. but v, = 0.6i; and v, = 0.67; v are not, 

We may now define a linear circuit as a circuit composed entirely of in- 
dependent sources, linear dependent sources, and linear elements. From this 
definition, it is possible to show! that “the response is proportional to the 
source.” or that multiplication of all independent source voltages and cur- 
rents by a constant A increases all the current and voltage responses by the 
same factor K Gincluding the dependent source voltage or current outputs). 


The Superposition Principle 

The most important consequence of linearity is superposition. Let us develop 
the superposition principle by considering first the circuit of Fig. 5.1, which 
contains two independent sources. the current generators that force the cur- 
rents 1, and jp into the circuit. Sources are often called forcing functions tor 
this reason, and the nodal voltages that they produce can be termed response 


functions, or simply responses. Both the forcing functions and the responses 


may be functions of ume. The two nodal equations for this circuit are 
0.7v; — 0.2v = la | l | 
—Q.2v,; + 1.20. = i} 2] 


Now let us perform experiment x. We change the two forcing functions 
to tar and ipx: the two unknown voltages will now be different, so we will 
call them vi, and v>,. Thus, 


0.7v ~ 0.202. = tay [3] 
—O.20,, + l.v = ips [4] 


We next perform experiment y by changing the source currents to iay 
and ipy and measure the responses v1, and v2: 


0.70), — 0.2v = iay [5] 
—O.20;, + L.2vey = ipy [6] 


(1) The proof involves first showing that the use of nodal analysis on the linear circuit can produce only 
linear equations of the form 


di y t dave ce bh ayty =D 


where the a, are constants (combinations of resistance or conductance values, constants appearing in 
dependent source expressions, 0. or sc 4). the v; are the unknown node voltages (responses), and b js an 
independent source value or a sum of independent source values. Given a set of such equations. if we 
multiply all the b's by A, then tt is evident that the solution of this new set of equations will be the node 
voltages Ku), Kuss... Key. 





SECTION 5.1 LINEARITY AND SUPERPOSITION 


These three sets of equations describe the same circuit with three differ- 
ent sets of source currents. Let us add or “superpose” the last two sets of 
equations. Adding Eqs. [3] and [5]. 


(0.7v, + 0.7viy) B (0.2v; + 0.2v2,) = lax + Lay {7] 
O.7 vy = Q 2> TL l, | | | 
and adding Eqs. |4] and [6], 


(0.20), +0.2v1r) + (1.202; + 1.202) = the + iby [8] 


Oi 2b -+- 2v = İp 12] 


where Eq. [1] has been written immediately below Eq. [7] and Eq. [2] below 
Eq. [8] for easy comparison. 

The linearity of all these equations allows us to compare Eq. {7] with 
Eq. [1] and Eq. [8] with Eq. [2] and draw an interesting conclusion. If we 
select iay and iay such that their sum is 7, and select ip, and ipy such that their 
sum is ip, then the desired responses v; and v> may be found by adding vix 
to viy and v2, to va,, respectively. In other words, we can perform experi- 
ment x and note the responses, perform experiment y and note the 
responses, and finally add the two sets of responses. This leads to the fun- 
damental concept involved in the superposition principle: to look at each 
independent source (and the response it generates) one at a time with the 
other independent sources “turned off” or “zeroed out.” 

If we reduce a voltage source to zero volts, we have effectively created 
a short circuit (Fig. 5.2a). If we reduce a current source to zero amps, we 
have effectively created an open circuit (Fig. 5.2b). Thus, the superposition 
theorem can be stated as: 


In any linear resistive network. the voltage across or the current through any re- 
sistor or source may be calculated by adding algebraically all the individual 
voltages or currents caused by the separate independent sources acting alone. 
with all other independent voltage sources replaced by short circuits and all 
other independent current sources replaced by open circuits. 


Thus, if there are N independent sources we must perform N experi- 
ments, each having only one of the independent sources active and the 
others inactive/turned oft/zeroed out. Note that dependent sources are in 
general active in every experiment. 

The circuit we have just used as an example, however, should indicate 
that a much stronger theorem might be written; a group of independent 
sources may be made active and inactive collectively, if we wish. For ex- 
ample, suppose there are three independent sources. The theorem states 
that we may find a given response by considering each of the three sources 
acting alone and adding the three results. Alternatively, we may find the 
response due to the first and second sources operating with the third inac- 
tive, and then add to this the response caused by the third source acting 
alone. This amounts to treating several sources collectively as a sort of 
“supersource.” 

There is also no reason that an independent source must assume only its 
given value or a zero value in the several experiments; it is necessary only 
for the sum of the several values to be equal to the original value. An inac- 
tive source almost always leads to the simplest circuit, however. 





No voltage drop 
across terminals, | 4 
but current can | 
flow 


(a) 


No current 
+ flows, buta +È 
voltage can 
appear across 
the terminals ~ | 


OA 


(b) 


M FIGURE 5.2 (a) A voltage source set to zero acts 
like a short circuit. (b) A current source set to zeto acts 
like an open circuit. 
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Let us illustrate the application of the superposition principle by consid- 
ering an example in which both types of independent source are present. 





For the circuit of Fig. 5.3a, use superposition to write an expression 
for the unknown branch current iy. 





(a) 


60 6 





(b) (c) 


@ FIGURE 5.3 (a) An example circuit with two independent sources for which the branch current 
i is desired; (b) same circuit with current source open-circuited; (c) original circuit with voltage 
source short-circuited. 


We first set the current source equal to zero and redraw the circuit 
as shown in Fig. 5.3b. The portion of i, due to the voltage source has 
been designated i to avoid confusion and is easily found to be 0.2 A. 
We next set the voltage source in Fig. 5.3a to zero and again redraw 
the circuit, as shown in Fig. 5.3c. Routine application of current divi- 
sion allows us to determine that i” (the portion of i, due to the 2A 
current source) is 0.8 A. 
We may now compute the complete current iy as the sum of the two 
individual components: 


è ° ° .} .}} 
iy =ixlgvtizl2za =h +1, 
or 


3 6 
ie = gop t2( gop) =02+08= 104 
+9 


Another way of looking at Example 5.1 is that the 3 V source and the 
2 A source are each performing work on the circuit, resulting in a total cur- 
rent i, flowing through the 9 Q resistor. However, the contribution of the 3 V 
source to i, does not depend on the contribution of the 2 A source, and vice 
versa. For example, if we double the output of the 2 A source to 4A, it will 
now contribute 1.6 A to the total current i, flowing through the 9 &2 resistor. 
However, the 3 V source would still contribute only 0.2 A to iy, for a new 
total current of 0.2 + 1.6 = 1.8 A. 


SECTION 5.1 LINEARITY AND SUPERPOSITION 


PRACTICE 


5.1 For the circuit of Fig. 5.4, use superposition to compute the current ix. 





l X 


— > 


2a (4) (+ jasy 


@ FIGURE 5.4 


Ans: 660 mA. 


As we will see, superposition does not generally reduce our workload 
when considering a particular circuit, since it leads to the analysis of several 
new circuits to obtain the desired response. However, it is particularly use- 
ful in identifying the significance of various parts of a more complex circuit. 
It also forms the basis of phasor analysis, which is introduced in Chap. 10. 





C se fll! EXAMPLE 5.2 


4 ) i AMIE > =a ; 
Referring to the circuit of Fig. 5.5a, determine the maximum positive 
current to which the source Iy can be set before any resistor 

exceeds its power rating and overheats. 


100.0 TED 
100 Q 
O D O wag bin 
(a) (b) 
i100 0 100 2 


64.0 4# 


(c) 
@ FIGURE 5.5 (a) A circuit with two resistors each rated at + W. (b) Circuit 
with only the 6 V source active. (c) Circuit with the source /, active. 


Identify the goal of the problem. 

Each resistor is rated to a maximum of 250 mW. If the circuit allows 

this value to be exceeded (by forcing too much current through 

either resistor), excessive heating will occur—possibly leading to (Continued on next page) 
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an accident. The 6 V source cannot be changed, so we are looking for an 
equation involving /, and the maximum current through each resistor. 


Collect the known information. 
Based on its 250 mW power rating. the maximum current the 100 2 
resistor can tolerate is 


j Pmax l 0.250 50 mA 
VR V 100 

and, similarly, the current through the 64 Q2 resistor must be less than 
62.5 mA. 
Devise a plan. 
Either nodal or mesh analysis may be applied to the solution of this 
problem, but superposition may give us a slight edge, since we are 
primarily interested in the effect of the current source. 
Construct an appropriate set of equations. 
Using superposition, we redraw the circuit as in Fig. 5.55 and find that 
the 6 V source contributes a current 

p 6 

A002 = 100 + 64 
to the 100 Q resistor and, since the 64 & resistor is in series, ig,9 = 
36.59 mA as well. 

Recognizing the current divider in Fig. 5.5c,.we note that igo Will 
add tO ig49, bUt Fogg is Opposite in direction to fj ooo. Zx can therefore 
safely contribute 62.5 — 36.59 = 25.91 mA to the 64 Q resistor cur- 
rent, and 50 — (—36.59) = 86.59 mA to the 100 Q resistor current. 

The 100 © resistor therefore places the following constraint on Zy: 

100 + =) 

64 


= 36.59 mA 


Ix < (86.59 x 10) ( 
and the 64 Q? resistor requires that 


100 + 6 
Iy < (25.91 x 1074) (=x) 


100 
_ Attempt a solution. 


Considering the 100 &2 resistor first, we see that Zy is limited to /y < 
221.9 mA. The 64 © resistor limits Zy such that /y < 42.49 mA. 


+ Verify the solution. Is it reasonable or expected? 
In order to satisfy both constraints, /y must be less than 42.49 mA. If 
the value is increased, the 64 Q resistor will overheat long before the 
100 $2 resistor does. One particularly useful way to evaluate our solu- 
tion is to perform a dc sweep analysis in PSpice as described after the 
next example. An interesting question, however, is whether we would 
have expected the 64 Q resistor to overheat first. 

Originally we found that the 100 Q resistor has a smaller 
maximum current, so it might be reasonable to expect it to limit Jy. 
However, because 7x opposes the current sent by the 6 V source 
through the 100 XQ resistor but adds to the 6 V source’s contribution 
to the current through the 64 Q resistor, it turns out to work the other 
way— it’s the 64 Q resistor that sets the limit on /y. 
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EXAMPLE 5.3 


In the circuit of Fig. 5. 6a, use the superposition principle to deter- 
mine the value of i. 


20 iQ 
I0 V +) (+) C> 2i 
(a) 
20 10 20 iQ 
10 V (+) CY 2i; Q C> 2i; 
th) (c) 


$ FIGURE 5.6 (c) An example circuit with two independent sources and one 
dependent source for which the branch current } is desired. (b) Circuit with the 3 A 
source open-citcuited. (C) Original circuit with the 10 V source short-circuited. 


We first open-circuit the 3 A source (Fig. 5.6b). The single mesh 
equation Is 
~10+4+ 27, + li, +27, = 0 
so that 
i, =2A 
Next, we short-circuit the 10 V source (Fig. 5.6c) and write the 
single-node equation 
vo yp — 2 
2 
and relate the dependent-source-controlling quantity to v”: 
v” = 2(—i7) 
We find 
and, thus, l 
ip =i, til =2+(-06)=14A 
Note that in redrawing each subcircuit, we are always careful to 
use some type of notation to indicate that we are not working with the 


original variables. This prevents the possibility of rather disastrous 
errors when we add the individual results. 


PRACTICE | 


5.2 For the circuit of Fig. 5.7. use superposition to obtain the voltage 
across each current source. 





Ans: v1 |24 = 9.180 V, vaha = —1.148 V, vy [av = 1.967 V, vily = —0.246 V; 


vy = 11.147 V, vp = —1.394 V. 





M FIGURE 5.7 
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Summary of Basic Superposition Procedure 


1. Select one of the independent sources. Set all other indepen- 
dent sources to zero. This means voltage sources are replaced 
with short circuits and current sources are replaced with open 
circuits, Leave dependent sources alone. 

2. Relabel voltages and currents using suitable notation (c.¢.. 
v.7,). Be sure to relabel controlling variables of dependent 
sources to avoid confusion. 


tjd 


Analyze the simplified circuit to find the desired currents 
and/or voltages. 


{ 

| 

| 

4. Repeat steps 1 through 3 until each independent source has | 
been considered. 

5. Add the partial currents and/or voltages obtained from the | 


separate analyses. Pay careful attention to voltage signs and 
current directions when summing. 


6. Do not add power quantities. If power quantities are required. 
calculate only after partial voltages and/or currents have been 
summed. 


Note that step | may be altered in several ways. First. independent 
sources can be considered in groups as opposed to individually tf it simpli- 
fies the analysis, as long as no independent source is included in more than 
one subcircuit. Second, it is technically not necessary to set sources to zero. 
although this is almost always the best route. For example, a 3 V source may 
appear in two subcircuits as a 1.5 V source, since 1.5 + 1.5 = 3 V just as 
0 +3 = 3 V. Because it is unlikely to simplify our analysis, however, there 
is little point to such an exercise. 






COMPUTER-AIDED ANALYSIS 


Although PSpice is extremely useful in verifying that we have analyzed 
a complete circuit correctly, it can also assist us in determining the 
contribution of each source to a particular response. To do this, we 
employ what is known as a dc parameter sweep. 

Consider the circuit presented in Example 5.2, when we were asked 
to determine the maximum positive current that could be obtained from 
the current source without exceeding the power rating of either resistor 
in the circuit. The circuit is shown redrawn using the Orcad Capture 
CIS schematic tool in Fig. 5.8. Note that no value has been assigned 
to the current source. 

After the schematic has been entered and saved, the next step is 
to specify the dc sweep parameters. This option allows us to specify 
a range of values for a voltage or current source (in the present case, 
the current source I,), rather than a specific value. Selecting New l 
Simulation Profile under PSpice, we provide a name for our profile 
and are then provided with the dialog box shown in Fig. 5.9. 


KY Capture CIS - Dem $ 






Sa 9j 
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General Analysis | Configuration Files | Options | Data Collection | Probe Window | 


[DC Sweep 


Options 


M \Secondary Sweep 


Sweep variable 
>| { Voltage source Name: 
@ Current source 
© Global parameter 
©” Model parameter 


iMonte Carlo/Worst Case C Temperature 
| Parametric Sweep 
| Temperature (Sweep) 
| \Save Bias Pont 
| Load Bias Point 





Sweep type 


@ Lines Start value: fo 


End i 50e-3 
Logan [oe] e 


Increment: [0.01e-3 ! 
‘mr S 


@ FIGURE 5.9 DC Sweep dialog box shown with |, selected as the sweep variable. 


Under Analysis Type, we pull down the DC Sweep option, specify 


the “sweep variable” as Current Source, and then type in I, in the 
Name box. There are several options under Sweep Type: Linear, 
Logarithmic, and Value List. The last option allows us to specify each 
value to assign to I,. In order to generate a smooth plot, however, we 
choose to perform a Linear sweep, with a Start Value of 0 mA, an 
End Value of 50 mA, and a value of 0.01 mA for the Increment. 


After we perform the simulation, the graphical output package Probe 


is automatically launched. When the window appears, the horizontal 
axis (corresponding to our variable, I,) is displayed, but the vertical 
axis variable must be chosen. Selecting Add Trace from the Trace 


(Continued on next page) 
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= &2.530m, 39.9537 
42.530m, 250.146n 
0.000, -210.1937 





(b) 


@ FIGURE 5.10 (a) Probe output with text labels identifying the power absorbed by the two 
resistors individually. A horizontal line indicating 250 mW has also been included, as well as text 
labels to improve clarity. (b) Cursor dialog box. 


menu, we click on I(R1), then type an asterisk in the Trace Expression 
box, click on I(R1) once again, insert yet another asterisk, and finally 
type in 100. This asks Probe to plot the power absorbed by the 100 Q 
resistor. In a similar fashion, we repeat the process to add the power 
absorbed by the 64 Q resistor, resulting in a plot similar to that shown 
in Fig. 5.10a. A horizontal reference line at 250 mW was also added to 
the plot by typing 0.250 in the Trace Expression box after selecting 
Add Trace from the Trace menu a third time. 

We see from the plot that the 64 Q resistor does exceed its 250 mW 
power rating in the vicinity of I, = 43 mA. Incontrast, however, we 
see that regardless of the value of the current source I, (provided that it is 
between 0 and 50 mA), the 100 Q resistor will never dissipate 250 mW: 
in fact, the absorbed power decreases with increasing current from the 
current source. If we desire a more precise answer we can make use of 
the cursor tool, which is invoked by selecting Trace, Cursor, Display 
from the menu bar. Figure 5.10 shows the result of dragging both 
cursors to 42.53 mA; the 64 Q resistor has just barely exceeded its rating 
at this current level. Increased precision can be obtained by decreasing 
the increment value used in the dc sweep. 

This technique is very useful in analyzing electronic circuits, where 
we might need, for example, to determine what input voltage is required 
to a complicated amplifier circuit in order to obtain a zero output 
voltage. We also notice that there are several other types of parameter 
sweeps that we can perform, including a dc voltage sweep. The ability to 
vary temperature is useful only when dealing with component models 
that have a temperature parameter built in, such as diodes and transistors. 
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Unfortunately, it usually turns out that little if any time is saved in ana- 
lyzing a circuit containing one or more dependent sources by use of the 
superposition principle, for there must always be at least two sources in 
operation: one independent source and all the dependent sources. 

We must constantly be aware of the limitations of superposition. It is 
applicable only to linear responses, and thus the most common nonlinear 
response—-power—is not subject to superposition. For example, consider 
two | V batteries in series with a 1 Q resistor. The power delivered to the re- 
sistor is obviously 4 W, but if we mistakenly try to apply superposition we 
might say that each battery alone furnished | W and thus the total power is 
2 W. This is incorrect, but a surprisingly easy mistake to make. 


5.2 SOURCE TRANSFORMATIONS 
Practical Voltage Sources 


` Up to now we have been working exclusively with ideal voltage and cur- 
rent sources; it is now time to take a step closer to reality by considering 
practical sources. These sources will enable us to make more realistic rep- 
resentations of physical devices. Once we have defined practical sources, 
we will see that practical current and voltage sources may be interchanged 
without affecting the remainder of the circuit. Such sources will be called 
equivalent sources. Our methods will be applicable to both independent 
and dependent sources, although we will find that they are not as useful 
with dependent sources. 

The ideal voltage source was defined as a device whose terminal voltage 
is independent of the current through it. A 1 V de source produces a current 
of 1 A through a 1 Q resistor, and a current of 1,000,000 A through a | wQ 
resistor; it can provide an unlimited amount of power. No such device exists 
practically, of course, and we agreed previously that a real physical voltage 
source could be represented by an ideal voltage source only as long as rela- 
tively small currents, or powers, were drawn from it. For example, a car 
battery may be approximated by an ideal 12 V de voltage source if its cur- 
rent is limited to a few amperes (Fig. 5.11a). However, anyone who has ever 
tried to start an automobile with the headlights on must have observed that 
the lights dimmed perceptibly when the battery was asked to deliver the 
heavy starter current, 100 A or more, in addition to the headlight current. 
Under these conditions, an ideal voltage source is not really an adequate 
representation of the battery. 

To better approximate the behavior of a real device, the ideal voltage 
source must be modified to account for the lowering of its terminal voltage 
when large currents are drawn from it. Let us suppose that we observe ex- 
perimentally that our car battery has a terminal voltage of 12 V when no 
current is flowing through it, and a reduced voltage of 11 V when 100 A is 
flowing. How could we model this behavior? Well, a more accurate model 
might be an ideal voltage source of 12 V in series with a resistor across 
which | V appears when 100 A flows through it. A quick calculation shows 
that the resistor must be | V/100 A = 0.01 &, and the ideal voltage source 
and this series resistor constitute a practical voltage source (Fig. 5.110). 
Thus, we are using the series combination of two ideal circuit elements, an 
independent voltage source and a resistor, to model a real device. 





(a) 


0.01 0 


(b) 

WE FIGURE 5.11 (a) An ideal 12 V dc voltage source 
used to model a car battery. (6) A more accurate 
model that accounts for the observed reduction in 
terminal voltage at large currents. 
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0010 I, We do not expect to find such an arrangement of ideal elements inside our 

Z car battery, of course. Any real device is characterized by a certain current- 

voltage relationship at its terminals, and our problem is to develop some 

combination of ideal elements that can furnish a similar current-voltage char- 
acteristic, at least over some useful range of current, voltage, or power. 

In Fig. 5.12a, we show our two-piece practical model of the car battery 

(a) now connected to some load resistor Rz. The terminal voltage of the practical 

source is the same as the voltage across Ry; and is marked? V;. Figure 5.12/ 

shows a plot of load voltage V; as a function of the load current /; for this 

ideal source practical source. The KVL equation for the circuit of Fig. 5.12a may be 

written in terms of J; and Vz: 










12 = 0.017, + Vi 
Practical 


source and thus 


Source voltage V, (V) 
> 


Ve = —0.01/, + 12 


0 >00 400 600 800 1000 1200 This is a linear equation in /, and Vz. and the plot in Fig. 5.126 is a straight 


Load current J, (A) line. Each point on the line corresponds to a different value of Rz. For exam- 

lb) ple, the midpoint of the straight line is obtained when the load resistance is 

m FIGURE 5.12 (2) A practical source, which equal to the internal resistance of the practical source, or R; = 0.01 Q. Here, 
approximates the behavior of a certain 12 V the load voltage is exactly one-half the ideal source voltage. 

automobile battery, is shown connected to a load When R; = œ and no current whatsoever is being drawn by the load. 

resistor f;. (b} The relationship between /, and V the practical source is open-circuited and the terminal voltage, or open- 


is linear. circuit voltage, is Vroe = 12 V. If. on the other hand, R; = 0, thereby short- 


circuiting the load terminals, then a load current or short-circuit current. 

[ise = 1200 A, would flow. (Jn practice, such an experiment would proba- 

bly result in the destruction of the short circuit, the battery, and any mea- 
R, 7 suring instruments incorporated in the circuit’) 

Since the plot of V; versus /; is a straight line for this practical voltage 
source, we should note that the values of V;,. and /;,. uniquely determine 
the entire V; — Ír curve. 

The horizontal broken line of Fig. 5.124 represents the V; — I plot for 
an ideal voltage source; the terminal voltage remains constant for any value 









(a) of load current. For the practical voltage source, the terminal voltage has a 
i value near that of the ideal source only when the load current is relatively 
small. 
Let us now consider a general practical voltage source, as shown in 
lise ' Ideal Fig. 5.13a. The voltage of the ideal source is v, and a resistance R,, called 
vy 4 


` SOUTee an internal resistance or output resistance, 1s placed in series with it. Again, 

| we must note that the resistor is not really present as a separate component 
but merely serves to account for a terminal voltage that decreases as the 
load current increases. Its presence enables us to model the behavior of a 

v physical voltage source more closely. 

Moe = Uy l The linear relationship between vz and i; is 


Practical 
source 







th) 


, UL = b — R; i L [9] 
E FIGURE 5.13 (c) A general practical voltage 
source connected to a load resistor R;. (b) The terminal 
voltage of a practical voltage source decreases as J; 
; (2) From this point on we will endeavor to adhere to the standard convention of referring to strictly de 
increases and R; = v; fi, decreases, The terminal SEES - ! E : 
voltage of an ideal voltage source (also plotted) quantities using capital letters, whereas lowercase letters denote a quantity that we know to possess some 


; i time-varying component. However, in describing general theorems which apply to either de or ac, we wili 
remains the same for any current delivered to a load. continue to use lowercase to emphasize the general nature of the concept. 
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and this is plotted in Fig. 5.13b. The open-circuit voltage (R; = oo, so 
iy = 0) 1S 


ULoc = Us [10] 
and the short-circuit current (R; = 0, so vz = 0) is 


, Us 
Eisc = R, [11] 
Once again, these values are the intercepts for the straight line in Fig. 5.13b, 
and they serve to define it completely. 


Practical Current Sources 


An ideal current source is also nonexistent in the real world; there is no 
physical device that will deliver a constant current regardless of the load re- 
sistance to which it is connected or the voltage across its terminals. Certain 
transistor circuits will deliver a constant current to a wide range of load re- 
sistances, but the load resistance can always be made sufficiently large that 
the current through it becomes very small. Infinite power is simply never 
available (unfortunately). 

A practical current source is defined as an ideal current source in paral- 
lel with an internal resistance R,. Such a source is shown in Fig. 5.14a, and 
the current i; and voltage v; associated with a load resistance R; are indi- 
cated. Application of KCL yields 

i, =i- = [12] 
p 
which is again a linear relationship. The open-circuit voltage and the short- 
circuit current are 


VLoc = Ryis [13] 
and 


Isc = ls [14] 


The variation of load current with changing load voltage may be inves- 
tigated by changing the value of R; as shown in Fig. 5.14. The straight line 
is traversed from the short-circuit, or “northwest,” end to the open-circuit 
termination at the “southeast” end by increasing R; from zero to infinite 
ohms. The midpoint occurs for Ry = Rp. The load current i, and the ideal 
source current are approximately equal only for small values of load volt- 
age, which are obtained with values of R; that are small compared to Rp. 


Equivalent Practical Sources 


Having defined both practical sources, we are now ready to discuss their 
equivalence. We will define two sources as being equivalent if they produce 
identical values of v; and i; when they are connected to identical values of 
R;, no matter what the value of R; may be. Since R; = œ and Rz = 0 are 
two such values, equivalent sources provide the same open-circuit voltage 
and short-circuit current. In other words, if we are given two equivalent 
sources, one a practical voltage source and the other a practical current 
source, each enclosed in a black box with only a single pair of terminals, 











__Adeal source 


Practical 
source 


vy 


Loc = Ros 


(b) 

@ FIGURE 5.14 (c) A general practical current 
source connected to a load resistor R}. (b) The load 
current provided by the practical current source is 
shown as a function of the load voltage. 








@ FIGURE 5.15 (a) A given practical 
voltage source connected to a load R). 
(b) The equivalent practical current source 
connected to the same load. 


@ FIGURE 5.16 (a) A given practical 
current source. (b) The equivalent practical 
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then there is no way in which we can tell which source is in which box by 
measuring current or voltage in a resistive load. 

Consider the practical voltage source and resistor R; shown in Fig. 5.15a, 
and the circuit composed of a practical current source and resistor Rz; shown 
in Fig. 5.15. A simple calculation shows that the voltage across the load R; 
of Fig. 5.15a is 


Rı 


Iae [15] 
Rs + Ry 


UL — 


A similarly simple calculation shows that the voltage across the load R; 
in Fig. 5.155 is 


The two practical sources are electrically equivalent, then, if 


R, = R, [16] 
and 
Vg = Rpis = Rsis [17] 


where we now let R, represent the internal resistance of either practical 
source, which is the conventional notation. 

As an illustration of the use of these ideas, consider the practical current 
source shown in Fig. 5.16a. Since its internal resistance is 2 Q, the internal 
resistance of the equivalent practical voltage source is also 2 Q; the voltage 
of the ideal voltage source contained within the practical voltage source is 
(2)(3) = 6 V. The equivalent practical voltage source is shown in Fig. 5.16b. 

To check the equivalence, let us visualize a 4 Q resistor connected to 
each source. In both cases a current of 1 A, a voltage of 4 V, and a power of 
4 W are associated with the 4 Q load. However, we should note very care- 
fully that the ideal current source is delivering a total power of 12 W, while 
the ideal voltage source is delivering only 6 W. Furthermore, the internal 
resistance of the practical current source is absorbing 8 W, whereas the in- 
ternal resistance of the practical voltage source is absorbing only 2 W. Thus 
we see that the two practical sources are equivalent only with respect to 
what transpires at the load terminals; they are not equivalent internally! 


Compute the current through the 4.7 kQ resistor in Fig. 5.17a after 
transforming the 9 mA source into an equivalent voltage source. 


The equivalent source consists of an independent voltage source of 
(9 mA) x (5 KQ) = 45 V in series with a 5 KQ resistor, as depicted in 
Fig. 5.175. 


A simple KVL equation around the loop yields: 
—45 + 50007 + 4700/7 + 30007 + 3 = 0 
which can be easily solved to find that the current Z = 3.307 mA. 
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4.7kQ 3kOD SkQ 4.7kQ 3kO 





(a) (b) 


@ FIGURE 5.17 (a) A circuit with both a voltage source and a current source. (b) The circuit 
after the 9 mA source is transformed into an equivalent voltage source. 


PRACTICE 


5.3 For the circuit of Fig. 5.18, compute the current Zx through the 47 kQ 
resistor after performing a source transformation on the voltage source. 
5k 


5V <> 47 KQ CH) | mA 


E FIGURE 5.18 


Ans: 192 WA. 





Calculate the current through the 2 Q resistor in Fig. 5.19a on the 


next page by making use of source transformations to first simplify 
the circuit. 


We begin by transforming each current source into a voltage source 
(Fig. 5.19b), the strategy being to convert the circuit into a simple loop. 

We must be careful to retain the 2 Q resistor for two reasons: first, the 
dependent source controlling variable appears across it, and second, we 
desire the current flowing through it. However, we can combine the 17 Q 
and 9 {2 resistors, since they appear in series. We also see that the 3 Q and 
4 Q resistors may be combined into a single 7 Q resistor, which can then 
be used to transform the 15 V source into a 15/7 A source as in Fig. 5.19c. 

As a final simplification, we note that the two 7 Q resistors can be 
combined into a single 3.5 Q resistor, which may be used to transform 
the 15/7 A current source into a 7.5 V voltage source. The result is a 
simple loop circuit, shown in Fig. 5.19d. 

The current / can now be found using KVL: 


-7.5 +3.57 —51V, +281 +9 = 0 





(Continued on next page) 








—— > CHAPTER 5 USEFUL CIRCUIT ANALYSIS TECHNIQUES 





(d) 


M FIGURE 5.19 (0) A circuit with two independent current sources and one 
dependent source. (b) The circuit after each source is transformed into a voltage 
source. (c) The circuit after further combinations. (7) The final circuit. 


5.4 For the circuit of Fig. 5.20, compute the voltage V across the | MQ 
resistor using repeated source transformations. 





MÜ HA Ly 


75 uA (+) M 


E FIGURE 5.20 


Ans: 27.23 V. 
+ 
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Several Key Points 


We conclude our discussion of practical sources and source transformations 
with a few spectalized observations. First, when we transform a voltage 
source, we must be sure that the source is in fact in series with the resistor 
under consideration. For example, in the circuit shown in Fig. 5.21, itis per- 
fectly valid to perform a source transformation on the voltage source using 
the 10 Q resistor, as they are in series. However, it would be incorrect to 
attempt a source transformation using the 60 V source and the 30 Q2 resistor— 
a very common type of error. 

In a similar fashion, when we transform a current source and resistor 
combination, we must be sure that they are in fact im parallel. Consider the 
current source shown in Fig. 5.22a. We may perform a source transforma- 
tion including the 3 resistor, as they are in parallel, but after the transfor- 
mation there may be some ambiguity as to where to place the resistor. In 
such circumstances, it is helpful to first redraw the components to be trans- 
formed as in Fig. 5.225. Then, the transformation to a voltage source in 
series with a resistor may be drawn correctly as shown in Fig. 5.22c; the 
resistor may in fact be drawn above or below the voltage source. 

It is also worthwhile to consider the unusual case of a current source in 
series with a resistor and its dual, the case of a voltage source in parallel 








0.4i, 





@ FIGURE 5.21 An example circuit to illustrate how to determine if a source 
transformation can be performed. 





70 


(c) 
M FIGURE 5.22 (a) A circuit with a current source to be transformed to a voltage source. (b) Circuit 
redrawn so as to avoid errors. (c) Transformed source/resistor combination. 
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with a resistor, Let’s start with the simple circuit of Fig. 5.23a, where we are 
interested only in the voltage across the resistor marked R». We note that re- 
gardless of the value of resistor Ry. Ve. = 1, R>. Although we might he 
tempted to perform an inappropriate source transformation on such a cir- 
cuit. in fact we may simply omit resistor R, (provided that it is of no interest 
to us itself). A similar situation arises with a voltage source in parallel with 
a resistor, as depicted in Fig. 5.235. Again. if we are only interested in some 
quantity regarding resistor R>. we may tind ourselves tempted to perform 
some strange (and incorrect) source transformation on the voltage source 
and resistor R,. In reality. we may omit resistor R; from our circuit as far as 
resistor R> is concerned—ilts presence does not alter either the voltage 
across. the current through, or the power dissipated by resistor R2. 


R; 


l, Q R. V, C) R, 


(ch) tH} 


@ FIGURE 5.23 (2) Circuit with a resistor R: in series with a current 


source. (b) A voltage source in parallel with two resistors. 


Summary of Source Transformation 


1. A common goal in source transformation is to end up with 
either all current sources or all voltage sources in the circuit. 
This is especially true if it makes nodal or mesh analysis easier. 


Repeated source transformations can be used to simplify a 
circuit by allowing resistors and sources to eventually be 
combined. 


The resistor value does not change during a source transfor- 
mation, but it is not the same resistor. This means that currents 
or voltages associated with the original resistor are irretrievably 
lost when we perform a source transformation. 


If the voltage or current associated with a particular resistor is 
used as a controlling variable for a dependent source, it should 
not be included in any source transformation. The original 
resistor must be retained in the final circuit, untouched. 


If the voltage or current associated with a particular element is 
of interest, that element should not be included in any source 
transformation. The original element must be retained in the final 
circuit, untouched. 


In a source transformation, the head of the current source 
arrow corresponds to the “+” terminal of the voltage source. 


A source transformation on a current source and resistor 
requires that the two elements be in parallel, 


A source transformation on a voltage source and resistor 
requires that the two elements be in series. 
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5.3 THÉVENIN AND NORTON EQUIVALENT CIRCUITS 


Now that we have been introduced to source transformations and the super- 
position principle, it is possible to develop two more techniques that will 
greatly simplify the analysis of many linear circuits. The first of these theo- 
rems is named after M. L. Thévenin, a French engineer working in telegra- 
phy who published the theorem in 1883; the second may be considered a 
corollary of the first and is credited to E. L. Norton, a scientist with the Bell 
Telephone Laboratories. 

Let us suppose that we need to make only a partial analysis of a circuit. 
For example, perhaps we need to determine the current, voltage, and power 
delivered to a single “load” resistor by the remainder of the circuit, which 
may consist of a sizable number of sources and resistors (Fig. 5.24a). Or, 
perhaps we wish to find the response for different values of the load resis- 
tance. Thévenin’s theorem tells us that it is possible to replace everything 
except the load resistor with an independent voltage source in series with a 
resistor (Fig. 5.24b); the response measured at the load resistor will be un- 
changed. Using Norton’s theorem, we obtain an equivalent composed of an 
independent current source in parallel with a resistor (Fig. 5.24c). 


Complex 


network 





(a) (b) (c) 


@ FIGURE 5.24 (a) A complex network including a load resistor R,. (b) A Thévenin equivalent 
network connected to the load resistor R,. (c) A Norton equivalent network connected to the load 
resistor R}. 


It should thus be apparent that one of the main uses of Thévenin’s and 
Norton’s theorems is the replacement of a large part of a circuit, often a 
complicated and uninteresting part, with a very simple equivalent. The new, 
simpler circuit enables us to make rapid calculations of the voltage, current, 
and power which the original circuit is able to deliver to a load. It also helps 
us to choose the best value of this load resistance. In a transistor power 
amplifier, for example, the Thévenin or Norton equivalent enables us to 
determine the maximum power that can be taken from the amplifier and 
delivered to the speakers. 





EXAMPLE 5.6 


Consider the circuit shown in Fig. 5.25a on the next page. 
Determine the Thévenin equivalent of network A, and compute the 
power delivered to the load resistor Rz. 


The dashed regions separate the circuit into networks A and B; our main 
interest is in network B, which consists only of the load resistor Rz. Net- 
work A may be simplified by making repeated source transformations. 


(Continued on next page) 











@ FIGURE 5.26 
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E FIGURE 5.25 (c) A circuit separated into two networks. (6)-(¢) intermediate ‘steps to simplifying 
network A. (e) The Thévenin equivalent circuit, 


We first treat the 12 V source and the 3 Q resistor as a practical volt- 
age source and replace it with a practical current source consisting of a 
4 A source in parallel with 3 Q (Fig. 5.255). The parallel resistances are 
then combined into 2 Q (Fig. 5.25c), and the practical current source that 
results is transformed back into a practical voltage source (Fig. 5.25d). 
The final result is shown in Fig. 5.25e. 

From the viewpoint of the load resistor R,, this network A (the 
Thévenin equivalent) is equivalent to the original network A; from our 
viewpoint. the circuit is much simpler, and we can now easily compute 
the power delivered to the load: 


4 


& æ 
P,={——) R 
l (<<) £ 


Furthermore, we can see from the equivalent circuit that the maxi- 
mum voltage that can be obtained across R; is 8 V and corresponds to 
R, = œœ. A quick transformation of network A to a practical current 
source (the Norton equivalent) indicates that the maximum current that 
may be delivered to the load is 8/9 A, which occurs when R; = 0. 
Neither of these facts is readily apparent from the original circuit. 


PRACTICE 


rarer a ee e aeaa 


5.5 Using repeated source transformations, determine the Norton 
equivalent of the highlighted network in the circuit of Fig. 5.26. 


Ans: 1A, 5 Q. 


SECTION 5.3 THEVENIN AND NORTON EQUIVALENT CIRCUITS 


Thevenin’s Theorem 


Using the technique of source transformation to find a Thévenin or Norton 
equivalent network worked well enough in Example 5.6, but it can rapidly 
become impractical in situations where dependent sources are present or the 
circuit is composed of a large number of elements. An alternative is to em- 
ploy Thévenin’s theorem (or Norton’s theorem) instead. We will state the 
theorem as a somewhat formal procedure and then proceed to consider var- 
ious ways to make the approach more practical depending on the situation 
we face. 


A Statement of Thévenin’s Theorem? 


Given any linear circuit, rearrange it in the form of two net- 
works, A and B, connected by two wires. A is the network to be 
simplified; B will be left untouched. 


Disconnect network B. Define a voltage vo as the voltage now 
appearing across the terminals of network A. 


Turn off or “zero out” every independent source in network A 


to form an inactive network. Leave dependent sources 
unchanged. 


Connect an independent voltage source with value voc in series 
with the inactive network. Do not complete the circuit; leave the 
two terminals disconnected. 


Connect network B to the terminals of the new network A. 
All currents and voltages in B will remain unchanged. 





Note that if either network contains a dependent source, its control 
variable must be in the same network. 

Let us see if we can apply Thévenin’s theorem successfully to the circuit 
we considered in Fig. 5.25. We have already found the Thévenin equivalent 
of the circuit to the left of R; in Example 5.6, but we want to see if there is 
an easier way to obtain the same result. 


Use Thévenin’s theorem to determine the Thévenin equivalent for 
that part of the circuit in Fig. 5.25a to the left of Ry. | 


We begin by disconnecting Rz, and note that no current flows through 
the 7 Q resistor in the resulting partial circuit shown in Fig. 5.27a on the 
next page. Thus, V»: appears across the 6 Q resistor (with no current 
through the 7 Q resistor there is no voltage drop across it), and voltage 
division enables us to determine that 


V= 12 =z) =8V 
a6 


(Continued on next page) 


(3) A proof of Thévenin’s theorem in the form in which we have stated it is rather lengthy, and therefore it 
has been placed in App. 3, where the curious may peruse it. 

















@ FIGURE 5.28 
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tad) 





W FIGURE 5.27 (2) The circuit of Fig. 5.25g with network B (the resistor 
Ri} disconnected and the voltage across the connecting terminals labeled 
as Voa. (b) The independent source in Fig. 5.25a has beer killed, and we 
look into the terminals where network 8 was connected to determine the 
effective resistance of network 4. 


Killing network A (1.e., replacing the 12 V source with a short 
circuit), we see looking back into the dead network a 7 Q resistor 
connected in series with the parallel combination of 6 Q and 3 Q 
(Fig. 5.275). 

Thus, the dead network can be represented here by a 9 Q2 resistor, 
referred to as the Thévenin equivalent resistance of network A. The 
Thévenin equivalent then is Və in series with a9 Q resistor, which 
agrees with our previous result. 


PRACTICE 


tr an tr 
3.6 Use Thévenin’s theorem to find the current through the 2 Q resistor 
in the circuit of Fig. 5.28. (Hint: Designate the 2 Q resistor as network B.) 





Ans: Vra = 2.571 V, Rra = 7.857 Q, bo = 260.8 mA. 


A Few Key Points 


The equivalent circuit we have learned how to obtain is completely inde- 
pendent of network B, because we have been instructed first to remove net- 
work B and then measure the open-circuit voltage produced by network A, an 
operation that certainly does not depend on network B in any way. The B 
network is mentioned in the statement of the theorem only to indicate that an 
equivalent for A may be obtained no matter what arrangement of elements is 
connected to the A network; the B network represents this general network. 
There are several points about the theorem which deserve emphasis. 


¢ The only restriction that we must impose on A or B is that all 
dependent sources in A have their control variables in A, and similarly 
for B. 


* No restrictions were imposed on the complexity of A or B; either one 
may contain any combination of independent voltage or current 
sources, linear dependent voltage or current sources, resistors, or any 
other circuit elements which are linear. 


* The dead network A can be represented by a single equivalent resis- 
tance Ryp. which we will call the Thévenin equivalent resistance. 
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This holds true whether or not dependent sources exist in the dead 
A network, an idea we will explore shortly. 


e A Thévenin equivalent consists of two components: a voltage source 
in series with a resistance. Either may be zero, although this is not 
usually the case. 


Norton’s Theorem 


Norton’s theorem bears a close resemblance to Thévenin’s theorem and 
may be stated as follows: 


A Statement of Norton’s Theorem 




















l. Given any linear circuit, rearrange it in the form of two net- 
works, A and B, connected by two wires. A is the network to be 
simplified; B will be left untouched. As before, if either network 
contains a dependent source. its controlling variable must be in 
the same network. 


t 


Disconnect network B, and short the terminals of A. Define 
a current /, as the current now flowing through the shorted 
terminals of network A. 


3. Turn off or “zero out” every independent source in network 
A to form an inactive network. Leave dependent sources 
unchanged. 


4. Connect an independent current source with value i,, in 
parallel with the inactive network. Do not complete the circuit: 
leave the two terminals disconnected. 


5. Connect network B to the terminals of the new network A. 
All currents and voltages in B will remain unchanged. 


The Norton equivalent of q linear network is the Norton current source 
icc in parallel with the Thévenin resistance Ry. Thus. we see that in fact it 
is possible to obtain the Norton equivalent of a network by performing a 
source transformation on the Thévenin equivalent. This results in a direct 
relationship between voc, ise, and Rry: 


| Voe = Rr Alse | [18] 


In circuits containing dependent sources, we will often find it more con- 
venient to determine either the Thévenin or Norton equivalent by finding 
both the open-circuit voltage and the short-circuit current and then deter- 
mining the value of Rry as their quotient. It is theretore advisable to be- 
come adept at finding both open-circuit voltages and short-circuit currents, 
even in the simple problems that follow. If the Thévenin and Norton equiv- 
alents are determined independently, Eq. [18] can serve as a useful check. 

Let us consider three different examples of the determination of a 
Thévenin or Norton equivalent circuit. 








EXAMPLE 5.8 
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Find the Thévenin and Norton equivalent circuits for the network 
faced by the 1 kQ resistor in Fig. 5.29a. 


2k 3k S kO 


7 Pn F " 


(ei) ih) 


nO (t) 1.6ma ke 


(c) (d) 





(e) 


E FIGURE 5.29 (c) A given circuit in which the 1 kQ resistor is identified as network B. 
(b) Network A with all independent sources killed. (c) The Thévenin equivalent is shown for 
network A. (d) The Norton equivalent ts shown for network A. (e) Circuit for determining /c. 


From the way the problem statement is worded, we know that network B 
is the 1 k&2 resistor, and network A is the remainder of the circuit. The 
circuit contains no dependent sources, and the easiest way to find the 
Thévenin equivalent is to determine Ry y for the dead network directly, 
followed by a calculation of either Vj. or khe. 

We first determine the open-circuit voltage; in this case it is easily 
found by superposition. With only the 4 V source operating, the open- 
circuit voltage is 4 V; when only the 2 mA source is on, the open-circuit 
voltage is 2 mA x 2k& = 4 V (no current flows through the 3 KQ 
resistor with the 1 kQ resistor disconnected). With both independent 
sources on, we see that Va =4+4=8V. 

We next kill both independent sources to determine the form of the 
dead A network. With the 4 V source short-circuited and the 2 mA 
source open-circuited as in Fig. 5.29), the result is the series combina- 
tion of a 2 KQ and a 3 kQ resistor, or the equivalent, a 5 kQ resistor. 

This determines the Thévenin equivalent, shown in Fig. 5.29c, and 
from it the Norton equivalent of Fig. 5.29d can be drawn quickly. As a 
check, let us determine Z for the given circuit (Fig. 5.29e). We use 
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superposition and a little current division: 
2 


4 
Iso = sclav + Ascl2 ma = 2+3 t373 


= 0.8 + 0.8 = 1.6 mA 


which completes the check. 


PRACTICE _ 


5.7 Determine the Thévenin and Norton equivalents of the circuit of 
Fig. 5.30. 


2 kQ i kO 


ay) C1) 5kO 





E FIGURE 5.30 


Ans: —7.857 V, —3.235 mA, 2.429 ka. 


When Dependent Sources Are Present 


Technically speaking, there does not always have to be a “network B” for us 
to invoke either Thévenin’s theorem or Norton’s theorem; we could instead 
be asked to find the equivalent of a network with two terminals not yet con- 
nected to another network. If there is a network B that we do not want to in- 
volve in the simplification procedure, however, we must use a little caution 
if it contains dependent sources. In such situations, the controlling variable 
and the associated element(s) must be included in network B and excluded 
from network A. Otherwise, there will be no way to analyze the final circuit 
because the controlling quantity will be lost. 

If network A contains a dependent source, then again we must ensure 
that the controlling variable and its associated element(s) cannot be in net- 
work B. Up to now, we have only considered circuits with resistors and in- 
dependent sources. Although technically speaking it is correct to leave a 
dependent source in the “dead” or “inactive” network when creating a 
Thévenin or Norton equivalent, in practice this does not result in any kind 
of simplification. What we really want is an independent voltage source in 
series with a single resistor, or an independent current source in parallel 
with a single resistor—in other words, a two-component equivalent. In the 
folowing examples, we consider various means of reducing networks with 
dependent sources and resistors into a single resistance. 


(4) Note: If we use resistance in kQ throughout our equation and voltage is expressed in volts, then the 
current will always automatically be in mA. 
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Determine the Thévenin equivalent of the circuit in Fig. 5.31a. 


2kQ 


2k IKO 


3 kA 





(a) ih) 


s 
ic) 
@ FIGURE 5.31 (2) A given network whose Thévenin equivalent is desired. (D) A possible, 


but rather useless, form of the Thévenin equivalent. (c) The best form of the Thévenin 
equivalent for this linear resistive network. 


To find V,. we note that v, = Vò and that the dependent source current 
must pass through the 2 kQ2 resistor, since no current can flow through 
the 3 KQ resistor. Using KVL around the outer loop: 


-4+2 x10 (-z) +3 x 103(0) +, =0 


and 
v = 8 V = Ve 


By Thévenin’s theorem, then, the equivalent circuit could be formed 
with the dead A network in series with an 8 V source, as shown in 
Fig. 5.3 1b. This is correct, but not very simple and not very helpful; in 
the case of linear resistive networks, we should certainly show a much 
simpler equivalent for the inactive A network, namely, Ryn. 

The presence of the dependent source prevents us from determining 
Rry directly for the inactive network through resistance combination: 
we therefore seek /,.. Upon short-circuiting the output terminals in 
Fig. 5.314, it is apparent that V, = 0 and the dependent current source 
is dead. Hence, JZ = 4/(5 x 10°) = 0.8 mA. Thus, 

Voc 8 


Rry = -S = — = 10k 
TH Tee (0.8 x 10%) 


and the acceptable Thévenin equivalent of Fig. 5.31c is obtained. 
PRACTICE. | 
5.8 Find the Thévenin equivalent for the network of Fig. 5.32. (Hint: 


0.01V 20k . . . 
! Ok A quick source transformation on the dependent source might help.) 





E FIGURE 5.32 Ans: —502.5 mV, — 100.5 Q. 
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As our final example, let us consider a network having a dependent 
source but no independent source. 






EXAMPLE 5.10 





2 NQ Test 


(a) (b) 


060 


(c) O 


M FIGURE 5.33 (a) A network with no independent sources. (b) A hypothetical measurement to 
obtain Rr. (© The Thévenin equivalent to the original circuit. 


Since the rightmost terminals are already open-circuited, i = Q. 
Consequently, the dependent source is dead, so vo = 0. 

We next seek the value of Ry; represented by this two-terminal 
network. However, we cannot find voc and ise and take their quotient, 
for there is no independent source in the network and both voc and ise 
are zero. Let us, therefore, be a little tricky. 

We apply a | A source externally, measure the voltage vies that 
results, and then set Ry = Ves/ 1. Referring to Fig. 5.33b, we see 





that i = —1 A. Applying nodal analysis, 
Ves — 1.5(—1) Vtest 
a + > 7 | 
so that 
Viest = 0.6 V 
and thus 
Rra = 0.6 2 


The Thévenin equivalent is shown in Fig. 5.33c. 


A Quick Recap of Procedures 


We have now looked at three examples in which we determined a Thévenin 
or Norton equivalent circuit. The first example (Fig. 5.29) contained only 
independent sources and resistors, and several different methods could have 
been applied to it. One would involve calculating Rr y for the dead network 
and then Voe for the live network. We could also have found Rry and Fc, Or 
Voc and feo. 





(PRACTICAL APPLICATION 


The Digital Multimeter 








One of the most common pieces of electrical test equip- | KQ 
ment is the DMM, or digital multimeter (Fig. 5.34), 
which is designed to measure voltage, current, and resis- 


tance values. 9V 


4.500 VDC 


DMM 
V/Q COM 
O O 





€ FIGURE 5.35 A DMM connected to measure voltage. 


reference terminal—often referred to as the common 
terminal—is typically designated by “COM.” The typi- 
cal convention is to use a red-colored lead for the posi- 
tive reference terminal and a black lead for the common 
terminal. 

From our discussion of Thévenin and Norton equiva- 
lents, it may now be apparent that the DMM has its own 
Thévenin equivalent resistance. This Thévenin equiva- 
lent resistance will appear in parallel with our circuit, 
and its value can affect the measurement (Fig. 5.36). The 
DMM does not supply power to the circuit to measure 
voltage, so its Thévenin equivalent consists of only a 
resistance, which we will name Rpmm- 








9V 
@ FIGURE 5.34 A handheld digital multimeter. 





E FIGURE 5.36 DMM in Fig. 5.35 shown as its Thévenin equivalent 


In a voltage measurement, two leads from the DMM resistance, Romn. 


are connected across the appropriate circuit element, as 





depicted in Fig. 5.35. The positive reference terminal of 
' the meter is typically marked “V/Q,” and the negative 





The input resistance of a good DMM is typically 
10 MQ or more. The measured voltage V thus appears 


In the second example (Fig. 5.31), both independent and dependent 
sources were present, and the method we used required us to find Voc and 
[,.. We could not easily find Rr for the dead network because the depen- 
dent source could not be made inactive. 


fad», The last example did not contain any independent sources, and therefore 
<CauTION> the Thévenin and Norton equivalents do not contain an independent source. 
Ww We found Rry by applying | A and finding Vies = | X Rra. We could also 


apply 1 V and determine i = 1/Rry. These two related techniques can be 
applied to any circuit with dependent sources, as long as all independent 
sources are Set to zero first. 

Two other methods have a certain appeal because they can be used for 
any of the three types of networks considered. In the first, simply replace 
network B with a voltage source vs, define the current leaving its positive 
terminal as i, then analyze network A to obtain i, and put the equation in the 
form v, = ai + b. Then, a = Rry and b = voc. 





across 1 kQI| 10 MQ = 999.9 Q. Using voltage division, 
we find that V = 4.4998 volts, slightly less than the ex- 
pected value of 4.5 volts. Thus, the finite input resistance 
of the voltmeter introduces a small error in the measured 
value. 

To measure currents, the DMM must be placed in se- 
ries with a circuit element, generally requiring that we 
cut a wire (Fig. 5.37). One DMM lead is connected to the 
common terminal of the meter, and the other lead is 
placed in a connector usually marked “A” to signify cur- 
rent measurement. Again, the DMM does not supply 
power to the circuit in this type of measurement. 





E FIGURE 5.37 A DMM connected to measure current. 


We see from this figure that the Thévenin equivalent 
resistance (Rpmm) of the DMM is in series with our 
circuit, so its value can affect the measurement. Writing 
a simple KVL equation around the loop, 


—9 + 10007 + Romm? + 10007 = 0 


Note that since we have reconfigured the meter to 
perform a current measurement, the Thévenin equivalent 
resistance is not the same as when the meter 1S config- 
ured to measure voltages. In fact, we would ideally like 
Rpmm to be 0 & for current measurements, and oo for 
voltage measurements. If Rpmm is now 0.1 Q, we see 


nue r= mh RALE a i re diarad eain rahe rh FA A A A SA ACh eB C—O SP CPC rrr meet Att AACA BPR FAAS“ SC -sa adin iei 


that the measured current 7 is 4.4998 mA, which is only 
slightly different from the expected value of 4.5 mA. De- 
pending on the number of digits that can be displaved by 
the meter, we may not even notice the effect of nonzero 
DMM resistance on our measurement. 

The same meter can be used to determine resistance, 
provided no independent sources are active during the 
measurement. Internally, a known current is passed 
through the resistor being measured, and the voltmeter 
circuitry is used to measure the resulting voltage. Re- 
placing the DMM with its Norton equivalent (which now 
includes an active independent current source to gener- 
ate the predetermined current), we see that Rpmm ap- 
pears in parallel with our unknown resistor R (Fig. 5.38). 





@ FIGURE 5.38 DMM in resistance measurement configuration replaced by 
its Norton equivalent, showing Romm in parallel with the unknown resistor R 
to be measured. 


As a result, the DMM actually measures RI| Rom. If 
Rom™ = 10 MX and R = 10 Q, R measured = 9.99999 Q2, 
which is more than accurate enough for most purposes. 


However, if R = 10M2, R measured = 5 MQ. The input re- 


sistance of a DMM therefore places a practical upper limit 
on the values of resistance that can be measured, and 
special techniques must be used to measure larger resis- 
tances. We should note that if a digital multimeter is 
programmed with knowledge of Rpmm, it is possible to 
compensate and allow measurement of larger resistances. 


We could also apply a current source /,, let its voltage be v. and then de- 
termine i, = cv — d. where c = |/Rrw and d = is (the minus sign arises 
from assuming both current source arrows are directed tnto the same node). 
Both of these last two procedures are universally applicable, but some other 


method can usually be found that is easier and more rapid. 


Although we are devoting our attention almost entirely to the analysis of 
linear circuits, it is good to know that Thévenin’s and Norton’s theorems are 


both valid if network B is nonlinear; only network A must be linear. 


PRACTICE 


5.9 Find the Thévenin equivalent for the network of Fig. 5.39. (Hint: 


Try a 1 V test source.) 


Ans: less = 50 mA so Rry = 20 2. 


10 Q SO 





w FIGURE 5.39 See Practice 
Problem 5.9. 


el Prt! deari a a ra er Fc raat rug Bm ta a tierra rar array Sr Ae SR AP 2 SS EN A A A A fA lr hh rrr lr TT a a a R A a ee 


: m cm ecient Fh RAED AT L 
masher rae ei i fT PA abl ere 








©) R 


E FIGURE 5.40 A practical voltage source connected 
to a load resistor R;. 
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5.4 MAXIMUM POWER TRANSFER 


A very useful power theorem may be developed with reference to a practi- 
cal voltage or current source. For the practical voltage source (Fig. 5.40) 
the power delivered to the load R; is 








pi = tp Ri =~ [ 19. 
To find the value of R; that absorbs a maximum power from the giver: 
practical source. we differentiate with respect to R;: 
dpe (R, + Ri Yr? — vl R (2)(R, + Ry) 


dR, | (R+ Rit 





and equate the derivative to zero. obtaining 


2R,(R, + Rr) = (R, + RLY 
OT 


R, = Ry 


Since the values R; = 0 and R; = œ both give a minimum (p; = 0). 
and since we have already developed the equivalence between practica’ 
voltage and current sources, we have therefore proved the following 
maximum power transfer theorem: 


An independent voltage source in series with a resistance R,, or an independeni 
current source in parallel with a resistance R,, delivers a maximum power to 
that load resistance R; for which R; = R,. 


It may have occurred to the reader that an alternative way to view the 
maximum power theorem is possible in terms of the Thévenin equivalent 
resistance of a network: 


A network delivers the maximum power to a load resistance R; when R; is 
equal to the Thévenin equivalent resistance of the network. 


Thus, the maximum power transfer theorem tells us that a 2 Q resistor 
draws the greatest power (4.5 W) from either practical source of Fig. 5.16. 
whereas a resistance of 0.01 Q receives the maximum power (3.6 kW) in 
Fig. 5.11. 

There is a distinct difference between drawing maximum power from a 
source and delivering maximum power to a load. If the load is sized such 
that its Thévenin resistance is equal to the Thévenin resistance of the net- 
work to which it is connected, it will receive maximum power from that 
network. Any change to the load resistance will reduce the power delivered 
to the load. However, consider just the Thévenin equivalent of the network 
itself. We draw the maximum possible power from the voltage source by 
drawing the maximum possible current—which is achieved by shorting the 
network terminals! However, in this extreme example we deliver zere 
power to the “load”—a short circuit in this case—as p = i? R, and we jusi 
set R = 0 by shorting the network terminals. 

A minor amount of algebra applied to Eq. [19] coupled with the maxi- 
mum power transfer requirement that R; = R, = Ryp will provide 


AR, 4Rry 





Pmax | delivered to load — 
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where vry and Ry recognize that the practical voltage source of Fig. 5.40 
can also be viewed as a Thévenin equivalent of some specific source. 

It is also not uncommon for the maximum power theorem to be misin- 
terpreted. It is designed to help us select an optimum load in order to maxi- 
mize power absorption. If the load resistance is already specified, however, 
the maximum power theorem is of no assistance. If for some reason we can 
affect the size of the Thévenin equivalent resistance of the network con- 
nected to our load, setting it equal to the load does not guarantee maximum 
power transfer to our predetermined load. A quick consideration of the 
power lost in the Thévenin resistance will clarify this point. 


EXAMPLE 5.11) 


The circuit shown in Fig. 5.41 is a model for the common-emitter 
bipolar junction transistor amplifier. Choose a load resistance so 
that maximum power is transferred to it from the amplifier, and 

calculate the actual power absorbed. 


300 Q 





gw FIGURE 5.41 A small-signal model of the common-emitter amplifier, with the load resistance 
unspecified 


Since it is the load resistance we are asked to determine, the maximum 
power theorem applies. The first step is to find the Thévenin equivalent 
of the rest of the circuit. 

We first determine the Thévenin equivalent resistance, which 


requires that we remove Rz and short-circuit the independent source 
as in Fig. 5.42a. 


300 Q 





(a) 





(b) 


w FIGURE 5.42 (a) Circuit with R; removed and independent source short-circuited. (b) Circuit 
for determining Vry. 


(Continued on next page) 
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Since v, = 0, the dependent current source is an open circuit, so 
Rra = | KS. This can be verified by connecting an independent 1 A 
current source across the | kQ2 resistor; v, will still be zero, so the 
dependent source remains inactive and hence contributes nothing 
to Rru.- 

In order to obtain maximum power delivered into the load, R; 
should be set to | Rr = TkQ.] 

To find vry we consider the circuit shown in Fig. 5.425, which is 
Fig. 5.41 with R; removed. We may write 


Yos = —0.030,, (1000) = —30r, 
where the voltage vz may be found from simple voltage division: 
3864 } 





300 + 3864 


so that our Thévenin equivalent is a voltage —69.6 sin 440f mV in 
series with | kQ. 
The maximum power is given by 


Uy, = (2.5 x 107° sin 440r) ( 














Pmax = Vin = | 1.21] sin? 440r uW 
4Rry LL | 
_PRACTICE 
5.10 Consider the circuit of Fig. 5.43. 
20 V 40 V 
(*) 30 Y 
R 


@ FIGURE 5.43 


(a) If Rom = 3 KQ, find the power delivered to it. 
(b) What is the maximum power that can be delivered to any Rou? 


(c) What two different values of Rou will have exactly 20 mW 
delivered to them? 


Ans: 230 mW; 306 mW; 59.2 kQ and 16.88 Q. 


5.5 _ DELTA-WYE CONVERSION 


We saw previously that identifying parallel and series combinations of re- 
sistors can often lead to a significant reduction in the complexity of a circuit. 
In situations where such combinations do not exist, we can often make use 
of source transformations to enable such simplifications. There is another 
useful technique, called A-Y (delta-wye) conversion, that arises out of net- 
work theory. 

Consider the circuits in Fig. 5.44. There are no series or parallel combi- 
nations that can be made to further simplify any of the circuits (note tha! 
5.44a and 5.44b are identical, as are 5.44c and 5.44d), and without any 
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(a) (b) (c) 


of three resistors. (d) Same network drawn as a Y network. 


sources present, no source transformations can be performed. However, it is 
possible to convert between these two types of networks. 

We first define two voltages vap and vea, and three currents i,, i2, and is 
as depicted in Fig. 5.45. If the two networks are equivalent, then the terminal 
voltages and currents must be equal (there is no current i in the T-connected 
network). A set of relationships between Ry, Rg, Rc and Rj, Ro, and R; can 
now be defined simply by performing mesh analysis. For example, for the 
network of Fig. 5.45a we may write 


Ray —_ Rain = Vac [20] 
— Rai + (Ra + Rg + Re — Reig = 0 [21] 
-Rci +Rci3 = ~Vbc [22] 


and for the network of Fig. 5.45b we have 


(Ri + R3)ii — Rats = Vac [23] 
—R3i; + (R2 + R3)i3 = —Vyc [24] 
We next remove i» from Eqs. [20] and [22] using Eq. [21], resulting in 
R- Ra Rc 
Q — ro) i = eei S [25] 
Ra + Rg + Rc Ra + Rg + Rc 
and 
Ra Re R? l 
Man i 4 (Re -E ) i3 = —vw [26] 
Ra + Rr + Rc Ra + Rg + Rc 
Comparing terms between Eq. [25] and Eq. [23], we see that 
RaR 
R= AE 
Ra + Rg + Rc 


In a similar fashion, we may find expressions for R; and R2 in terms of 
Ra. Rg, and Rc, as well as expressions for R4, Rg, and Rc in terms of R4, Ro, 
and R3; we leave the remainder of the derivations as an exercise for the 
reader. Thus, to convert from a Y network to a A network, the new resistor 
values are calculated using 








LR, _ RiR, + RR + RR, 

rs ae 

Ri Ro + RoR3 + R3R, 
R3 

Ri R> + RoR: + RR} 

R; 







Rg = 


Re = 





(d) 
M FIGURE 5.44 (a) [T network consisting of three resistors and three unique connections. (6) Same network drawn asa A network. (© A T network consisting 





(b) 


@ FIGURE 5.45 (c) Labeled IT network; (b) labeled 
T network. 
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and to convert from a A network to a Y network, 







R, = Ra Rg 
!— Ra + Rgt Re 

Rg Rc 
ee 
Ra + Rg + Rc 

Rc R; 

Ry CANA 





Application of these equations is straightforward, although identifying 
the actual networks sometimes requires a little concentration. 





Use the technique of A-Y conversion to find the Thévenin 
equivalent resistance of the circuit in Fig. 5.46a. 


We see that the network in Fig. 5.46a is composed of two A-connected 
CAUTION networks that share the 3 Q resistor. We must be careful at this point 
not to be too eager, attempting to convert both A-connected networks 
to two Y-connected networks. The reason for this may be more obvious 
after we convert the top network consisting of the 1, 4, and 3 & resis- 
tors into a Y-connected network (Fig. 5.46). 

Note that in converting the upper network to a Y-connected network, 
we have removed the 3 Q resistor. As a result, there is no way to con- 
vert the original A-connected network consisting of the 2, 5, and 3 &2 
resistors into a Y-connected network 

We proceed by combining the 3 Q and 2 Q ag and the 3 5 &2 
and 5 = Tesintoms (Fig. 5.46c). We. now have a = : 2 Q resistor in parallel 
with a + > Q resistor, and this parallel combination is in series with the 
LQ fesistoe Thus, we can replace the original network of Fig. 5.46a 
with a single => 12 Q resistor (Fig. 5.46d). 





(a) (b) 


i PRACTICE 


zQ 5.11 Use the technique of Y-A conversion to find the Thévenin 
equivalent resistance of the circuit of Fig. 5.47. 





(c) (d) 

W FIGURE 5.46 (a) A given resistive network whose 
input resistance is desired. (b) The upper A network 
is replaced by an equivalent Y network. (c, d) Series 
and parallel combinations result in a single 
resistance value. 

Each Ris 10 Q 
@ FIGURE 5.47 


Ans: 11.43 Q. 
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5.6 SELECTING AN APPROACH: A SUMMARY 
OF VARIOUS TECHNIQUES 


In Chap. 3. we were introduced to Kirchhoff’s current law (KCL) and 
Kirchhoff’s voltage law (KVL). These two laws apply to any circuit we will 
ever encounter, provided that we take care to consider the entire system that 
the circuits represent. The reason for this is that KCL and KVL enforce 
charge and energy conservation, respectively, which are very fundamental 
principles. Based on KCL, we developed the very powerful method of 
nodal analysis. A similar technique based on KVL (unfortunately only ap- 
plicable to planar circuits) is known as mesh analysis and is also a usetul 
circuit analysis approach. 

For the most part, this text is concerned with developing analytical skills 
that apply to /inear circuits. If we know a circuit is constructed of only lin- 
ear components (in other words, all voltages and currents are related by 
linear functions), then we can often simplify circuits prior to employing ei- 
ther mesh or nodal analysis. Perhaps the most important result that comes 
from the knowledge that we are dealing with a completely linear system is 
that the principle of superposition applies. Given a number of independent 
sources acting on our circuit, we can add the contribution of each source in- 
dependently of the other sources. This technique is extremely pervasive 
throughout the field of engineering, and we will encounter it often. In many 
real situations, we will find that although several “sources” are acting si- 
multaneously on our “system,” typically one of them dominates the system 
response. Superposition allows us to quickly identify that source, provided 
that we have a reasonably accurate linear model of the system. | 

However, from a circuit analysis standpoint, unless we are asked to find 
which independent source contributes the most to a particular response, we 
find that rolling up our sleeves and launching straight into either nodal or 
mesh analysis is often a more straightforward tactic. The reason for this is 
that applying superposition to a circuit with 12 independent sources will re- 

quire us to redraw the original circuit 12 times, and often we will have to 
-apply nodal or mesh analysis to each partial circuit, anyway. 

The technique of source transformations, however, is often a very useful 
tool in circuit analysis. Performing source transformations can allow us to 
consolidate resistors or sources that are not in series or parallel in the origi- 
nal circuit. Source transformations may also allow us to convert all or at 
least most of the sources in the original circuit to the same type (either all 
voltage sources or all current sources), so nodal or mesh analysis 1s more 
straightforward. 

Thévenin’s theorem is extremely important for a number of reasons. In 
working with electronic circuits, we are always aware of the Thévenin 
equivalent resistance of different parts of our circuit, especially the input 
and output resistances of amplifier stages. The reason for this is that match- 
ing of resistances is frequently the best route to optimizing the performance 
of a given circuit. We have seen a small preview of this in our discussion of 
maximum power transfer, where the load resistance should be chosen to 
match the Thévenin equivalent resistance of the network to which the load 
is connected. In terms of day-to-day circuit analysis, however, we find that 
converting part of a circuit to its Thévenin or Norton equivalent is almost as 
much work as analyzing the complete circuit. Therefore, as in the case of 
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superposition, Thévenin’s and Norton’s theorems are typically applied only 
when we require specialized information about part of our circuit. 


SUMMARY AND REVIEW 





2 The principle of superposition states that the response in a linear circuit 
can be obtained by adding the individual responses caused by the 
separate independent sources acting alone. 

4 Superposition is most often used when it is necessary to determine the 
individual contribution of each source to a particular response. 

+ A practical model for a real voltage source is a resistor in series with an 
independent voltage source. A practical model for a real current source 
is a resistor in parallel with an independent current source. 

J Source transformations allow us to convert a practical voltage source 
into a practical current source. and vice versa. 

3 Repeated source transformations can greatly simplify analysis of a 
circuit by providing the means to combine resistors and sources. 

The Thévenin equivalent of a network is a resistor in series with an 


independent voltage source. The Norton equivalent is the same resistor 
in parallel with an independent current source. 


3 There are several ways to obtain the Thévenin equivalent resistance, 
depending on whether or not dependent sources are present in the 
network. 

3 Maximum power transfer occurs when the load resistor matches the 
Thévenin equivalent resistance of the network to which it is connected. 

d When faced with a A-connected resistor network, it is straightforward 
to convert it to a Y-connected network. This can be useful in simplify- 
ing the network prior to analysis. Conversely, a Y-connected resistor 


network can be converted to a A-connected network to assist in 
simplification of the network. 


READING FURTHER 


A book about battery technology, including characteristics of built-in resistance: 
D. Linden, Handbook of Batteries. 2nd ed. New York: McGraw-Hill, 1995. 


An excellent discussion of pathological cases and various circuit analysis 
theorems can be found in: 





R. A. DeCarlo and P. M. Lin, Linear Circuit Analysis, 2nd ed. New York: 
Oxtord University Press, 2001. 


EXERCISES 


5.1 Linearity and Superposition 


l. The concept of linearity is very important, as linear systems are much more 
easily analyzed than nonlinear systems. Unfortunately, most practical system. 
that we encounter are nonlinear in nature. It is possible, however, to create a 
linear model for a nonlinear system that is valid over a small range of the 
controlling variable. As an example of this, consider the simple exponential 
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function e*. The Taylor series representation of this function is 
; eo 
ewe lexyt toto 
2 6 30 40 
Construct a linear model of this function by truncating it after the linear term 
(x'). Evaluate your new function at x = 0.001, 0.005, 0.01, 0.05, 0.10, 0.5, 


1.0, and 5.0. For which values of x does the linear model give a “reasonable” 4V (*) 
approximation to e°? 


2 In the circuit of Fig. 5.48, (a) determine the contribution of the 4 V source to 
the current labeled i4; (b) determine the contribution of the 10 V source to 71: 
and (c) determine #4. 






@ FIGURE 5.48 


3. Referring to the two-source circuit depicted in Fig. 5.49, determine the 
contribution of the 1 A source to vr. and calculate the total current flowing 
through the 7 $2 resistor. 


4. Employ the principle of superposition to determine the current labeled i, in the 
circuit of Fig. 5.50 by considering each source individually. 


4A 


m FIGURE 5.49 





w FIGURE 5.50 


5. For the circuit shown in Fig. 5.48, change only the value of the sources to 
obtain a factor of 10 increase in the current i,; both source values must be 
changed and neither may be set to zero. 


6. With sources ia and vy on in the circuit of Fig. 5.51 and ve = Q, i = 20 A; 
with i, and vc on and vg = 0. ių = —5 A; and finally, with all three sources 
on, i, = 12 A. Find i, if the only source operating is (a) i4: (b) vg: (c) Uc. 
(d) Find i, if i4 and vç are doubled in amplitude and vg is reversed. 


7. Use superposition to find the value of v, in the circuit of Fig. 5.52. E FIGURE 5.51 


10 Q 200 450 


ww © Os 


E FIGURE 5.52 


8. Apply superposition to the circuit of Fig. 5.53 to find é3. 





m FIGURE 5.53 
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9. (a) Use the superposition theorem to find z> m the circuit shown in Fig. 5.54. 


(b) Caleulate the power absorbed by each of the five circuit elements. 





E FIGURE 5.54 





10. Use superposition on the circuit shown in Fig. 5.55 to find the voltage r. Note 
that there ts a dependent source present. 


60 V 


IOn 


O.4i, 





@ FIGURE 5.55 
i1. In the circuit shown in Fig. 5.56: (a) if ia = 10 A and ip = 0, then v; = 80 V; 
( 


find v3 if; ,= 25 A and İR = 0. (b) If iy = 10 A and iR = 25 A. then U4 = 
100 V, while vy = —S50 V if ia = 25 A and ig = 10 A: find v4 if i4 = 20 A 


(+) andi; = ~1LOA, 
12. Use superposition to determine the voltage across the current source in 


Fig. 5.57. 


R, Ct) in LO 


@ FIGURE 5.56 





+ 


E FIGURE 5.57 


13. Use superposition to find the power dissipated by the 500 kQ resistor in 
Fig. 5.58. 





500 kQ 


27 MQ SMQ 





E FIGURE 5.58 
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14. Employ superposition to determine the voltage across the 17 kQ resistor in 
Fig. 5.59. If the maximum power rating of the resistor is 250 mW, what is the 
maximum positive voltage to which the 5 V source can be increased before the 
resistor overheats? 





E FIGURE 5.59 


15. Which source in Fig. 5.60 contributes the most to the power dissipated in the 
2 Q resistor? The least? What is the power dissipated in the 2 Q resistor? 





E FIGURE 5.60 


16. Use superposition to find ig in the circuit of Fig. 5.61, which is a commonly 
used model circuit for a bipolar junction transistor amplifier. 


17 cos 6r 
volts 





M FIGURE 5.61 





17. For the circuit shown in Fig. 5.62, 
(a) Use superposition to compute Vy. 


(b) Verify the contribution of each source to V, using a dc sweep PSpice 
analysis. Submit a labeled schematic, relevant probe output, and a brief 
summary of the results. 


+ V 


A 


2a(t) (4) 6a 


E FIGURE 5.62 
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i> 18. For the circuit shown in Fig. 5.63. 
(a) Use superposition to compute Vy. 
(b) Verify the contribution of each source to V, using a de sweep PSpice 
analysis. Submit a labeled schematic, relevant probe output. and a brief 
summary of the results. 


300 





OW o d | 
av Č) 7 200.0 Q 6 A 





@ FIGURE 5.63 


19. Consider the three circuits shown in Fig. 5.64. Analyze each circuit, and demon- 
strate that Vy = Vi + VV" t.e., superposition ix most useful when sources are Set 
to zero, but the principle is in fact much more general than that). 


| kQ 2 k0 i kQ 2 kQ 
Om Oe “Ome Oe 
Í KQO 2k 


vO Osy 
€ FIGURE 5.64 


5.2 Source Transformations 


20. With the assistance of the method of source transformations, (a) convert the 
circuit of Fig. 5.65a to a single independent voltage source in series with an 
appropriately sized resistor: and (b) convert the circuit of Fig. 5.65b to a single 
independent current source in parallel with an appropriately sized resistor. For 
both (a) and (b), leave the right-hand terminals in your final circuit. 





@ FIGURE 5.65 


21. (a) Use the method of source transformations to reduce the circuit of 
Fig. 5.66 to a practical voltage source in series with the 10 Q resistor. 
(b) Calculate v. (c) Explain why the 10 Q resistor should not be included in 
a source transformation. 











EXERCISES 





W FIGURE 5.66 


22. Use source transformations and resistance combinations to simplify both of the 
networks of Fig. 5.67 until only two elements remain to the left of terminals 





a and b. 
60 oo 6 kQ 3.5 KO 
One 
120 cos 4001 V © son 2KO 
Op 
(a) (b) 
m FIGURE 5.67 


23. Using source transformation to first simplify the circuit, determine the power 
dissipated by the 5.8 kQ resistor in Fig. 5.68. 


i KO 


5.8 kD 





m FIGURE 5.68 


24. Using source transformation, determine the power dissipated by the 5.8 kQ 
resistor in Fig. 5.69. 


9,7 kQ 5.8 kQ 


10 kQ 





@ FIGURE 5.69 


25. Determine the power dissipated by the | MQ resistor using source transforma- 
tion to first simplify the circuit shown in Fig. 5.70. 


1I MO 200 ki} 





E FIGURE 5.70 
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26. Determine 7 using source transformation to first simplify the circuit of Fig. 5.71. 


33 KQ 





E FIGURE 5.71 


Cl} 27. (a) Find V; in the circuit of Fig. 5.72 using source transformation to obtain a 
simplified equivalent circutt first. 


(b) Verify your analysis by performing a PSpice analysis of the circuit in 
Fig. 5.72. Submit a schematic with V, clearly labeled. 





8 FIGURE 5.72 


(J+ 28.(a) Use repeated source transformation to determine the current /, as 
| indicated in Fig. 5.73. 


(b) Verify your analysis by performing a PSpice analysis of the circuit in 
Fig. 5.73. Submit a schematic with /y clearly labeled. 


9kO 470 kD 2k 


ny) 17 kQ 


E FIGURE 5.73 


29. Use repeated source transformation to determine the current /y in the circuit of 
Fig. 5.74. 


4MQ 3M 


x 
7A) 4.7 MQ 


E FIGURE 5.74 


30. Convert the circuit in Fig. 5.75 to a single current source in parallel with a 
single resistor. 


60 4 





E FIGURE 5.75 





31. 


32. 


. The measurements in Table 5.1 are made on a 1.5 V alkaline battery. Use the 


34. 


35. 


36. 


EXERCISES 


Use source transformation to convert the circuit in Fig. 5.76 to a single current 
source in parallel with a single resistor. 


4%) 40 


MO C) (4) 5a 40 


E FIGURE 5.76 


Determine the power dissipated by the 1 MQ resistor in the circuit of Fig. 5.77. 


information to construct a simple two-component practical voltage source 
model for the battery that is relatively accurate for currents in the range of 1 
to 20 mA. Note that besides the obvious experimental error, the “internal 
resistance” of the battery is significantly different over the current range 
measured in the experiment. 


TABLE 5.1 Measured current-voltage characteristics 
of a 1.5 V alkaline battery connected to a variable 
load resistance 





Current Output (mA) _ Terminal Voltage (V) 
0.0000589 1.584 
0.3183 1.582 
1.4398 1.567 
7.010 1.563 
12.58 1.558 


Use the data in Table 5.1 to construct a simple two-component practical current 
source model for the battery that is relatively accurate for currents in the range 
of 1 to 20 mA. Note that besides the obvious experimental error, the “internal 
resistance” of the battery is significantly different over the current range 
measured in the experiment. 


Reduce the circuit in Fig. 5.78 to a single voltage source in series with a single 
resistor. Leave the right-hand terminals in your final circuit. 


2 MQ 





E FIGURE 5.78 


Find the power absorbed by the 5 Q resistor in Fig. 5.79. 





m FIGURE 5.79 





@ FIGURE 5.77 





50 37. 


KV +) 100 Rı 





Li} 38. 


E FIGURE 5.80 


39. 


40. 


Eia. 





@ FIGURE 5.83 





W FIGURE 5.85 
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(a) Convert the circuit of Fig. 5.80 to a practical current source tn parallel with 
Ri. (b) Verify your answer using PSpice and a value of 5 Q for R. Submit 
properly labeled schematics for each circuit. with the voltage across R; clearly 
identified. 

(a) Reduce the circuit of Fig. 5.81 as much as possible. transform the two vollt- 
age sources into current sources. then compute the power dissipated in the top 
5 Q resistor. (b) Verify vour answer by simulating both circuits with PSpice. 
Submit a properly labeled schematic for cach circuit, with the power dissipatec 
in the resistor of interest clearly identified. (c) Does the value of the 1 Q or the 
7 Q resistor affect your answer in any way? Explain why or why not. 


40 100 70 





@ FIGURE 5.81 

For the circuit of Fig. 5.82. convert all sources (both dependent and indepen- 
dent) to current sources. combine the dependent sources, and calculate the 
voltage v3. 


40 30 20 


“> Ox Ow 


E FIGURE 5.82 


5.3 Thévenin and Norton Equivalent Circuits 


(a) Find the Thévenin equivalent at terminals a and b for the network shown in 
Fig. 5.83. How much power would be delivered to a resistor connected to a 
and b if Rup equals (b) 50 &2; (c) 12.5 Q? 


(a) Empioy Thévenin’s theorem to simplify the network connected to the 5 £2 
resistor of Fig. 5.84. (6) Compute the power absorbed by the 5 Q resistor using 
your simplified circuit. (c) Verify your solution with PSpice. Submit a properly 
labeled schematic for each circuit with the requested power quantity clearly 
identified. 


100 100 


ion 
l4 V 52 
i0Q 





R FIGURE 5.84 


. (a) Find the Thévenin equivalent of the network connected to the 7 Q resistor 


of Fig. 5.85. (b) Find the Norton equivalent of the network connected to the 
7 Q resistor of Fig. 5.85. (c) Compute the voltage vı using both of your 
equivalent circuits. (d) Replace the 7 Q resistor with a 1 Q resistor, and 
recompute v using either circuit. 
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43. (a) A tungsten-filament light bulb is connected to a 10 mV test voltage, and a 
current of 400 uA is measured. What is the Thévenin equivalent of the light 
bulb? (b) The bulb is now connected to a 110 V supply, and a current of 
363.6 mA is measured. Determine the Thévenin equivalent based on this 
measurement. (c) Why is the Thévenin equivalent of the light bulb apparently 
dependent on the test conditions, and what implications does this have tf we 
need to analyze a circuit containing the bulb? 


0 Q 


. (a) Find both the Thévenin and Norton equivalents for the network connected 
to the | Q resistor of Fig. 5.86. (b) Compute the power absorbed by the | 92 
resistor using both equivalent circuits. (c) Verify using PSpice. Submit a prop- 
erly labeled schematic for each of the three circuits, with the requested power 
quantity clearly identified. 

45. For the network of Fig. 5.87: (a) remove terminal c and find the Norton equiva- 

lent seen at terminals a and b; (b) repeat for terminals b and c with a removed. 


46. Find the Thévenin equivalent of the network in Fig. 5.88 as viewed from 
terminals: (a) x and x’: (b) y and y’. 





OO — 200 


A y 





88 V (*) Q LA E FIGURE 5.87 
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47. (a) Find the Thévenin equivalent of the network shown in Fig. 5.89. (b) What 
power would be delivered to a load of 100 Q at a and b? 


40 QO 100 Q 





W FIGURE 5.89 
48. Find the Norton equivalent of the network shown in Fig. 5.90. 


502 


HO 


100.0 > O10, 


DO 
@ FIGURE 5.90 
49. Find the Thévenin equivalent of the two-terminal network shown in Fig. 5.91. 


O.2u, 
50.0 b 





0.0! Pab 


E FIGURE 5.91 








—e 


40 


1O Q 





@ FIGURE 5.93 





M@ FIGURE 5.95 


19 Q 





E FIGURE 5.97 
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50. Find the Thévenin equivalent of the circuit in Fig. 5.92. 


47k 







100 kO 





12? mA 


IO kO 


@ FIGURE 5.92 


51. For the network in Fig. 5.93, determine: (4) the Thévenin equivalent; (b) the 
Norton equivalent. 


52. For the circuit in Fig. 5.94. determine the Norton equivalent of the network 
connected to R;. For the circuit in Fig. 5.944. determine the Thévenin 
equivalent of the network connected to R}. 


I2 V (+) Ri, 





(a) 
@ FIGURE 5.94 
53, Determine the Thévenin and Norton equivalents of the network shown in 
Fig. 5.95, 


54. Determine the Thévenin and Norton equivalents of the network shown in 
Fig. 5.96. 


2500 





E FIGURE 5.96 


55. Determine the Thévenin and Norton equivalents of the network shown in 
Fig. 5.97. 


56. Find the Thévenin equivalent resistance seen by the 2 kQ resistor in the circuit 
of Fig. 5.98. Ignore the dashed line in the figure. 


300 2 | + 





@ FIGURE 5.98 


57. Referring to the circuit of Fig. 5.98, determine the Thévenin equivalent resis- 
tance of the circuit to the right of the dashed line. This circuit is a common- 
source transistor amplifier, and you are calculating its input resistance. 
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58. Referring to the circuit of Fig. 5.99, determine the Thévenin equivaient 
resistance of the circuit to the right of the dashed line. This circuit is a 
common-collector transistor amplifier, and you are calculating its input 
resistance. 





@ FIGURE 5.99 


59. The circuit shown in Fig. 5.100 is a reasonably accurate model of an opera- 
tional amplifier. In cases where R; and A are very large and Ro ~ 0, a resistive 
load (such as a speaker) connected between ground and the terminal labeled 
Vout Will see a voltage — Ry /R, times larger than the input signal vin. Find the 
Thévenin equivalent of the circuit, taking care to label vou. 





& FIGURE 5.100 


5.4 Maximum Power Transfer 


60. Assuming that we can determine the Thévenin equivalent resistance of our 
wall socket, why don’t toaster, microwave oven, and TV manufacturers match 
each appliance’s Thévenin equivalent resistance to this value? Wouldn’t it per- 
mit maximum power transfer from the utility company to our household 
appliances? 


6]. If any value whatsoever may be selected for Rz in the circuit of Fig. 5.101, 
what is the maximum power that could be dissipated in Rz? 


PAN Ry 59 





@ FIGURE 5.161 


62. (a) Find the Thévenin equivalent at terminals a and b for the network shown in 
Fig. 5.102. How much power would be delivered to a resistor connected to 
a and b if Rap equals (b) 10 Q; (c) 75 Q? @ FIGURE 5.102 
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63. (a) Determine the Thévenin equivalent of the network shown in Fig. 5.103, 
and (b) find the maximum power that can be drawn from it. 





@ FIGURE 5.103 


64. With reference to the circuit of Fig. 5.104: (a) determine that value of R; to 
which a maximum power can be delivered. and (b) calculate the voltage across 
Ri then (+ reference at top). 


200) 


iOi, 





E FIGURE 5.104 


65. A certain practical de voltage source can provide a current of 2.5 A when it 1s 
(momentarily) short-circuited, and can provide a power of 80 W to a 20 Q 
load. Find (a) the open-circuit voltage and (b) the maximum power it could 
deliver to a well-chosen R; . (c} What is the value of that Ri? 


66. A practical current source provides 10 W to a 250 Q load and 20 W to an 80 & 
load. A resistance R;, with voltage v; and current i; , is connected to it. Find 
the values of Rz, vp, andi; if (a) vig is a maximum; (b) v; is a maximum; 
(c) i 18 a maximum. 


67. A certain battery can accurately be modeled as a 9 V independent source in 
series with a 1.2 $2 resistor over the current range of interest. No current flows 
if an infinite resistance load 1s connected to the battery. We also know that 
maximum power will be transferred to a resistor of 1.2 Q, and less power 
transferred to either a 1.1 Q or 1.3 Q resistor. However. if we simply short the 
terminals of the battery together (not recommended!), we will obtain much 
more current than for a 1.2 Q resistive load. Doesn’t this conflict with what 
we derived previously for maximum power transfer (after all, isn't power 
proportional to i*)? Explain. 


m 68. The circuit in Fig. 5.105 is part of an audio amplifier. If we want to transfer 
maximum power to the 8 Q speaker. what value of Rg is needed? Verify your 
solution with PSpice. 


300 0 tois 


8O 





@ FIGURE 5.105 











EXERCISES 





69. The circuit shown in Fig. 5.106 depicts a circuit separated into two stages. 
Select Ry so that maximum power is transferred from stage Í to stage 2. 


Stage | Stage 2 


IRQ mA kQ 





® FIGURE 5.106 
5.5 Delta-Wye Conversion 
70. Convert the network in Fig. 5.107 to a Y-connected network. 


100 koh 


1 ME} 850 MO 


— — 


@ FIGURE 5.107 


71. Convert the network in Fig. 5.108 to a A-connected network. 0.1.2 0.40 
72. Find Rin for the network shown in Fig. 5.109. 


0.90 


E FIGURE 5.108 





w FIGURE 5.109 


73. Use Y-A and A-Y transformations to find the input resistance of the network 
shown in Fig. 5.10. 


5 Q 6 





E FIGURE 5.110 
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74. Find Rin for the circuit of Fig. 5.111. 





@ FIGURE 5.111 


75. Find the Thévenin equivalent of the circuit in Fig. 5.112. 








R FIGURE 5.112 


O 76. Find the Norton equivalent of the circuit in Fig. 5.113. 


77. 1f all resistors in Fig. 5.114 are 10 8&2, determine the Thévenin equivalent for 
19 the circuit. 


a (+) I0 


@ FIGURE 5.113 





@ FIGURE 5.114 
CJ} 7s. (a) Replace the network in Fig. 5.115 with an equivalent three-resistor 
Y network. 


(b) Perform a PSpice analysis to verify that your answer is in fact equivalent. 
(Hint: Try adding a load resistor.) 





E FIGURE 5.115 


CJ} 79. (a) Replace the network in Fig. 5.116 with an equivalent three-resistor 
A network. 





(b) Perform a PSpice analysis to verify that your answer is in fact equivalent. 
@ FIGURE 5.116 (Hint: Try adding a load resistor.) 





EXERCISES 


5.6 Selecting an Approach: A Summary of Various Techniques 
me 80, The circuit shown in Fig. 5.117 is a reasonably accurate model for a bipolar 
junction transistor operating in what is known as the forward active region, 
Determine the collector current 7e. Verify your answer with PSpice. 








m FIGURE 5.117 


is 1. The load resistor in Fig. 5.118 can safely dissipate up to | W before overheat- 
ing and bursting into flame. The lamp can be treated as a 10.6 Q resistor if less 
than | A flows through it and a 15 Q resistor if more than | A flows through it. 
What is the maximum permissible value of F5? Verify your answer with 
PSpice. 






200 Q 






Indicator 
lamp 
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200 Q 
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@ FIGURE 5.118 


82. The human ear can detect sound waves in the frequency range of about 20 Hz 
io 20 KHz. If each 8 Q resistor in Fig. 5.119 is a loudspeaker, which of the 
signal generators (modeled as practical voltage sources) produces the most 
sound? (Take “loudness” as proportional to power delivered to a speaker.) 


B00 KO s9 HO 


300 O © 8 cos 10007 V 





3.5 cos (A0001 V 


@ FIGURE 5.119 


83. A DMM is connected to a resistor circuit as shown in Fig. 5.120. If the input 
resistance of the DMM is | MQ, what value will be displayed if the DMM is 


measuring resistance? 


RREI. 275 kO 





E FIGURE 5.120 
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84. A metallic substance is extracted from a meteorite found in rural Indiana. The 








substance is found to have a resistivity of 50 9- cm and is fabricated into a 
simple cylinder, The cylinder is connected into the circuit of Fig. 5.121 and is 
found to have a temperature dependence of T = 200P C., where P is the 
power delivered to the evlinder in watts. Interestingly enough, the resistivits 
of the substance does not appear to depend on temperature. If R = 10 Q and r 
absorbing maximum power in the circuit Shown, what is the temperature of 
the cylinder? 

ro) 


~O rŠ 


@ FIGURE 5.121 


_ As part of a security system, a very thin 100 Q wire is attached to a window 


using nonconducting epoxy. Given only a box of twelve rechargeable 1.5 V 
AAA batteries, one thousand 1 Q resistors, and a 2900 Hz piezo buzzer that 
draws F5 mA at 6 V, design a circuit with no moving parts that will set off the 
buzzer if the window ts broken (and hence the thin wire as well). Note that 
the buzzer requires a de voltage of at least 6 V (maximum 28 V) to operate. 


y. Three 45 W light bulbs onginally wired in a Y network configuration with a 


120 V ac source connected across each port are rewired as a A network. The 
neutral, or center, connection is not used. If the intensity of each light is pro- 
portional to the power it draws, design a new 120 V ac power circuit so that 
the three lights have the same intensity in the A configuration as they did 
when connected tn a Y configuration. Verify your design using PSpice by 
comparing the power drawn by each light in vour circuit (modeled as an 
appropriately chosen resistor valuc) with the power cach would draw in 

the original Y-connected circuit. 


.Acertain red LED has a maximum current rating of 35 mA, and if this value i~ 


exceeded, overheating and catastrophic failure will result. The resistance of the 
LED is a nonlinear function of its current, but the manufacturer warrants a 
minimum resistance of 47 $2 and a maximum resistance of 117 2. Only 9 V 
batteries are available to power the LED. Design a suitable circuit to deliver 
the maximum power possible to the LED without damaging it. Use only 
combinations of the standard resistor values given in the inside front cover. 


CHAPTER 
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The Operationa 
Amplifier 


INTRODUCTION 

We have now been introduced to enough basic laws and circuit 
analysis techniques that we should be able to apply them success- 
fully to some interesting practical circuits. In this chapter, we focus 
on a very useful everyday electrical device called the operational 


amplifier, or op amp for short. 


6.1 _BACKGROUND 


The origins of the operational amplifier date back to the 1940s, 
when basic circuits were constructed using vacuum tubes to perform 
mathematical operations: such as addition, subtraction, multiplica- 
tion, division, differentiation, and integration. This enabled the con- 
struction of analog (as opposed to digital) computers tasked with the 
solution of complex differential equations. The first commercially 
available op amp device is generally considered to be the K2-W, 
manufactured by Philbrick Researches, Inc. of Boston from about 
1952 through the early 1970s (Fig. 6.la). These early vacuum 
tube devices weighed 3 oz (85 g), measured 133/64" x 2/64" x 47/64" 
(3.8 cm x 5.4cm x 10.4 cm), and sold for about US$22. In contrast, 
modern integrated circuit (IC) op amps such as the Fairchild KA741 
weigh less than 500 mg, measure 5.7 mm x 4.9 mm x 1.8 mm, and 
sell for approximately US$0.22. 

Compared to op amps based on vacuum tubes, modern IC op 
amps are constructed using perhaps 25 or more transistors all on the 
same silicon “chip,” as well as resistors and capacitors needed to ob- 
tain the desired performance characteristics. As a result, they run at 
much lower dc supply voltages (+18 V, for example, as opposed to 
+300 V for the K2-W), are more reliable, and considerably smaller 
(Fig. 6.1b,c). In some cases, the IC may contain several op amps. In 
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Offset null V 


Input Output 


Offset null V* 
(a) 


(b) 


@ FIGURE 6.2 (a) Electrical symbol for the op amp. 
(b) Minimum required connections to be shown on a 
circuit schematic. 


(a) (b) (c) 
@ FIGURE 6.1 (a) A Philbrick K2-W op amp, based on a matched pair of 12AX7A vacuum tubes. 
(b) LMV321 op amp, used in a variety of phone and game applications. (c) LMC6035 operational amplifier, 
which packs 114 transistors into a package so small that it fits on the head of a pin. 
(Photos courtesy of National Semiconductor Corporation. ) 


addition to the output pin and the two inputs, other pins enable power to be 
supplied to run the transistors, and for external adjustments to be made to 
balance and compensate the op amp. The symbol commonly used for an op 
amp is shown in Fig. 6.2a. At this point, we are not concerned with the in- 
ternal circuitry of the op amp or the IC, but only with the voltage and current 
relationships that exist between the input and output terminals. Thus, for the 
time being we will use a simpler electrical symbol, shown in Fig. 6.2b. Two 
input terminals are shown on the left, and a single output terminal appears at 
the right. The terminal marked by a “+” is referred to as the noninverting 
input, and the “—” marked terminal is called the inverting input. 


6.2 THE IDEAL OP AMP: A CORDIAL INTRODUCTION 


When designing an op amp, the integrated circuit engineer works very hard 
to ensure that the device has nearly ideal characteristics. In practice, we find 
that most op amps perform so well that we can often make the assumption 
that we are dealing with an “ideal” op amp. The characteristics of an ideal 
op amp form the basis for two fundamental rules that at first may seem 
somewhat unusual: 


ideal Op Amp Rules 
1. No current ever flows into either input terminal. 


2. There is no voltage difference between the two input terminals. 


In a real op amp, a very small leakage current will flow into the input 
(sometimes as low as 40 femtoamps). It is also possible to maintain a very 
small voltage across the two input terminals. However, compared to other 
voltages and currents in most circuits, such values are so small that includ- 
ing them in the analysis does not typically affect our calculations. 

When analyzing op amp circuits, we should keep one other point in 
mind. As opposed to the circuits that we have studied so far, an op amp cir- 
cuit always has an output that depends on some type of input. Therefore, we 
will analyze op amp circuits with the goal of obtaining an expression for the 
output in terms of the input quantities. We will find that it is usually a good 
idea to begin the analysis of an op amp circuit at the input, and proceed 
from there. 
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The circuit shown in Fig. 6.3 is known as an inverting amplifier. We 
choose to analyze this circuit using KVL, beginning with the input voltage 
source. The current labeled i flows only through the two resistors R, and Ry, 
ideal op amp rule | states that no current flows into the inverting input 
terminal. Thus, we can write 


—Vin + Rii + Rfi + von = O 


which can be rearranged to obtain an equation that relates the output to the 
input: | 


Vout = Vin ~ CR, + Rei [1] 


However, we are now in the situation of having one equation in two 
unknowns, since we were only given vi, = 5sin3r mV, Ry = 4.7 k&2, and 
R; = 47 kQ. To compute the output voltage, we therefore require an addi- 
tional equation that expresses i only in terms Of Vout, Vin, Ri, and/or Ry. 

This is a good time to mention that we have not yet made use of ideal 
op amp rule 2. Since the noninverting input is grounded, it is at zero volts. 
By ideal op amp rule 2, the inverting input is therefore also at zero volts. 
This does not mean that the two inputs are physically shorted together, and 
we should be careful not to make such an assumption. Rather, the two input 
voltages simply track each other: If we try to change the voltage at one pin, 
the other pin will be driven by internal circuitry to the same value. Thus, we 
can write one more KVL equation: 


—Vin t+ Ri tO =O 
or 
Vin 
, _ Vin 5 
=R [2] 
Combining Eq. [2] with Eq. [1], we obtain an expression for Voy in 
terms of Vin: 


R 
Vout = -x Vin {3] 


Substituting Vin = 5 sin 34 mV, R; = 4.7 KQ, and Ry = 47 K2, 
Vout = —50 sin 3t mV 


Since we were given R; > Rj, this circuit amplifies the input voltage 
signal vin. If we choose Ry < Rj, the signal will be attenuated instead. We 
also note that the output voltage has the opposite sign of the input voltage,’ 
hence the name “inverting amplifier.” The output is sketched in Fig. 6.4, 
along with the input waveform for comparison. 

At this point, it is worth mentioning that the ideal op amp seems to be 
violating KCL. Specifically, in the above circuit no current flows into or out 
of either input terminal, but somehow current is able to flow into the output 
pin! This would imply that the op amp is somehow able to either create elec- 
trons out of nowhere, or store them forever (depending on the direction of 
current flow). Obviously, this is not possible. The conflict arises because we 
have been treating the op amp the same way we treated passive elements 


(1) Or, “the output is 180° out of phase with the input,” which sounds more impressive. 





E FIGURE 6.3 An op amp used to construct an 
inverting amplifier circuit, where vin = 5 sin 3t mV, 
Ri = 4.7 kO, and Ry = 47 kQ. 





The fact that the inverting input terminal finds itself at 
zero volts in this type of circuit configuration leads to 
what is often referred to as a “virtual ground.” This does 
not mean that the pin is actually grounded, which is 
sometimes a source of confusion for students. The 

op amp makes whatever internal adjustments are 
necessary to prevent a voltage difference between the 
input terminals. The input terminals are not shorted 
together. 


Voltage (mV) 





@ FIGURE 6.4 input and output waveforms of the 
inverting amplifier circuit. 
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R, such as the resistor. In reality, however, the op amp cannot function unless 
it is connected to external power sources. It is through those power sources 
that we can direct current flow through the output terminal. 

Although we have shown that the inverting amplifier circuit of Fig. 6.3 
can amplify an ac signal (a sine wave in this case having a frequency of 
3 rad/s and an amplitude of 5 mV), it works just as well with de inputs. We 
consider this type of situation in Fig. 6.5, where values for R, and R; are to 
be selected to obtain an output voltage of —10 V. 





E FIGURE 6.5 An inverting amplifier circuit with a This is the same circuit as shown in Fig. 6.3, but with a 2.5 V dc input. 
25 V input. Since no other change has been made, the expression we presented as Eq. [3] 


is valid for this circuit as well. To obtain the desired output, we seek a ratio 
of Ry to Ri of 10/2.5 or 4. Since it is only the ratio that is important here, we 
simply need to pick a convenient value for one resistor, and the other resis- 
tor value is then fixed at the same time. For example, we could choose 
R; = 100 Q (so Ry = 400 Q), or even Rp =8 MQ (so R; = 2 MQ). In 
practice, other constraints (such as bias current) may limit our choices. 

This circuit configuration therefore acts as a convenient type of voltage 
amplifier (or attenuator, if the ratio of Ry to R, is less than 1), but does 
have the sometimes inconvenient property of inverting the sign of the input. 
There is an alternative, however, which is analyzed just as easily—the non- 
inverting amplifier shown in Fig. 6.6. We examine such a circuit in the 
following example. 













EXAMPLE 6.1 “~ * i ae 


Sketch the output waveform of the noninverting amplifier circuit in 
Fig. 6.6a. Use Vin = 5 sin 3t mV, Ri = 4.7 KQ, and Ry = 47 KQ. 


Identify the goal of the problem. 


We require an expression for Vout that only depends on the known 
quantities Vin, Rj, and Ry. 


- Collect the known information. 
Since values have been specified for the resistors and the input 
waveform, we begin by labeling the current i and the two input 
voltages as shown in Fig. 6.6b. We will assume that the op amp is 
an ideal op amp. 


Devise a plan. 

Although mesh analysis is a favorite technique of students, it turns out 
to be more practical in most op amp circuits to apply nodal analysis, 
since there is no direct way to determine the current flowing out of the 
op amp output. 





Construct an appropriate set of equations. 


(b) Note that we are using ideal op amp rule | implicitly by defining the 
same curre O i - no current flows into the invert- 
W FIGURE 6.6 (a) An op amp used to construct a a S10 m through both S ns ee daz f : oer 
noninverting amplifier circuit. (b) Circuit with the ing input terminal. Employing nodal analysis to obtain our expression 
current through R, and R; defined, as well as both for Vout in terms of Vin, we thus find that 


input voltages labeled. 
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At node a: 
Va Va Vout 
R. R; [4] 
At node b: 
Up = Vin 15] 


Determine if additional information is required. 
Our goal is to obtain a single expression that relates the input and 
output voltages, although neither Eq. [4] nor Eq. [5] appears to do so. 
However, we have not yet employed ideal op amp rule 2, and we will 
find that in almost every op amp circuit beth rules need to be invoked 
in order to obtain such an expression. 

Thus, we recognize that v, = Vp = Vin, and Eq. [4] becomes 


Vin Vin — Vout 


R, R; 


Attempt a solution. 
Rearranging. we obtain an expression for the output voltage in terms 
of the input voltage vin: 


Ry 
Vout == (1 +- z) vin = Il un = S55sin3¢ mV 
, i 


Verify the solution. Is it reasonable or expected? 

The output waveform is sketched in Fig. 6.7. along with the input 
waveform for comparison. In contrast to the output wavetorm of the 
inverting amplifier circuit, we note that the input and output are in 
phase for the noninverting amplifier. This should not be entirely 
unexpected: It is implicit in the name “noninverting amplifier.” 


PRACTICE 


n fl eae 


6.1 Derive an expression for touw in terms of vin for the circuit shown in 
Fig. 6.8. 


Ans: Vou = Vin. The circuit is known as a “voltage follower” since the output 
voltage tracks or “follows” the input voltage. 


Just like the inverting amplifier. the noninverting amplifier works with 
dc as well as ac inputs. but has a voltage gain of Vou /Vin = 1+ (Ryp/R)). 
Thus, if we set Ry =9 Q and R, = 1 Q, we obtain an output voy, 10 times 
larger than the input voltage vin. In contrast to the inverting amplifier, the 
output and input of the noninverting amplifier always have the same sign. 
and the output voltage cannot be less than the input: the minimum gain is 1. 
Which amplifier we choose depends on the application we are considering. 
In the special case of the voltage follower circuit shown in Fig. 6.8, which 


Voltage (mV) 





M FIGURE 6.7 Input and output waveforms for the 
noninverting amplifier circuit. 





E FIGURE 6.8 
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represents a noninverting amplifier with R; set to oo and Rp set to zero, the 
output is identical to the input both in sign and magnitude. This may seem 
rather pointless as a general type of circuit, but we should keep in mind that 
the voltage follower draws no current from the input (in the ideal case)}—1t 
therefore can act as a buffer between the voltage Vin and some resistive load 
R; connected to the output of the op amp. 

We mentioned earlier that the name “operational amplifier” originates 
from using such devices to perform arithmetical operations on analog (i.e., 
nondigitized, real-time, real-world) signals. As we see in the following two 
circuits, this includes both addition and subtraction of input voltage signals. 






EXAMPLE 6.2 


Obtain an expression for Vout in terms ) of in V2, and vs for the 
op amp circuit in Fig. 6.9, also known as a “summing amplifier.” 





@ FIGURE 6.9 Basic summing amplifier circuit with three inputs. 


We first note that this circuit is similar to the inverting amplifier circuit 
of Fig. 6.3. Again, the goal is to obtain an expression for Vout (which 
in this case appears across a load resistor Rz) in terms of the inputs 
(vi, V2, and v3). 

Since no current can flow into the inverting input terminal, we 
know that 


i=ytht+h 
Therefore, we can write the following equation at the node labeled v,: 
Va — Vout Ug — Vj Ug — U2 Ug — U3 
0 = — + YH [MMM 
Ry R R R 
This equation contains both Vout and the input voltages, but unfortu- 
nately it also contains the nodal voltage va. To remove this unknown 
quantity from our expression, we need to write an additional equation 
that relates vg tO Vout, the input voltages, Rf, and/or R. At this point, we 
remember that we have not yet used ideal op amp rule 2, and that we 
will almost certainly require the use of both rules when analyzing an 
op amp circuit. Thus, since va = v = 0, we can write the following: 
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Rearranging, we obtain the following expression for Vou: 
Ky 
Vout = aoe Od + v2 + v3) [6] 


In the special case where v2 = v3 = 0, we see that our result agrees 
with Eq. [3], which was derived for essentially the same circuit. 


There are several interesting features about the result we have just de- 
rived. First, if we select Ry so that it is equal to R, then the output is the (neg- 
ative of the) sum of the three input signals v;, v2, and v3. Further, we can select 
the ratio of Ry to R to multiply this sum by a fixed constant. So, for exam- 
ple, if the three voltages represented signals from three separate scales cal- 
ibrated so that ~! V = 1 Ib, we could set Ry = R/2.205 to obtain a voltage 
signal that represented the combined weight in kilograms (to within about 
] percent accuracy due to our conversion factor). 

Also, we notice that R; did not appear in our final expression. As long as 
its value is not too low, the operation of the circuit will not be affected; at 
present, we have not considered a detailed enough model of an op amp to 
predict such an occurrence. This resistor represents the Thévenin equivalent 
of whatever we use to monitor the amplifier output. If our output device is a 
simple voltmeter, then R; represents the Thévenin equivalent resistance 
seen looking into the voltmeter terminals (typically 10 MQ or more). Or, 
our output device might be a speaker (typically 8 Q), in which case we hear 
the sum of the three separate sources of sound; vy. v2, and v3 might represent 
microphones in that case. 

One word of caution: It is frequently tempting to assume that the current 
labeled i in Fig. 6.9 flows not only through R; but through Rz also. Not true! 
It is very possible that current is flowing through the output terminal of the 
op amp as well, so that the currents through the two resistors are not the 
same. It is for this reason that we almost universally avoid writing KCL 
equations at the output pin of an op amp, which leads to the preference of 
nodal over mesh analysis when working with most op amp circuits. 


PRACTICE 


6.2 Derive an expression for Vow in terms of v; and vz for the circuit 
shown in Fig. 6.10, also known as a difference amplifier. 








-_ _ p 


E FIGURE 6.10 





ANS: Vou = 82 — t. Hint: Use voltage division to obtain vp. 








TABLE ` 6.1 Summary of Basic Op Amp Circuits | 


Name 


Inverting Amplifier 


Noninverting Amplifier 


Voltage Follower 
(also known as a 
Unity Gain Amplifier) 


Summing Amplifier 


Difference Amplifier 


Circuit Schematic 
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Input-Output Relation 


Ry 
Vout = TT Vin 
i 


R 
Vou = ( + i) Vin 
I 


Vout = Vin 


Ry 
Vout = Tp M + v2 + v3) 


Vout = V2 — V1 


A Fiber Optic Intercom 


A point-to-point intercom system can be constructed 
using a number of different approaches, depending on 
the intended application environment. Low-power radio 
frequency (RF) systems work very well and are gener- 
ally cost-effective, but are subject to interference from 
other RF sources and are also prone to eavesdropping. 
Use of a simple wire to connect the two intercom sys- 
tems instead can eliminate a great deal of the RF inter- 
ference as well as increase privacy. However, wires are 
subject to corrosion and short circuits when the plastic 
insulation wears, and their weight can be a concern in 
aircraft and related applications (Fig. 6.11). 





@ FIGURE 6.11 The application environment often dictates design 
constraints. 
™ & © Boeing. Used under license. 


An alternative design would be to convert the electri- 
cal signal from the microphone to an optical signal, 
which could then be transmitted through a thin (~50 wm 
diameter) optical fiber. The optical signal is then con- 
verted back to an electrical signal, which is amplified 
and delivered to a speaker. A schematic diagram of such 
a system is shown in Fig. 6.12; two such systems would 
be needed for two-way communication. 


Light 


Oa ES) 


Microphone NATOs 


C Amplifier 


AY fiber 


W FIGURE 6.12 Schematic diagram of one-half of a simple fiber optic 
intercom. 


We can consider the design of the transmission and 


reception circuits separately, since the two circuits are in 
fact electrically independent. Figure 6.13 shows a simple 


Speaker 


LED 


Microphone 





@ FIGURE 6.13 Circuit used to convert the electrical microphone signal 
into an optical signal for transmission through a fiber. 


signal generation circuit consisting of a microphone, a 
light-emitting diode (LED), and an op amp used in a 
noninverting amplifier circuit to drive the LED; not 
shown are the power connections required for the op 
amp itself. The light output of the LED is roughly pro- 
portional to its current, although less so for very small 
and very large values of current. 
We know the gain of the amplifier is given by 





Vin Ri 

which is independent of the resistance of the LED. In or- 
der to select values for Ry and Ri, we need to know the 
input voltage from the microphone and the necessary 
output voltage to power the LED. A quick measurement 
indicates that the typical voltage output of the micro- 
phone peaks at 40 mV when someone is using a normal 
speaking voice. The LED manufacturer recommends op- 


erating at approximately 1.6 V, so we design for a gain of 


1.6/0.04 = 40. Arbitrarily choosing R; = 1 KQ leads to 
a required value of 39 k&2 for Ry. 

The circuit of Fig. 6.14 is the receiver part of our one- 
way intercom system. It converts the optical signal from 
the fiber into an electrical signal, amplifying it so that an 


audible sound emanates from the speaker. 


R3 





Speaker 
Photodetector 


@ FIGURE 6.14 Receiver circuit used to convert the optical signal into 
an audio signal. 


(Continued on next page) 








i; 





After coupling the LED output of the transmitting 
circuit to the optical fiber, a signal of approximately 
10 mV is measured from the photodetector. The speaker 
is rated for a maximum of 100 mW and has an equivalent 
resistance of 8 Q. This equates to a maximum speaker 
voltage of 894 mV, so we need to select values of Rz and 
R; to obtain a gain of 894/10 = 89.4. With the arbitrary 
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selection of R- = 10 kQ. we find that a value of 884 kQ 
completes our design. 

This circuit will work in practice, although the non- 
linear characteristics of the LED lead to a noticeable dis- 
tortion of the audio signal. We leave improved designs 
for more advanced texts. 
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6.3 CASCADED STAGES 


Although the op amp is an extremely versatile device. there are numerous 
applications in which a single op amp will not suffice. In such instances, it 
is often possible to meet application requirements by cascading several in- 
dividual op amps together in the same circuit. An example of this is shown 
in Fig. 6.15, which consists of the summing amplifier circuit of Fig. 6.9 with 
only two input sources, and the output fed into a simple inverting amplifier. 
The result is a two-stage op amp circuit. 








E FIGURE 6.15 A two-stage op amp arcuit consisting of a summing amplifier cascaded 
with an inverting amplifier circuit. 


We have already analyzed each of these op amp circuits separately. 
Based on our previous experience, if the two op amp circuits were discon- 
nected, we would expect 


RF st vy) 7 
Uv, = ~ -— {U ta 
; R Vi 2 [7] 
and 
R» l 
Vou = TR” IA] 


In fact, since the two circuits are connected at a single point and the 
voltage v, is not influenced by the connection, we can combine Eqs. [7] and 
[8] to obtain 


Ro RI any 4 
Uou = Z oes {U t 
ut R; R l 2 l | 
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which describes the input-output characteristics of the circuit shown in 
Fig. 6.15. We may not always be able to reduce such a circuit to familiar 
stages, however, so it is worth seeing how the two-stage circuit of Fig. 6.15 
can be analyzed as a whole. 

When analyzing cascaded circuits, it is sometimes helpful to begin with 
the last stage and work backward toward the input stage. Referring to ideal 
op amp rule 1, the same current flows through R; and R2. Writing the appro- 
priate nodal equation at the node labeled vu, yields 





Ur — Ux Ur — Vout 
+ 1 
Ri R2 


0 = [10] 


Applying ideal op amp rule 2, we can set v, = 0 in Eq. [10], resulting in 





it 
R R [11] 


Since our goal is an expression for Vout in terms of v; and v2, we proceed 
to the first op amp in order to obtain an expression for v, in terms of the two 
input quantities. 

Applying ideal op amp rule | at the inverting input of the first op amp, 


Va — Ux Va — YI Va — v2 
o= HOEY + 
Ry R R 








[12] 


Ideal op amp rule 2 allows us to replace v, in Eq. [12] with zero, since 
Va = vp, = 0. Thus, Eq. [12] becomes 


Uy vy v4 


0= = ++ 
R R R 


[13] 


We now have an equation for vou in terms of v, (Eq. [11]), and an equa- 
tion for v, in terms of v; and v2 (Eq. [13]). These equations are identical to 
Eqs. [7] and [8] respectively, which means that cascading the two separate 
circuits as in Fig. 6.15 did not affect the input-output relationship of either 
stage. Combining Eqs. [11] and [13], we find that the input-output relation- 
ship for the cascaded op amp circuit is 


R2 Ry 
—— — (v v 14 
R Rot 2) [14] 


You = 
which is identical to Eq. [9]. 
Thus, the cascaded circuit acts as a summing amplifier, but without a 
phase reversal between the input and output. By choosing the resistor val- 
ues carefully, we can either amplify or attenuate the sum of the two input 
voltages. If we select Ra = R, and Ry = R, we can also obtain an amplifier 
circuit where voy = vı + v2, if desired. 
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EXAMPLE 6.3 : upee 





A multiple-tank gas propellant fuel system is installed in a small 
lunar orbit runabout. The amount of fuel in any tank is monitored 
by measuring the tank pressure (in psia*). Technical details for 
tank capacity as well as sensor pressure and voltage range are 
given in Table 6.2. Design a circuit which provides a positive dc 
voltage signal proportional to the total fuel remaining, such that 
1V = 100 percent. 


TABLE 6.2 Technical Data for Tank 
> —— Pressure Monitoring System 


Tank | Capacity 10,000 psia 
Tank 2 Capacity 10,000 psia 
Tank 3 Capacity 2000 psia 
Sensor Pressure Range 0 to 12,500 psia 
Sensor Voltage Output 0 to 5 Vdc 





© Corbis 


We see from Table 6.2 that the system has three separate gas tanks, 
requiring three separate sensors. Each sensor is rated up to 12,500 psia, 
with a corresponding output of 5 V. Thus, when tank | is full, its sensor 
will provide a voltage signal of 5 x (10,000/12,500) = 4 V; the 

same is true for the sensor monitoring tank 2. The sensor connected 

to tank 3, however, will only provide a maximum voltage signal of 

5 x (2,000/12,500) = 800 mV. 

One possible solution is the circuit shown in Fig. 6.16a, which em- 
ploys a summing amplifier stage with vı, v2, and v3 representing the 
three sensor outputs, followed by an inverting amplifier to adjust the 
voltage sign and magnitude. Since we are not told the output resistance 
of the sensor, we employ a buffer for each one as shown in Fig. 6.16b; 
the result is (in the ideal case) no current flow from the sensor. 

To keep the design as simple as possible, we begin by choosing 
Rj, R2, R3, and R; to be 1 KQ; any value will do as long as all four 
resistors are equal. Thus, the output of the summing stage is 


Vy = —(v; + V2 + v3) 


The final stage must invert this voltage and scale it such that the 
output voltage is.1 V when all three tanks are full. The full condition 
results in vy = —(4 + 4 + 0.8) = —8.8 V. Thus, the final stage needs 
a voltage ratio of R¢/ Rs = 1/8.8. Arbitrarily choosing Rg = 1 kQ, we 
find that a value of 8.8 kQ for Rs completes the design. 


(2) Pounds per square inch, absolute. This is a differential pressure measurement relative to a vacuum 
reference. 
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(b) 


@ FIGURE 6.16 (c) A proposed circuit to provide a total fuel remaining readout. (b) Buffer design 
to avoid errors associated with the internal resistance of the sensor and limitations on its ability to 
provide current. One such buffer is used for each sensor, providing the inputs v;, v2, and v; to 
the summing amplifier stage. 


_PRACTICE 


e n a O ANS O E RR TS AT 


6.3 An historic bridge is showing signs of deterioration. Until renova- 
tions can be performed, it is decided that only cars weighing less than 
1600 kg will be allowed across. To monitor this, a four-pad weighing 
system is designed. There are four independent voltage signals, one from 
each wheel pad, with | mV = | kg. Design a circuit to provide a positive 
voltage signal to be displayed on a DMM (digital multimeter) that repre- 
sents the total weight of a vehicle. such that | mV = 1 kg. You may as- 
sume there is no need to buffer the wheel pad voltage signals. 


Ans: See Fig. 6.17. 


i v 
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m@ FIGURE 6.17 One possible solution to Practice Problem 6.3; all resistors are 10 kQ (although 
any value will do as long as they are all equal). Input voltages v}, vz, vs, and v represent the voltage 
signals from the four wheel pad sensors, and Vou is the output signal to be connected to the positive 
input terminal of the DMM. All five voltages are referenced to ground, and the common terminal of 
the DMM should be connected to ground as well. 
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6.4 CIRCUITS FOR VOLTAGE AND CURRENT SOURCES 


In this and previous chapters we have often made use of ideal current and 
voltage sources, which we assume provide the same value of current or volt- 
age, respectively, regardless of how they are connected in a circuit. Our as- 
sumption of independence has its limits, of course, as mentioned in Sec. 5.2 
when we discussed practical sources which included a “built-in” or inherent 
resistance. The effect of such a resistance was a reduction of the voltage 
output of a voltage source as more current was demanded, or a diminished 
current output as more voltage was required from a current source. As dis- 
cussed in this section, it is possible to construct circuits with more reliable 
characteristics using op amps. 


A Reliable Voltage Source 


One of the most common means of providing a stable and consistent refer- 
ence voltage is to make use of a nonlinear device known as a Zener diode. 











RI 
100 
+ 
D1 y 
ret 
D1N750 
“0 7o 
(a) 





(c) 


@ FIGURE 6.18 (a) PSpice schematic of a simple voltage reference circuit based on the 1N750 Zener 
diode. (b) Simulation of the circuit showing the diode voltage Vre as a function of the driving voltage V1. 
(© Simulation of the diode current, showing that its maximum rating is exceeded when V1 exceeds 
12.3 V. (Note that performing this calculation assuming an ideal Zener diode yields 12.2 V.) 
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Its symbol is a triangle with a Z-like line across the top of the triangle, as 
shown for a 1N750 in the circuit of Fig. 6.18a. 

Although a two-terminal element, a Zener diode behaves very differ- 
ently than a simple (linear) resistor. In particular, whereas a resistor is a 
symmetric device, a diode is not. Instead, its two terminals are labeled the 
anode (the flat part of the triangle) and the cathode (the point of the trian- 
gle), and very different behavior is obtained depending on which way the 
diode is inserted in a circuit. A Zener diode is a special type of diode designed 
to be used with a positive voltage at the cathode with respect to the anode; 
when connected this way, the diode is said to be reverse biased. For low 
voltages, the diode acts like a resistor with a small linear increase in current 
flow as the voltage is increased. Once a certain voltage (Vgp) is reached, 
however—known as the reverse breakdown voltage or Zener voltage of the 
diode—the voltage does not significantly increase further, but essentially 
any current can flow up to the maximum rating of the diode (75 mA for a 
1N750, whose Zener voltage is 4.7 V). 

Let's consider the simulation result presented in Fig. 6.185, which shows 
the voltage Ver across the diode as the voltage source V I is swept from 0 to 
20 V. Provided V1 remains above 5 V, the voltage across our diode is es- 
sentially constant. Thus, we could replace V1 with a 9 V battery, and not be 
too concerned with changes in our voltage reference as the battery voltage 
begins to drop as it discharges. The purpose of R1 in this circuit is simply to 
provide the necessary voltage drop between the battery and the diode; its 
value should be chosen to ensure that the diode is operating at its Zener volt- 
age but below its maximum rated current. For example, Fig. 6.18c shows 
that the 75 mA rating is exceeded in our circuit if the source voltage V1 is 
much greater than 12 V. Thus, the value of resistor R1 should be sized cor- 
responding to the source voltage available, as we explore in Example 6.4. 






EXAMPLE 6.4 


Design a circuit based on the 1N750 Zener diode that runs on a 
single 9 V battery and provides a reference voltage of 4.7 V. 


The 1N750 has a maximum current rating of 75 mA, and a Zener volt- 
age of 4.7 V. The voltage of a 9 V battery can vary slightly depending 
on its state of charge, but we neglect this for the present design. 

A simple circuit such as the one shown in Fig. 6.19a is adequate 
for our purposes; the only issue is determining a suitable value for the 
resistor Ref- 

If 4.7 V is dropped across the diode, then 9 — 4.7 = 4.3 V must be 
dropped across Rye. Thus, 


9—Veer _ 43 


Rref — 
lief lref 


We determine R,.; by specifying a current value. We know that [rer 
should not be allowed to exceed 75 mA for this diode, and that larger 
currents will discharge the battery more quickly. However, as seen in 
Fig. 6.19b, we cannot simply select Zef arbitrarily; very low currents 


(Continued on next page) 
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do not allow the diode to operate in the Zener breakdown region. In the 

absence of a detailed equation for the diode’s current-voltage relation- 

ship (which ts clearly nonlinear). we design for 50 percent of the maxi- 
mum rated current as a rule of thumb. Thus. 





Rep = —— = 1152 
0.0375 


fet) 


Detailed “tweaking” can be obtained by performing a PSpice simu- 
em: | lation of the tinal circuit. although we see from Fig. 6.19c that our first 
. : pass 1s reasonably close (within | percent) to our target valuc. 
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to a The basic Zener diode voltage reference circuit of Fig. 6.18a works very 

l well in many situations, but we are limited somewhat in the value of the voit- 

| age depending on which Zener diodes are available. Also, we often find that 

re the circuit shown is not well suited to applications requiring more than a few 

j ores milliamperes of current. In such instances, we may use the Zener reference 

ih) circuit in conjunction with a simple amplifier stage. as shown in Fig. 6.20. 

The result is a stable voltage that can be controlled by adjusting the value of 
either R; or Ry without having to switch to a different Zener diode. 


Lewt: 


_ 4.733V R, 
 37.30mA 
D, 
DIN750 





M FIGURE 6.19 (c) A voltage reference circuit based 


on the 1N750 Zener diode. ($) Diode /-V relationship. E FIGURE 6.20 An op amp-based voltage source 
(©) PSpice simulation of the final design. based on a Zener voltage reference. 
PRACTICE |_| 





6.4 Design a circuit to provide a reference voltage of 6 V using a 
1N750 Zener diode and a noninverting amplifier. 


Ans: Using the circuit topology shown in Fig. 6.20, choose Vba = 9 V, 
Ref = 115 Q, Ry = 1 KÊ, and R; = 268 Q. 


A Reliable Current Source 


Consider the circuit shown in Fig. 6.21a, where Ver is provided by a regu- 
lated voltage source such as the one shown in Fig. 6.19a. The reader may 
recognize this circuit as a simple inverting amplifier configuration, assum- 
ing we tap the output pin of the op amp. We can also use this circuit as a cur- 
rent source, however, where R; represents a resistive load. 

The input voltage Vier appears across reference resistor Reen since the 
noninverting input of the op amp is connected to ground. With no current 
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(a) (b) 


(c) 
@ FIGURE 6.21 (a) An op amp-based current source, controlled by the reference voltage Vret. 


(b) Circuit redrawn to highlight load. (©) Circuit model. Resistor R, represents the Norton equivalent of 
an unknown passive load circuit. 


Jung, Walter G.: IC OP-AMP COOKBOOK, 3rd Edition, © 1986. Reprinted by permission of Pearson 
Education, Inc., Upper Saddle River, NJ. 


flowing into the inverting input, the current flowing through the load resistor 
R; is simply 

Vref 

Riet 





I, = 


In other words, the current supplied to Rz; does not depend on its 
resistance—the primary attribute of an ideal current source. It is also worth 
noting that we are not tapping the output voltage of the op amp here as a quan- 
tity of interest. Instead, we may view the load resistor Rz as the Norton (or 
Thévenin) equivalent of some unknown passive load circuit, which receives 
power from the op amp circuit. Redrawing the circuit slightly as in Fig. 6.21b, 
we see that it has a great deal in common with the more familiar circuit of 
Fig. 6.21c. In other words, we may use this op amp circuit as an independent 






Design a current source that will deliver 1 mA to an arbitrary 
resistive load. | 


Basing our design on the circuits of Fig. 6.20 and Fig. 6.21a, we know 
that the current through our load Rz will be given by 


Vref 
Reet 





I, = 


where values for Vef and Ref must be selected, and a circuit to provide Vref 
must also be designed. If we use a 1N750 Zener diode in series with a 9 V 
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@ FIGURE 6.22 One possible design for the desired 
current source. Note the change in current direction 
from Fig. 6.216. 





@ FIGURE 6.24 A more detailed model for the 
Op amp. 
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battery and a 100 Q resistor, we know from Fig. 6.18 that a voltage of 
4.9 V will exist across the diode. Thus, Ver = 4.2 V, dictating a value of 
4.9/107* = 4.9 kQ for Rye. The complete circuit is shown in Fig. 6.22. 

Note that if we had assumed a diode voltage of 4.7 V instead. the 
error in our designed current would only be a few percent, well within 
the typical 5 to 10 percent tolerance in resistor values we might expect. 

The only issue remaining is whether | mA can in fact be provided to 
any value of R;. For the case of R; = 0, the output of the op amp will 
be 4.9 V., which is not unreasonable. As the load resistor is increased. 
however, the op amp output voltage increases. Eventually we must 
reach some type of limit. as discussed in Sec. 6.5. 


PRACTICE 


heer ER 
6.5 Design a current source capable of providing 500 4A to a resistive 
load. 


Ans: See Fig. 6.23 for one possible solution. 
R; 






IN7S0 


E FIGURE 6.23 One possible solution to Practice 
Probiem 6.5. 


current source with essentiaily ideal characteristics, up to the maximum rated 
output current of the op amp selected. 


6.5 PRACTICAL CONSIDERATIONS 
A More Detailed Op Amp Model 


Reduced to its essentials, the op amp can be thought of as a voltage- 
controlled dependent voltage source. The dependent voltage source provides 
the output of the op amp. and the voltage on which it depends is applied to the 
input terminals. A schematic diagram of a reasonable model for a practical 
op amp is shown in Fig. 6.24: it includes a dependent voltage source with 
voltage gain A. an output resistance R,. and an input resistance R;. Table 6 3 
gives typical values for these parameters for several types of commercially 
available op amps. 

The parameter A is referred to as the open-loop voltage gain ot the op amp. 
and is typically in the range of 10° to 10°. We notice that all of the Op amps 
listed in Table 6.3 have extremely large open-loop voltage gain, especially 
compared to the voltage gain of I! that characterized the noninverting 
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TABLE 6.3 Typical Parameter Values for Several Types of Op Amps 





Part Number pATAI LM324 LF411 AD549K OPA690 
Description General Low-power Low-offset, low- Ultralow input Wideband video 
purpose quad drift JFET input bias current frequency op amp 
Open loop gain A 2x 10° V/V 10° V/V 2 x 10° V/V 10° V/V 2800 V/V 
Input resistance 2 MQ * 1 TQ 10 TQ 190 kQ 
Output resistance 75 Q * ~12 ~15Q a 
Input bias current 80 nA 45 nA 50 pA 75 fA 3 pA 
Input offset voltage 1.0 mV 2.0 mV 0.8 mV 0.150 mV +1.0 mV 
CMRR 90 dB 85 dB 100 dB 100 dB 65 dB 
Slew Rate 0.5 V/s * 15 V/s 3 V/s 1800 V/s 
PSpice Model J J J 


* Not provided by manufacturer. 


V Indicates that a PSpice model is included in Orcad Capture CIS Version 10.0. 


amplifier circuit of Example 6.1. It is important to remember the distinction 
between the open-loop voltage gain of the op amp itself, and the closed- 
loop voltage gain that characterizes a particular op amp circuit. The “loop” 
in this case refers to an external path between the output pin and the invert- 
ing input pin; it can be a wire, a resistor, or another type of element, de- 
pending on the application. 

The A741 is a very common op amp, originally produced by Fairchild 
Corporation in 1968. It is characterized by an open-loop voltage gain of 
200,000, an input resistance of 2 MQ, and an output resistance of 75 Q. In 
order to evaluate how well the ideal op amp model approximates the be- 
havior of this particular device, let’s revisit the inverting amplifier circuit of 
Fig. 6.3. 


EXAMPLE 6.6 





Using the appropriate values for the wAT741 op amp in the model of 
Fig. 6.24, reanalyze the inverting amplifier circuit of Fig. 6.3. 


We begin by replacing the ideal op amp symbol of Fig. 6.3 with the 
detailed model, resulting in the circuit shown in Fig. 6.25. 


Note that we can no longer invoke the ideal op amp rules, since we are 
not using the ideal op amp model. Thus, we write two nodal equations: 
—Uqg — Vj —Uqg —v —v 
0 = d in į d out $ d 
R; Rf Ri 
Vout + Va Vout — Avg 
0= ——_ + ——— 
Ry Ro 


Performing some straightforward but rather lengthy algebra, we elimi- 
nate v4 and combine these two equations to obtain the following 


(Continued on next page) 
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@ FIGURE 6.25 inverting amplifier circuit drawn using detailed op amp model. 


expression for Vou 1N terms of t'in: 


(Ro+ Rp ft ot 1 I 7 vin - 
Vou = {= +—-+—}-—| = [15] 
R, — AR; Ri Ry R; Ry Ri 
Substituting vin = 5 sin 3z mV, Ry = 4.7 KQ, R; = 47 kQ, R, = 75 Q, 


; = 2 MQ and A = 2 x 10°, we obtain 


Your = —9.999448vin = —49.99724 sin 3t mV 





Upon comparing this to the expression found assuming an ideal op 
amp (Vou = —1Ovin = —SOsin 3z mV), we see that the ideal op amp is 
indeed a reasonably accurate model. Further, assuming an ideal op amp 
leads to a significant reduction in the algebra required to perform the 
circuit analysis. Note that if we allow A > œ, Rə > 0, and R; > x, 
Eq. [15] reduces to 

Ry 


Pout = 7 Vin 
I 


which is what we derived earlier for the inverting amplifier when 
assuming the op amp was ideal. 


_PRACTICE 


ane anrtetatteiennins aeihirmimmmsnemesnen I rere tnt Ar RRR RR 
6.6 Assuming a finite open-loop gain (A), a finite input resistance (Rj), 
and zero output resistance (R,), derive an expression for Vou in terms of 
Vin for the op amp circuit of Fig. 6.3. 


AN: Uout/Vin = —AR, Ri /[C + A)R Ri + RiR; + Ry Ri]. 


Derivation of the ideal Op Amp Rules 


We have seen that the ideal op amp is a pretty accurate model for the be- 
havior of practical devices. However, using our more detailed model which 
includes a finite open-loop gain, finite input resistance, and nonzero output 
resistance, it 1s actually straightforward to derive the two ideal op amp rules. 

Referring to Fig. 6.24, we see that the open circuit output voltage of u 
practical op amp can be expressed as 


Vout = A Va [16] 
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Rearranging this equation, we find that vg, sometimes referred to as the 
differential input voltage, can be written as 





va = [17] 


As we might expect, there are practical limits to the output voltage Vou 
that can be obtained from a real op amp. As described in the next section, we 
must connect our op amp to external dc voltage supplies in order to power the 
internal circuitry. These external voltage supplies represent the maximum 
value of voy, and are typically in the range of 5 to 24 V. If we divide 24 V by 
the open-loop gain of the A741 (2 x 10°), we obtain vg = 120 nV. 
Although this is not the same as zero volts, such a small value compared to 
the output voltage of 24 V is practically zero. An ideal op amp would have in- 
finite open-loop gain, resulting in vy = Oregardless of Voy; this leads to ideal 
op amp rule 2. 

Ideal op amp rule ! states that, “No current ever flows into either input 
terminal.” Referring to Fig. 6.23, the input current of an op amp is simply 


Vd 


We have just determined that vy is typically a very small voltage. As we 
can see from Table 6.3, the input resistance of a typical op amp is very large, 
ranging from the mega-ohms to the tera-ohms! Using the value of 
vy = 120 uV from above and R; = 2 MQ., we compute an input current of 
60 pA. This is an extremely small current, and we would require a special- 
ized ammeter (known as a picoammeter) to measure it. We see from 
Table 6.3 that the typical input current (more accurately termed the input 
bias current) of a A741 is 80 nA, three orders of magnitude larger than 
our estimate. This is a shortcoming of the op amp model we are using, 
which is not designed to provide accurate values for input bias current. 
Compared to the other currents flowing in a typical op amp circuit, how- 
ever, either value is essentially zero. More modern op amps (such as the 
AD549) have even lower input bias currents. Thus, we conclude that ideal 
op amp rule | is a fairly reasonable assumption. 

From our discussion, it is clear that an ideal op amp has infinite open- 
loop voltage gain, and infinite input resistance. However, we have not yet 
considered the output resistance of the op amp and its possible effects on 
our circuit. Referring to Fig. 6.24, we see that 


Vout = Avg -= Rolout 


where fout flows from the output pin of the op amp. Thus, a nonzero value of 
R, acts to reduce the output voltage, an effect which becomes more pro- 
nounced as the output current increases. For this reason, an ideal op amp 
has an output resistance of zero ohms. The 4 A741 has a maximum output 
resistance of 75 S2, and more modern devices such as the AD549 have even 
lower output resistance. 


Common-Mode Rejection 


The op amp is occasionally referred to as a difference amplifier, since the 
output is proportional to the voltage difference between the two input 





194 a ® 





€ FIGURE 6.26 An op amp conneded as a 
difference amplifier, 
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terminals. This means that if we apply identical voltages to both input 
terminals, we expect the output voltage to be zero. This ability of the op 
amp is one of its most attractive qualities. and is known as common-mode 
rejection. The circuit shown in Fig. 6.26 is connected to provide an output 
voltage 


Pou = P2 TT 


If vy = 24+ 3sin3r volts and vs = 2 volts. we would expect the output 
to be —3 sin 3¢ volts; the 2 V component common to vı and v: would not 
be amplified. nor does it appear in the output. 

For practical op amps. we do in fact find a small contribution to the oui- 
put in response to common mode signals. In order to compare one op amp 
type to another, it is often helpful to express the ability of an op amp to re- 
ject common mode signals through a parameter known as the common 
mode rejection ratio, or CMRR. Defining voq as the output obtained when 
both inputs are equal (vi = t = vem). we can determine Acm. the coni- 
mon mode gain of the op amp 





We then detine CMRR in terms of the ratio of differential-mode gain A 
to the common mode gain Acy. or 


(oA 
CMRR = ——~| [1d] 
although this is often expressed in decibels (dB), a logarithmic scale: 
A | 
CMRR, = 20 log), |- | dB [19] 
| Aco 


Typical values for several different op amps are provided in Table 6.3: 
a value of 100 dB corresponds to an absolute ratio of 10° for A to Acy. 


Negative Feedback 

We have seen that the open-loop gain of an op amp is very large, ideally in- 
finite. In practical situations, however, its exact value can vary from the 
value specified by the manufacturer as typical. Temperature, for example, 
can have a number of significant effects on the performance of an op amp, 
so that the operating behavior in —20°C weather may be significantly dif- 
ferent from the behavior observed on a warm sunny day. Also, there are 
typically small variations between devices fabricated at different times. If 
we design a circuit in which the output voltage is the open-loop gain times 
the voltage at one of the input terminals, the output voltage could therefore 
be difficult to predict with a reasonable degree of precision, and might be 
expected to change depending on the ambient temperature. 

A solution to such potential problems 1s to employ the technique of 
negative feedback, which is the process of subtracting a small portion of 
the output from the input. If some event changes the characteristics of the 
amplifier such that the output tries to increase, the input is decreasing at the 
same time. Too much negative feedback will prevent any useful amplifica- 
tion, but a small amount provides stability. An example of negative 
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feedback is the unpleasant sensation we feel as our hand draws near a 
flame. The closer we move toward the flame, the larger the negative signal 
sent from our hand. Overdoing the proportion of negative feedback, how- 
ever, might cause us to abhor heat, and eventually freeze to death. Positive 
feedback is the process where some fraction of the output signal is added 
back to the input. A common example is when a microphone is directed to- 
ward a speaker—a very soft sound is rapidly amplified over and over until 
the system “screams.” Positive feedback generally leads to an unstable 
system. 

All of the circuits considered in this chapter incorporate negative feed- 
back through the presence of a resistor between the output pin and the 
inverting input. The resulting loop between the output and the input reduces 
the dependency of the output voltage on the actual value of the open-loop 
gain (as seen in Example 6.6). This obviates the need to measure the precise 
open-loop gain of each op amp we use, as small variations in A will not sig- 
nificantly impact the operation of the circuit. Negative feedback also pro- 
vides increased stability in situations where A is sensitive to the op amp’s 
surroundings. For example, if A suddenly increases in response to a change 
in the ambient temperature, a larger feedback voltage is added to the 
inverting input. This acts to reduce the differential input voltage vg, and 
therefore the change in output voltage Avg is smaller. We should note that the 
closed-loop circuit gain is always less than the open-loop device gain; 
this is the price we pay for stability and reduced sensitivity to parameter 
variations. 


Saturation 


So far, we have treated the op amp as a purely linear device, assuming that 
its characteristics are independent of the way in which it is connected in a cir- 
cuit. In reality, it is necessary to supply power to an op amp in order to run 
the internal circuitry. as shown in Fig. 6.27. A positive supply, typically in the 
range of 5 to 24 V de, is connected to the terminal marked V+, and a nega- 
tive supply of equal magnitude is connected to the terminal marked V7. 
There are also a number of applications where a single voltage supply is 
acceptable, as well as situations where the two voltage magnitudes may be 
unequal. The op amp manufacturer will usually specify a maximum power 
supply voltage, beyond which damage to the internal transistors will occur. 
The power supply voltages are a critical choice when designing an op 
amp circuit, because they represent the maximum possible output voltage of 
the op amp.* For example, consider the op amp circuit shown in Fig. 6.26, 
now connected as a noninverting amplifier having a gain of 10. As shown in 
the PSpice simulation in Fig. 6.28, we do in fact observe linear behavior 
from the op amp, but only in the range of +1.71 V for the input voltage. 
Outside of this range, the output voltage is no longer proportional to the 
input, reaching a peak magnitude of 17.6 V. This important nonlinear effect 
is known as saturation, which refers to the fact that further increases in the 
input voltage do not result in a change in the output voltage. This phenom- 
enon refers to the fact that the output of a real op amp cannot exceed its 


(3) In practice, we find the maximum output voltage is slightly less than the supply voltage by as much as 
a volt or so. 











Offset null © 18 V 


Offset null 


@ FIGURE 6.27 Op amp with positive and negative 
voltage supplies connected. Two 18 V supplies are used 
as an example; note the polarity of each source. 
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saturation plot (active) 


Positive Saturatjon 
Region 


Linear Region 


Negative Saturatton 
Region 





M FIGURE 6.28 Simulated input-output characteristics of a A741 connected as a 
noninverting amplifier with a gain of 10, and powered by +18 V supplies 


supply voltages. For example, if we choose to run the op amp with a +9 V 
supply and a —5 V supply, then our output voltage will be limited to the 
range of —5 to +9 V. The output of the op amp is a linear response bounded 
by the positive and negative saturation regions, and as a general rule, we try 
to design our op amp circuits so that we do not accidentally enter the satu- 
ration region. This requires us to select the operating voltage carefully 
based on the closed-loop gain and maximum expected input voltage. 


— 


Input Offset Voltage 

As we are discovering, there are a number of practical considerations to 
keep in mind when working with op amps. One particular nonideality worth 
mentioning is the tendency for real op amps to have a nonzero output even 
when the two input terminals are shorted together. The value of the output 
under such conditions is known as the offset voltage, and the input voltage 
required to reduce the output to zero is referred to as the input offset 
voltage. Referring to Table 6.3 we see that typical values for the input offset 
voltage are on the order of a few millivolts or less. 

Most op amps are provided with two pins marked either “offset null” or 
“balance.” These terminals can be used to adjust the output voltage by con- 
necting them to a variable resistor. A variable resistor is a three-terminal de- 
vice commonly used for such applications as volume controls on radios. 
The device comes with a knob that can be rotated to select the actual value 
of resistance, and has three terminals. If the variable resistor is connected 
+10 V using only the two extreme terminals, its resistance 1s fixed regardless of the 
position of the knob. Using the middle terminal and one of the end terminals 
creates a resistor whose value depends on the knob position. Figure 6.29 










Offset null 


Output 
Offset null 


@ FIGURE 6.29 Suggested external circuitry for 


obtaining a zero output voltage. The +10 V supplies shows a typical circuit used to adjust the output voltage of an op amp; the 
are shown as an example; the actual supply voltages manufacturer s data sheet may suggest alternative circuitry for a particular 


used in the final circuit would be chosen in practice. device. 
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Slew Rate 


Up to now, we have tacitly assumed that the op amp will respond equally 
well to signals of any frequency. although perhaps we would not be sur- 
prised to find that in practice there is some type of limitation in this regard. 
Since we know that op amp circuits work well at dc, which is essentially 
zero frequency, it is the performance as the signal frequency is increased 
that we must consider, One measure of the frequency performance of an op 
amp is its slew rate, which is the rate at which the output voltage can 
respond to changes in the input: it is most often expressed in V/s. The 
typical slew rate specification for several commercially available devices is 
provided in Table 6.3, showing values on the order of a few volts per 
microsecond. One notable exception is the OPA690, which ts designed as a 
high-speed op amp for video applications requiring operation at several 
hundred MHz. As can be seen, a respectable slew rate of 1800 V/jzs is not 
unrealistic for this device, although its other parameters, particularly input 
bias current and CMRR, suffer somewhat as a result. 

The PSpice simulations shown in Fig. 6.30 illustrate the degradation in 
performance of an op amp due to slew rate limitations. The circuit simu- 
lated is an LF41 1 configured as a noninverting amplifier with a gain of 2 and 
powered by +15 V supplies. The input waveform is shown in green, and has 
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@ FIGURE 6.30 Simulated performance of an LF411 op amp connected as a noninverting amplifier having a gain of 2, with +15 V supplies and a pulsed input waveform. 
(a) Rise and fali times = 1 ys, pulse width = 5 ys; (b) Rise and fall times = 100 ns, pulse width = 500 ns; (c) Rise and fali times = 50 ns, pulse width = 250 ns. 
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a peak voltage of | V; the output voltage is shown in red. The simulation of 
Fig. 6.30a corresponds to a rise and fall ime of | as. which although a 
short time span for humans. is easily coped with by the LF4]1. As the rise 
and fall times are decreased by a factor of 10 to 100 ns (Fig. 6.304), we 
begin to see that the LF411 is having a small difficulty in tracking the input. 
In the case of a 50 ns rise and fall time (Fig. 6.30c), we see that not only ts 
there a significant delay between the output and the tnput. but the waveform 
is noticeably distorted as well—-not a good feature of an amplifier. This ob- 
served behavior is consistent with the typical slew rate of 15 V/us specified 
in Table 6.3, which indicates that the output might be expected to require 
roughly 130 ns to change from 0 to 2 V (or 2 V to 0 V}. 


Packaging 

Modern op amps are available in a number of different types of packages. 
Some styles are better suited to high temperatures, and there are a variety 
of different ways to mount ICs on printed-circuit boards. Figure 6.31 
shows several different styles of the LM741. manufactured by National 
Semiconductor. The label “NC” next to a pin means “no connection.” The 
package styles shown in the figure are standard configurations, and are used 
for a large number of different integrated circuits; occasionally there are 
more pins available on a package than required. 


Metal Can Package Dual-In-Line or $8.0. Package 


OFFSET SULL 


NC 
8) 
OFFSET NULL (TY (7) * 
INVERT-NG INPUT 
INVERTING INPUT (2) OUTPUT 
KCN-INYERTING 
INPUT 
© (5J OFFSET NULL 
Q 


y- 


NC Ceramic Flatpak l 







CUTPUT 
NON-INVERTING INPUT 
OFFSET NULL 





(a) ih) (c) 


@ FIGURE 6.31 Several different package styles for the LM741 op amp. (a) metal can; (5) dual-in-line package; (c) ceramic flatpak. 
(E: 2000 National Semiconductor Corporation/www.national.com). 






COMPUTER-AIDED ANALYSIS 


As we have just seen, PSpice can be enormously helpful in predicting 
the output of an op amp circuit, especially in the case of time-varying 
inputs. We will find, however, that our ideal op amp model agrees fairly 
well with PSpice simulations as a general rule. 
When performing a PSpice simulation of an op amp circuit, we must 
be careful to remember that positive and negative dc supplies must be 
' ` connected to the device. Although the model shows the offset null pins 
used to zero the output voltage, PSpice does not build in any offset, so 
these pins are typically left floating (unconnected). 
Table 6.3 shows the different op amp part numbers available in the 
Evaluation version of PSpice:; other models are available in the com- 
mercial version of the software and from some manufacturers. 
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cal : EXAMPLE 6.7 


Simulate the circuit of Fig. 6.3 using PSpice. Determine the point(s) 
at which saturation begins if +15 V de supplies are used to power 
the device. Compare the gain calculated by PSpice to what was 
predicted using the ideal op amp model. 


We begin by drawing the inverting amplifier circuit of Fig. 6.3 using 
the schematic capture tool as shown in Fig. 6.32. Note that two separate 
15 V de supplies are required to power the op amp. 








es OR ED me = OS 


@ FIGURE 6.32 The inverting amplifier of Fig. 6.3 drawn using a ;£A741 op amp. 


Our previous analysis using an ideal op amp model predicted a gain 
of —10. With an input of 5 sin 3¢ mV, this led to an output voltage of 
—50 sin 3t mV. However, an implicit assumption in the analysis was 
that any voltage input would be amplified by a factor of —10. Based on 
practical considerations, we expect this to be true for small input volt- 
ages, but the output will eventually saturate to a value comparable to 
the corresponding power supply voltage. 

We perform a dc sweep from —2 to +2 volts, as shown in Fig. 6.33; 
this is a slightly larger range than the supply voltage divided by the 
gain, SO we expect our results to include the positive and negative 
Saturation regions. 

As we Can see using the cursor tool on the simulation results shown 
in Fig. 6.34a (expanded in Fig. 6.346 for clarity), the input-output char- 
acteristic of the amplifier is indeed linear over a wide input range, cor- 
responding approximately to —1.45 < Vs < +1.45 V. This range is 
slightly less than the range defined by dividing the positive and nega- 
tive supply voltages by the gain. Outside this range, the output of the op 
amp saturates, with only a slight dependence on the input voltage. In 
the two saturation regions, then, the circuit does not perform as a linear 
amplifier. 

Increasing the number of cursor digits (Tools, Options, Number of 
Cursor Digits) to 10, we find that at an input voltage of Vs = 1.0 V, the 


(Continued on next page) 
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Simulation Settings - Figure 6_31 


General Analysis | Configuration Files | Options | Data Collection | Probe Window | 


Analysis type Sweep variable 
DC Sweep a * Voltage source 
Current source 


Options Global parameter 


l ‘Secondary Sweep 
Monte Cardo, orst Case 
Parametnc Sweep 
Temperature (Sweep Sweep type 


Save Bias Port z Start value: [-2 
d Bias P Linear 
Loa 18S For 


Model parameter 
Temperature 


l End value Ro 
Logarithmic 


Increment ‘001 


Value list 





-2. 0U -1.6U ou 1. 0U 2. 0U 
RUCU :0UT) 


(a) 


Probe Cursor 





(b) 
@ FIGURE 6.34 (c) Output voltage of the inverting amplifer circuit, with the onset of 
Saturation identified with the cursor tool. (b) Close-up of the cursor window. 


output voltage is —9.99548340, slightly less than the value of —10 
predicted from the ideal op amp model, and slightly different from the 
value of —9.999448 obtained in Example 6.6 using an analytical model. 
Still, the results predicted by the PSpice A741 model are within a few 
hundredths of a percent of either analytical model, demonstrating that 
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the ideal op amp model is indeed a remarkably accurate approximation 
for modern operational amplifier integrated circuits. 


PRACTICE 


Da n rarest leat NR 


6.7 Simulate the remaining op amp circuits described in this chapter, 
and compare the results to those predicted using the tdeal op amp 
model. 


6.6 COMPARATORS AND THE INSTRUMENTATION 
AMPLIFIER 


The Comparator 


Every op amp circuit we have discussed up to now has featured an electri- 
cal connection between the output pin and the inverting input pin. This ts 
known as closed-loop operation, and is used to provide negative feedback 
as discussed previously. Closed loop is the preferred method of using an 
Op amp as an amplifier, as it serves to isolate the circuit performance from 
variations in the open-loop gain that arise from changes in temperature or 
manufacturing differences. There are a number of applications, however, 
where it is advantageous to use an op amp in an open-loop configuration. 
Devices intended for such applications are frequently referred to as 
comparators, as they are designed slightly differently from regular op amps 
in order to improve their speed in open-loop operation. 

Figure 6.35a shows a simple comparator circuit where a 2.5 V refer- 
ence voltage is connected to the noninverting input, and the voltage being 
compared (vin) is connected to the inverting input. Since the op amp has a 
very large open-loop gain A (10° or greater, typically. as seen in Table 6.3), 
it does not take a large voltage difference between the input terminals to 
drive it into saturation. In fact, a differential input voltage as small as the 
supply voltage divided by A is required—approximately +120 uV in the 
case of the circuit in Fig. 6.35a and A = 10°. The distinctive output of the 
comparator circuit is shown in Fig. 6.355, where the response swings 
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E FIGURE 6.35 (a) An example comparator circuit with a 2.5 V reference voltage. (b) Graph of input-output characteristic. 
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between positive and negative saturation, with essentially no linear “am- 
plification” region. Thus, a positive 12 V output from the comparator indi- 
cates that the input voltage is less than the reference voltage, and a nega- 
tive 12 V output indicates an input voltage greater than the reference. 
Opposite behavior is obtained if we connect the reference voltage to the 
inverting input instead. 


EXAMPLE 6.8 


@ FIGURE 6.36 One possible design for the required 
circult. 





Design a circuit that provides a “logic 1” 5 V output if a certain 
voltage signal drops below 3 V, and zero volts otherwise. 


Since we want the output of our comparator to swing between 0 and 

5 V, we will use an op amp with a single-ended +5 V supply, connected 
as shown in Fig. 6.36. We connect a +3 V reference voltage to the 
noninverting input, which may be provided by two 1.5 V batteries in 
series, or a suitable Zener diode reference circuit. The input voltage 
signal (designated Vsignai) is then connected to the inverting input. In 
reality, the saturation voltage range of a comparator circuit will be 
slightly less than that of the supply voltages, so that some adjustment 
may be required in conjunction with simulation or testing. 


PRACTICE 


6.8 Design a circuit that provides a 12 V output if a certain voltage 
(Usignal) exceeds 0 V, and a —2 V output otherwise. 





Ans: One possible solution is shown in Fig. 6.37. 





@ FIGURE 6.37 One possible solution to 
Practice Problem 6.8. 


The Instrumentation Amplifier 


The basic comparator circuit acts on the voltage difference between the two 
input terminals to the device, although it does not technically amplify sig- 
nals as the output is not proportional to the input. The difference amplifier 
of Fig. 6.10 also acts on the voltage difference between the inverting and 
noninverting inputs, and as long as care is taken to avoid saturation, does 
provide an output directly proportional to this difference. When dealing 
with a very small input voltage, however, a better alternative is a device 
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known as an instrumentation amplifier, which is actually three op amp de- 
vices in a single package. 

An example of the common instrumentation amplifier configuration is 
shown in Fig. 6.38a, and its symbol is shown in Fig. 6.385. Each input is fed 
directly into a voltage follower stage, and the output of both voltage fol- 
lowers is fed into a difference amplifier stage. It is particularly well-suited 
to applications where the input voltage signal is very small (for example, on 
the order of millivolts), such as that produced by thermocouples or strain 
gauges, and where a significant common mode noise signal of several volts 
may be present. 





(a) (b) 
E FIGURE 6.38 (a) The basic instrumentation amplifier. (6) Commonly used symbol. 


If components of the instrumentation amplifier are fabricated all on the 
same silicon “chip,” then it is possible to obtain well-matched device char- 
acteristics and to achieve precise ratios for the two sets of resistors. In order 
to maximize the CMRR of the instrumentation amplifier, we expect 
R4/ Rə = R+/R,, so that equal amplification of common-mode components 
of the input signals is obtained. To explore this further, we identify the volt- 
age at the output of the top voltage follower as “v_ ,” and the voltage at the 
output of the bottom voltage follower as “v4.” Assuming all three op amps 
are ideal and naming the voltage at either input of the difference stage vy, 
we may write the following nodal equations: 


vy — v- Vy ~ Vout 





+ —— = 0) 20 
R, R- [20] 
and 
Uy m V4 Ur 
—- — =) 21 
R, + R4 [21] 


Solving Eq. [21] for v, we find that 


D+ 
v= — H 22 
l 14+ R3/Ry [22] 


and upon substituting into Eq. [20] obtain an expression for Vou in terms of 


the input: 

R 1+ R/R R> | 

Vout = a (ee) vi >p [23] 
R3 1+ R4/ R3 


From Eq. [23] it is clear that the general case allows amplification of 
common-mode components to the two inputs. In the specific case where 
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R4/ R; = Ro/R, = K. however, Eq. [23] reduces to K(v, ~ v_) = Kva. 
so that (asssuming ideal op amps) only the difference is amplified and the 
gain is set by the resistor ratio. Since these resistors are internal to the in- 
strumentation amplifier and not accessible to the user, practical devices 
such as the AD622 allow the gain to be set anywhere in the range of 1| to 
1000 by connecting an external resistor between two pins (shown as Rg in 
Fig. 6.3886). 


SUMMARY AND REVIEW 





2 There are two fundamental rules that must be applied when analyzing 
ideal op amp circuits: 
1. No current ever flows into either input terminal. 
2. No voltage ever exists between the input terminals. 

Q Op amp circuits are usually analyzed for an output voltage in terms of 
some input quantity or quantities. 

3 Nodal analysis ts typically the best choice in analyzing op amp 
circuits, and it is usually better to begin at the input, and work toward 
the output. 


a The output current of an op amp cannot be assumed; it must be found 
after the output voltage has been determined independently. 


a The gain of an inverting op amp circuit is given by the equation 


4 The gain of a noninverting op amp circuit is given by the equation 


t 1 — | | J | Vv 


O A resistor is almost always connected from the output pin of an op amp 
to its inverting input pin, which incorporates negative feedback into the 
circuit for increased stability. 


i The ideal op amp model is based on the approximation of infinite 
open-loop gain A, infinite input resistance R;, and zero output 
resistance R. 


Q In practice, the output voltage range of an op amp is limited by the 
supply voltages used to power the device. 


READING FURTHER 


Two very readable books which deal with a variety of op amp applications are: 


R. Mancini (ed.), Op Amps Are For Evervone, 2nd ed. Amsterdam: Newnes, 
2003. Also available on the Texas Instruments website (www.ti.com). 


W. G. Jung, Op Amp Cookbook, 3rd ed. Upper Saddle River. N.J.: Prentice 
Hall, 1997. 


Characteristics of Zener and other types of diodes are covered in Chapter 1 of 


W. H. Hayt. Jr. and G. W. Neudeck, Electronic Circuit Analysis and 
Design, 2nd ed. New York: Wiley, 1995. 





EXERCISES 





One of the first reports of the implementation of an “operational amplifier” can 
be found in 


J. R. Ragazzini, R. M. Randall, and F. A. Russell, “Analysis of problems 


in dynamics by electronic circuits,” Proceedings of the IRE 35(5), 1947. 
pp. 444-452. 


And an early applications guide for the op amp can be found on the Analog 
Devices, Inc. website (www.analog.com): 


George A. Philbrick Researches, Inc., Applications Manual for Computing 
Amplifiers for Modelling, Measuring, Manipulating & Much Else. 
Norwood, Mass.: Analog Devices, 1998. 


EXERCISES 


6.2 The Ideal Op Amp 


L. For the op amp circuit of Fig. 6.39, calculate Vow If (a) Vin = 3 V, Ry = 102 
and R = 100 82; (b) Vin = 2.5 V, Ri = 1 MQ and R = 1 MQ; (c) Vin = -I V. 
R} = 3.3 k? and R> = 4å,7 KQ. 











E FIGURE 6.39 
2. For the op amp circuit of Fig. 6.40, calculate Vou tf (a) Vin = 1.5 V. Ry = 10 Q, 
Ri = 10 Q, and R = 47 9; (b) Vin = —9 V, Ra = I kQ, Ry = | M&, and 
Ry = | MQ: (c) Vin = 100 mV, R, = 330 Q, Ry = I kQ, and Ry = 6.8 KQ. 
3. Sketch the output voltage voy of the op amp circuit shown in Fig. 6.41 if 
(a) Vin = 2 Sin St V; (b) Vn = 1 + 0.5 sin St V. = FIGURE 6.40 








10 kQ 


1kQ 


= 1kQ 
E FIGURE 6.41 
SS . ore , 10 kQ 
4. Sketch the output voltage Vou of the op amp circuit shown in Fig. 6.42 if 
(a) Vin = 10 cos 4t V: (b) vin = 15 + 4 cos 4t V. > 
5. Design a circuit that delivers —9 V to a 47 kQ2 load, if only +5 V supplies are 


available. (For the purposes of this problem, there is no need to include the n (2) 
power supplies that actually power the op amp, which are not restricted to £5 V.) 
6. Design a circuit to deliver +20 V to a 1 KQ load, if only +5 V supplies are avail- 
able. (For the purposes of this problem, there is no need to include the power = = 
supplies that actually power the op amp, which are not restricted to +5 V.) E FIGURE 6.42 
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7. Design a circuit that delivers +1.5 V to an unspecified load. if only a single 
. +5 V supply is available. For the purposes of this problem. there 1s no need to 

include the power supplies that actually power the op amp. 

D) 8. Design a circuit to deliver +3 V to an unspecified load, if only a single +9 V 

eur supply is available. For the purposes of this problem, there is no need to 
include the power supplies that actually power the op amp. 
9. For the op amp circuit of Fig. 6.43. calculate Voor if (a) Vin = 300 mV. 

R- = 10 Q and Ri = 47 Qi (hs Ven = LSV R = 1 MQ land Ro = 1 MQ: 
(C) Vig = — 1 VOR, = 4.7 KQ. and Re = 3.3 kO. 





10. For the op amp circuit of Fig. 6.44. calculate Vou IE (a) Vin = 200 mV, 

w FIGURE 6.43 Ri = 10 k&2, Ry = 10 Q and ke == 47 Q; (by Vi, = -O VR, = I kQ., 

R, = 1 MQ. and ks = | M2: (6) Va = 100 mV. Re = 330, Ry = 1 kQ, 
and R- == 6.8 KO. 





E FIGURE 6.44 


L1. In the op amp circuit shown in Fig. 6.45, Ri = Ry = 1 kQ. Sketch the output 
voltage von If (a) tin = +sin FOr Vi (b) un = 1 + 0.25 sin 10t V. 





22 KQO = = 
E FIGURE 6.45 

12. In the op amp circuit shown in Fig. 6.45. Ri = 2 kQ and Rf = 1 kQ. Sketch 
the output voltage Vou tf (a) vin = 2 cos 27 V: (b) vin = 4 + cos 2t V. 

13. Referring to Fig. 6.46. calculate the voltage vou. 


14. In the circuit of Fig. 6.47. what value of R is required so that 150 mW is deliv- 
ered to the 10 k2 resistor? 





| mA Q 150 0 


1kQ 
E FIGURE 6.46 A 





E FIGURE 6.47 





EXERCISES 





15. A certain microphone is capable of delivering 0.5 V when someone claps their 
hands at a distance of 20 ft. A particular electronic switch has a Thévenin 
equivalent resistance of 670 Q, and requires 100 mA to energize. Design a 





circuit that will connect the microphone to the electronic switch in such a way 100 Q 
that the switch is activated by someone clapping their hands. 
16. For the circuit of Fig. 6.48, derive an expression for voy: in terms of vs. 
17. For the circuit of Fig. 6.49, calculate the voltage V1. s © 
17 kQ + +. 
M FIGURE 6.48 





E FIGURE 6.49 
18. For the circuit of Fig. 6.50, calculate the voltage V2. 


3309 





@ FIGURE 6.50 


19. Find an expression for vou in the circuit of Fig. 6.51. and evaluate it at ¢ = 3 


seconds. @ FIGURE 6.51 
20. What value of Vin will lead to an output voltage of 18 V in the circuit of 
Fig. 6.52? 


700 kD. 


O Fout 





E FIGURE 6.52 
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© 21. Choose R: and Ry in Fig. 6.53 to obtain von = 23.7 cos 500r volts. 


22. Derive an expression for vou for the circuit of Fig. 6.54 without using source 
transformations. 





g MQ 
= 


% FIGURE 6.54 


23, Referring to the circuit of Fig. 6.55, 
(a) IVa = OL Vg = 1 V, Ry = Ry = 10KQ. Ry = 7O KR. Ro = x. and 
our = 8 V. which terminal (A or B} is the noninverting input? Explain. 
(b) Va = IO V and Vg = 0 V. If B is the inverting input. select Ry. Ry. Ry. and 
Ra to obtain an output voltage of 20 V. 





(c) Va = Vp = ÍV Ri =O. and Rs = x. If Vay is found to be I V., which 
= terminal (A or B) is the inverting input? Explain. 

N FIGURE 6.55 24, For the op amp circuit of Fig. 6.56, calculate Vou. 

25. Ifv, = Ssin3r mV in the circuit of Fig. 6.57, calculate tou at f= 0.25 s. 


10kQ 


100 kO 






100 Q 





@ FIGURE 6.56 E FIGURE 6.57 


26. Use appropriate circuit analysis techniques to calculate vau for the circuit of 
Fig. 6.58. 


A3 kO 


500 0 4.7 KQ 


20 mV 500 N 









] k£ 


ABA (+) 4.7MQ 





300 Q 





@ FIGURE 6.58 


27. In Fig. 6.58. replace the 3 u A source with a 272A source and compute Vou. 








© 9 


EXERCISES 
28. Compute v, for the multiple op amp circuit of Fig. 6.59. 


100 KO 100.0 





100 Q 


@ FIGURE 6.59 


29, Derive an expression for the gencral summing amplifier, in which each resistor 
can be a different value. 

30. Derive an expression for the general difference amplifier, in which each 
resistor can have a different value. 

31. Cadmium sulfide (CdS) is commonly used to fabricate resistors whose value 
depends on the intensity of light shining on its surface. In Fig. 6.60 a CdS 
“photocell” is used as the feedback resistor Rp In total darkness, it has a 
resistance of 100 k2., and a resistance of 10 KQ under a hight intensity of 
6 candela. R; represents a circuit that is activated when a voltage of 1.5 V 
or less is applied to its terminals. Choose R; and V, so that the circuit 
represented by R; is activated by a light of 2 candela or brighter. 





@ FIGURE 6.60 


32. Two different microphones are used in a recording studio, one for vocals and 
one for instruments. Design a circuit that will allow both microphone outputs 
to be combined, but with the vocals receiving twice the amplification of the 
instruments, 


33. A sinusoidal signal is riding on a 2 V de offset (in other words, the average 
value of the total signal is 2 V}. Design a circuit to remove the de offset, 
and amplify the sinusoidal signal (without phase reversal) by a factor 
of 100. 


6.3 Cascaded Stages 


34. Design a circuit that provides an output voltage equal to the average of three 
input voltages vy, vu and v3. 


35. An electronic warehouse inventory system uses scales placed under each 
pallet; the output of any scale is calibrated to provide | mV for each kg. 
Design a circuit that provides a voltage output proportional to the total weight 
of a group of similar items (distributed over four pallets) remaining in stock, 
with the tare weight of each pallet subtracted off (the tare weight is provided 
as a reference voltage for cach pallet). Your output voltage should be calibrated 
such that 1 mV corresponds to | kg. 


. 209 
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36. A certain manufacturer's radar gun for measuring vehicular speed provides a 


voltage output proportional to the speed of the object being targeted, such that 
10 mV = | mph. If the speedometer of the police vehicle is tapped to provide a 
signal proportional to its speed as well. also such that 10 mV = | mph. design 
a multistage circuit that (a) provides a voltage signal equal to the difference in 
velocity of the speeding car and the police vehicle (such that +10 mV = police 
vehicle slower by | mph) and (/) provides a voltage signal for each of the 
three quantities in kph. such that 1O mV = | kph. 


37. Compute toy for the circuit of Fig. 6.01. 


ZOKO IKO 






| 
| 
} 


IO k£? 





@ FIGURE 6.61 


38. Derive an expression for Vou, in terms of Vi and V: for the circuit of Fig. 6.62. 





E FIGURE 6.62 


39. For the cascaded op amp circuit shown in Fig. 6.63, compute the output 
voltage of each stage. 


IKO 3KO 
© 470 


@ FIGURE 6.63 


40. Referring to the op amp circuit of Fig. 6.64, what value of R is required to 
obtain Vou, = 10 Y? 





EXERCISES : cD 


10Q 
20 
+41V0 > 100 Q 
100 
R 
20 
+2 Y O 100 2 
> O Vue 
DO = 
20 
VO > 100 2 


E FIGURE 6.64 


4}. Compute tou for the two-stage op amp circuit of Fig. 6.65. 


opt 





m FIGURE 6.65 


6.4 Circuits for Voltage and Current Sources 


42. (a) The circuit in Fig. 6.66 uses a IN750 diode, which is characterized by 
a Zener voltage of 4.7 V. Determine the voltages labeled Vi, V2, and V3. 
(b) Verify your analysis with an appropriate PSpice simulation. Submit a 
properly labeled schematic and comment on the possible sources of any 
differences between the two analyses. 


43. Design a circuit to supply a +5.1 V reference voltage as the input to a voltage 
follower if only 9 V batteries are available. Use a 1N4733 diode, which has a 
Zener voltage of 5.1 V at a current of 76 mA. 


44, Design a circuit to supply a ~2.5 V reference voltage as the input to a voltage 
follower if only 9 V batteries are available. Use a 1N4740 diode, which has a 
Zener voltage of 10 V at a current of 25 mA. 


45. Design a circuit to supply a +12 V reference voltage as the input to a voltage 
follower if only 9 V batteries are available. Use a 1N4747 diode, which has a 
Zener voltage of 20 V at a current of 12.5 mA. 





E FIGURE 6.66 


© © © @ 


46. (a) Design a circuit to supply a —5 V reference voltage as the input to a volt- 
age follower if only 9 V batteries are available. Use a 1N4728 diode, which 
has a Zener voltage of 3.3 V at a current of 76 mA. (b) Modify your design to 
provide a +2.2 V reference voltage instead. 


© 


47. Design a current source circuit that can provide 25 mA to an unspecified load. 
Use a 1N4740 Zener diode, which has a breakdown voltage of 10 V ata 
current of 25 mA. 








E FIGURE 6.68 


100 kQ 





@ FIGURE 6.69 





M FIGURE 6.71 


47 kO 





+ 





470 2 


I2V = 


M FIGURE 6.72 


þe - 


CHAPTER 6 THE OPERATIONAL AMPLIFIER 


48. Design a current source circuit that can provide 12.5 mA to an unspecified 
load. Use a 1N4747 Zener diode. which has a breakdown voltage of 20 V at a 
current of 12.5 mA. 


49, Design a current source circuit that can provide 75 mA to an unspecified load. 
Use a 1N4747 Zener diode, which has a breakdown voltage of 20 V at a cur- 
rent of 12.5 mA. If the amplifier is powered using £15 V supplies, what range 
of loads is possible with vour design? 

50. Using the detailed model for a p A741. determine the power delivered to the 
8 Q resistor of Fig. 6.67 if 
(a) ty = Up = | nV (b) ey = 0. rp = lAN: (e) vg = 2 pV, up, = TEV: 

(dq) va = 50 uV, vp = -4 uV. 

51. An inverting op amp circuit is constructed with an AD549. If Ri = 270 kQ 
and Ry = 1 MQ., what input bias current is expected for: 
(a) V5 = 1 mV: (b) Vs = —7.8 mV; fe) Vs = 1 V? 

52. Compute tou for the circuit of Fig. 6.68 if 
(a) A = 10°. R; = 100 MQ, and R, = 0 
(b) A = 10°. R; = 1 TQ. and Rk, =0 

53. For the circuit of Fig. 6.69(a) derive an expression for vou/ Vin if Ry = œ, 

R, = 0. and A is finite. (b) What value of open-loop gain A is required for the 
closed-loop gain to be within | percent of its ideal value? 


54. For the circuit of Fig. 6.70, compute the power dissipated by the 8 Q resistor if 
6 = (a) O V: (b) | nV: (c) 2.5 uV. 





@ FIGURE 6.70 


55. Using the parameters for an AD549, calculate voy, for the circuit of Fig. 6.71 if 
Via = — 16 mV. 


6.5 Practical Considerations 


56. Derive an expression for the output voltage of a voltage follower in terms of 
the input voltage Vin for the case of finite open-loop gain and input resistance 
and nonzero output resistance. Verify that your expression reduces to Vout = Vin 
for the case of an ideal op amp. 


57. (a) Construct a detailed op amp mode! that includes a common-mode gain 
Aco contribution to the output voltage. (b) Use your model with A = 105, 
Ri = oc, Ro = 0, and Acm = 10 to analyze the circuit of Fig. 6.25 with v; = 
5 + 2sint V and v = 5. (c) Compare your answer to what would be obtained if 
Acm = 0. 


58. Define slew rate, and explain its significance to the output waveform of an 
op amp circuit. 


EJ s9. The circuit in Fig. 6.72 uses a 1N750 diode. which is characterized by a Zener 


voltage of 4.7 V. (a) Determine the voltages labeled V,, V2, and V3. (b) Verify 
your answer by performing a PSpice simulation, employing a 4A741 op amp 
and +18 V power supplies. Submit a properly labeled schematic with your 
results. If your simulation does not agree exactly with your hand calculations, 
attempt to determine the origin of the discrepancy. (c) What is the minimum 
value to which the 12 V source can be reduced before the Zener circuit stops 
performing its function? 





EXERCISES 








60. Perform a PSpice simulation of an inverting op amp circuit using a A741. 
+15 V supplies, KR; = 10 kQ, and Ry = 1 MQ. Plot the input-output charac- 
teristics, and label the linear and positive/negative saturation regions. Is the 
gain predicted by simulation in agreement with that predicted by the ideal 
op amp model? 

61. If we know that our applications will only require inverting op amp configura- 
tions, and are not concerned with being able to trim the output voltage, what is 


the minimum number of pins required for our op amp package’? List each by 
name. 





. Use PSpice to simulate the circuit in Fig. 6.73 using a(n) (a) A741: 
(b) LM324; (c) LF411. Determine the differentia] input voltage Vs required 
to saturate each type of op amp using +15 V supplies. (d) Compare your 
results to what you would expect based on the information in Table 6.3. 


m 63. Perform a PSpice simulation of a noninverting op amp circuit using a wA7/41, 

~ +15 V supplies, Ri = 4.7 kQ, and Re = | MQ. Plot the input-output charac- 
teristics, and label the linear and positive/negative saturation regions. Is the 
gain in agreement with that predicted by the ideal op amp model? E FIGURE 6.75 


Ci} 64. Use PSpice and the circuit shown in Fig. 6.74 to determine the output resis- 
tance of the 4A741 and the LF411. Vary the supply voltage, and determine if it 
affects the simulation results. Do the simulations agree with the values of 
Table 6.3? 





E FIGURE 6.74 


65. Simulate the circuit of Fig. 6.75 using an LF411. Determine the input bias 
current and the differential input voltage. Compare these results to values 
predicted using the detailed model and the values listed in Table 6.3. m FIGURE 6.75 


66. A sensor provides a signal voltage between —30 mV and +75 mV. (a) H an in- 
verting amplifier is used with a voltage gain of |vour/Vin| = 1000 and +15 V de 
supplies, what is the expected output voltage range? (b) If a noninverting am- 
plifier is used with +15 V dc supplies, what is the maximum resistance ratio 
R,/R, that can be used without the op amp saturating? 





.(a) Simulate the circuit shown in Fig. 6.76 using a A741 over the range 
—10 V < Va < +10 V. Determine the precise voltages at which saturation 
begins using the cursor tool. Compare your results to what would be pre- 
dicted using Table 6.3. 


(b) Areal 4A741 op amp is capable of providing up to 35 mA of current 
under continuous short-circuit conditions. Determine the maximum possi- 
ble short-circuit current allowed by the model used in PSpice. 


© 68. In an attempt to improve the security of transmission, a chaotic time-varying 
signal is added to an audio signal prior to its being broadcast. The same chaotic 
time-varying signal is also broadcast on a separate frequency. Assuming that 
any receiving antenna can be modeled as a time-varying voltage source in 
series with a 300 Q resistance, design a circuit to separate the two signals, E FIGURE 6.76 
discard the chaotic signal, amplify the audio signal by a factor of 10, and 
deliver the result to an 8 &2 speaker. 





69. Design an op amp circuit that will provide an output voltage equal to the 
average of three input voltages. You may assume that the input voltages will 
be confined to the range —10 V < Vin < +10 V. Verify your design with 
PSpice and a suitable set of input voltages. 










t : 
acuve 





@ FIGURE 6.77 


Span 
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€ FIGURE 6.78 





74. 


75. 


@ FIGURE 6.80 
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6.6 Comparators and the Instrumentation Amplifier 
70. 


For the circuit depicted in Fig. 6.77. sketch the expected output voltage vou 

as a function of vaere for —S V < taue S +5 V. if teris equal to (a) —3 V: 
(b) +3 V. 

For the circuit depicted in Fig. 6.78, sketch the expected output voltage von as 
a function of Ussive. If —2 Vo vane +2 V. Verify vour solution using a 
ATAL (although it is slow compared to op amps designed specifically for use 
as comparators, its PSpice model works well, and as this is a de application 
speed is not an issue). Submit a properly labeled schematic with your results. 


. For the circuit depicted in Fig. 6.79. (a) sketch the expected output voltage 


Van as a function of vi for —S V < vy < +5 V. if ve = +2 V: (b) sketch the 
expected output voltage rou as a function of w for —5 V < w < +5 Vaf 
vp = HV, 


. In digital logic applications, a +5 V signal represents a logic “E state, and a 


0 V signal represents a logie “O" state. In order to process real-world informa- 
tion using a digital computer. some type of interface is required, which typi- 
cally includes an analog-to-digital (A/D) converter—a device that converts 
analog signals into digital signals. Design a circuit that acts as a simple J -bit 
A/D, with any signal less than 1.5 V resulting in a logic “O” and any signal 
greater than 1.5 V resulting in a logic “17 





For the instrumentation amplifier shown in Fig. 6.38, assume that the three 
internal op amps are ideal, and determine the CMRR of the circuit if 

(a) Ri = Ri and R» = R4: (b) all tour resistors are different values. 

A common application for instrumentation amplifiers is measuring 

voltages in resistive strain gauge circuits. These strain sensors work by 
exploiting the changes in resistance that result from geometric distortions, as 
in Eq. [6] of Chap. 2. They are often part of a bridge circuit, as shown in 
Fig. 6.80a. where the strain gauge is identified as Rg. (a) Show that 


Vou = Vin Ee — ao (b) Verify that Vout = 0 when the three 


tixed-value resistors Ri. Ro, and R; are all chosen to be equal to the unstrained 
gauge resistance RGauge. (c) For the intended application, the gauge selected 
has an unstrained resistance of 5 kQ. and a maximum resistance increase of 
50 mQ is expected. Only +12 V supplies are available. Using the instrumenta- 
tion amplifier of Fig. 6.80b, design a circuit that will provide a voltage signal 
of +1 V when the strain gauge is at its maximum loading. 


AD622 Specifications 
Amplifier gain G can be varied trom 
2 to 1000 by connecting a resistor be- 


tween pins | and 8 with a value 


50.5 
calculated by R == Gel kQ, 






RGauze 
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KEY CONCEPTS 


The Voltage-Current 








INTRODUCTION Relationship of an Ideal 

In this chapter we introduce two new passive circuit elements, the Capacitor 

capacitor and the inductor, each of which has the ability to both e— ——— 

store and deliver finite amounts of energy. They differ from ideal The Current-Voltage 

sources in this respect, since they cannot sustain a finite average Relationship of an Ideal 

power flow over an infinite time interval. Although classed as linear Inductor 

elements, the current-voltage relationships for these new elements jii 

are time-dependent, leading to many interesting circuits. As we are Calculating Energy Stored in 

about to see, the range of capacitance and inductance values we Capacitors ano REIN 
Ge = 





might encounter can be huge, so that at times they may dominate 
Analysis of Capacitor and 
Inductor Response to 


Time-Varying Waveforms 
e-—- 


Series and Paralle! Capacitor 
Combinations 


circuit behavior, and at other times be essentially insignificant. Such 
issues continue to be relevant in modern circuit applications, partic- 


ularly as computer and communication systems move to increas- 





ingly higher operating frequencies and component densities. 





7.1 , THE CAPACITOR i 

ideal Capacitor Model Series and Parallel Inductor 
We previously termed the independent and dependent voltage and Combinations 

current sources active elements and the linear resistor a passive = ®@——————__—_—____~ 
element, although our definitions of active and passive are still Op Amp Circuits Using 
slightly fuzzy and need to be brought into sharper focus. We now de- Capacitors 

fine an active element as an element that is capable of furnishing an eo = 





average power greater than zero to some external device, where the 
average is taken over an infinite time interval. Ideal sources are ac- 
tive elements, and the operational amplifier is also an active device. 
A passive element, however, is defined as an element that cannot 
supply an average power that is greater than zero over an infinite 
time interval. The resistor falls into this category; the energy it re- 
ceives is usually transformed into heat, and it never supplies energy. 


PSpice Modeling of Energy 
Storage Elements 


215 
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M FIGURE 7.1 Electrical symbol and current-voltage 
conventions for a capacitor. 
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We now introduce a new passive circuit element. the capacitor. We 
define capacitance C by the voltage-current relationship 


i= cH. |1] 


where v and 7 satisfy the conventions for a passive element, as shown in 


Fig. 7.1. We should bear in mind that v and i are functions of time; if 


needed, we can emphasize this fact by writing v(t) and i(r). instead. From 
Eq. [1]. we may determine the unit of capacitance as an ampere-second per 
volt, or coulomb per volt. We will now define the farad' (F) as one coulomb 
per volt, and use this as our unit of capacitance. 

The ideal capacitor defined by Eq. [1] is only a mathematical model of a 
real device. A capacitor consists of two conducting surfaces on which 
charge may be stored. separated by a thin insulating layer that has a very 
large resistance. If we assume that this resistance is sufficiently large that it 
may be considered infinite, then equal and opposite charges placed on the 
capacitor “plates” can never recombine, at least by any path within the ele- 
ment. The construction of the physical device is suggested by the circuit 
symbol shown in Fig. 7.1. 

Let us visualize some external device connected to this capacitor and 
causing a positive current to flow into one plate of the capacitor and out of 
the other plate. Equal currents are entering and leaving the two terminals. 
and this is no more than we expect for any circuit element. Now let us ex- 
amine the interior of the capacitor. The positive current entering one plate 
represents positive charge moving toward that plate through its terminal 
lead: this charge cannot pass through the interior of the capacitor, and it 
therefore accumulates on the plate. As a matter of fact. the current and the 
increasing charge are related by the familiar equation 


dq 
at 

Now let us consider this plate as an overgrown node and apply Kirchhoff’s 
current law. It apparently does not hold: current is approaching the plate 
from the external circuit, but it is not flowing out of the plate into the “in- 
ternal circuit.” This dilemma bothered a famous Scottish scientist, James 
Clerk Maxwell, more than a century ago. The unified electromagnetic the- 
ory that he subsequently developed hypothesizes a “displacement current” 
that is present wherever an electric field or a voltage is varying with time. 
The displacement current flowing internally between the capacitor plates is 
exactly equal to the conduction current flowing in the capacitor leads: 
Kirchhoff’s current law is therefore satisfied if we include both conduction 
and displacement currents. However. circuit analysis is not concerned with 
this internal displacement current, and since it is fortunately equal to the 
conduction current, we may consider Maxwell's hypothesis as relating the 
conduction current to the changing voltage across the capacitor. 

A capacitor constructed of two parallel! conducting plates of area A. 
separated by a distance d. has a capacitance C = € A/d. where £ is the permit- 
tivity, a constant of the insulating material between the plates; this assumes 


(1) Named in honor of Michael Faraday. 
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(a) (b) (c) 


@ FIGURE 7.2 Several examples of commercially available capacitors. (a) Left to right: 270 pF ceramic, 20 uF tantalum, 15 nF polyester, 150 nF polyester. 
(b) Left: 2000 uF 40 VDC rated electrolytic, 25,000 uF 35 VDC rated electrolytic. (c) Clockwise from smallest: 100 uF 63 VDC rated electrolytic, 2200 uF 50 VDC 
rated electrolytic, 55 F 2.5 VDC rated electrolytic, and 4800 uF 50 VDC rated electrolytic. Note that generally speaking larger capacitance values require larger packages, 
with one notable exception above. What was the tradeoff in that case? 


the linear dimensions of the conducting plates are all very much greater 
than d. For air or vacuum, £ = £ọ = 8.854 pF/m. Most capacitors employ a 
thin dielectric layer with a larger permittivity than air in order to minimize the 
device size. Examples of various types of commercially available capacitors 
are shown in Fig. 7.2, although we should remember that any two conducting 
surfaces not in direct contact with each other may be characterized by a 
nonzero (although probably small) capacitance. We should also note that a 
capacitance of several hundred microfarads (uF) is considered “large.” 

Several important characteristics of our new mathematical model can be i 
discovered from the defining equation, Eq. [1]. A constant voltage across a ' 
capacitor results in zero current passing through it; a capacitor is thus an \ 
“open circuit to dc.” This fact is pictorially represented by the capacitor 
symbol. It is also apparent that a sudden jump in the voltage requires an in- 
finite current. Since this is physically impossible, we will therefore prohibit 
the voltage across a capacitor to change in zero time. 





Determine the current i flowing through the capacitor of Fig. 7.1 
for the two voltage waveforms of Fig. 7.3 if C = 2 F. 





v(V) v(V) 
8 6 
+ 
6 4 
5 9 
4 2 
3 0 t (s) 
2 - 5 
| —2 
0 4 
E $ 
(a) (b) 


@ FIGURE 7.3 (a) A dc voltage applied to the terminals of the capacitor. (b) A sinusoidal voltage 
waveform applied to the capacitor terminals. 


(Continued on next page) 
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The current / is related to the voltage v across the capacitor by Eq. [1]: 


=c? 
dt 
For the voltage waveform depicted in Fig. 7.3a, dv/dt = 0, so 
i = 0; the result is plotted in Fig. 7.4a. For the case of the sinusoidal 
waveform of Fig. 7.3b, we expect a cosine current waveform to flow in 
response, having the same frequency and twice the magnitude (since 
C = 2 F). The result is plotted in Fig. 7.4b. 


i (ÀA) i (A) 





(a) (b) 
@ FIGURE 7.4 (2); = 0 as the voltage applied 1s dc. (b) The current has a cosine form in response 
to a sme-wave voltage. 


7.1 Determine the current flowing through a 5 mF capacitor in 
response to a voltage v = : (a) —20 V; (b) 2e°7' VN, 





Ans: (a) 0 A; (b) —50e 7" mA. 


integral Voltage-Current Relationships 


The capacitor voltage may be expressed in terms of the current by integrat- 
ing Eq. [1]. We first obtain 


1 
dv = —i(t)dt 
t ai) 


and then integrate” between the times tọ and f and between the correspond- 
ing voltages v(to) and v(t): 


bo 


l i t i 
=] i(t )dt + v(t) 
C ti 





Equation [2] may also be written as an indefinite integral plus a constant 
of integration: 


l 
Ð=- |idt+k 
v(t) ak + 


(2) Note that we are employing the mathematically correct procedure of defining a dummy variable t in 
situations where the integration variable 1 is also a limit. 


SECTION 7.1 THE CAPACITOR {ane 


Finally, in many real problems we will find that v(tọ), the voltage ini- 
tially across the capacitor, is not able to be discerned. In such instances it 
will be mathematically convenient to set fg = —oo and v(—oo) = 0, so that 


| t 
v(t) = — i dt’ 
A [. 


Since the integral of the current over any time interval is the charge ac- 
cumulated in that period on the capacitor plate into which the current is 
flowing, we may also define capacitance as 


q(t) = Cv(t) 


where q(t) and v(t) represent instantaneous values of the charge on either 
plate and the voltage between the plates, respectively. 





EXAMPLE 7.2 


Find the capacitor voltage that is associated with the current shown 
graphically in Fig. 7.5a. 


v(t) (V) 
i(t) (mA) 


t (ms) t (ms) 





(a) (b) 
@ FIGURE 7.5 (a) The current waveform applied to a 5 uF capacitor. (b) The resultant voltage 
waveform obtained by graphical integration. 


Interpreting Eq. [2] graphically, we know that the difference between 
the values of the voltage at t and tọ is proportional to the area under the 
current curve between these same two values of time. The proportion- 
ality constant is 1/C. The area can be obtained from Fig. 7.5a by 
inspection for desired values of fo and t. Let us select our starting 
point f) prior to zero time. For simplicity, the first interval of f¢ is 
selected between —oo and 0, and since our waveform implies that 

no current has ever been applied to this capacitor since the beginning 


of time, 


v(to) = v(—oo) = 0 


Referring to Eq. [2], the integral of the current between fo = —oo 
and 0 is simply zero, since i = Q in that interval. Thus, 


v(t) = 0 + v(—oo) -œ <t <0 
or 


vf) = 0 t<0O 


(Continued on next page) 














@ FIGURE 7.6 
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If we now consider the time interval represented by the rectangular 
pulse, we obtain 


u(t) = ——-— | 20« 1077 dr + r0) 


Since u(Q) = 0, 
vir) = 40001 O<¢ <2 ms 


For the semi-infinite interval following the pulse, the integral of (1) 
is once again zero. so that 


v(t) = 8 tf > 2ms 


The results are expressed much more simply in a sketch than by 
these analytical expressions, as shown in Fig. 7.50. 


PRACTICE g 


7.2 Determine the current through a 100 pF capacitor if its voltage as a 
function of time is given by Fig. 7.6. 





Ans: OA, -x <ta | ms: 200nA. 1 ms <r < 2? ms; 0A.t > 2 ms. 


Energy Storage 


The power delivered to a capacitor ts 


and the change in energy stored in its electric field is therefore 


r j dv vir) l 
=e Sar =c f "dv = -C [EWE — lv) P 
J Ps J Par Jetta) ma 2 {Luc [v(to)] | 


and thus 

wet) — we(to) = $C fT — eto} [3] 
where the stored energy is we (fo) in joules (J) and the voltage at fg is v(t). 
If we select a zero-energy reference at fo. implying that the capacitor volt- 
age is also zero at that instant, then 


wen = tC u? [+] 

Let us consider a simple numerical example. As sketched in Fig. 7.7. a 
sinusoidal voltage source is in parallel with a 1 MQ resistor and a 20 pF 
capacitor. The parallel resistor may be assumed to represent the finite resis- 
tance of the dielectric between the plates of the physical capacitor (an ideal 
capacitor has infinite resistance). 





SECTION 7.1 THE CAPACITOR 


$ 


Find the maximum energy stored in the capacitor of Fig. 77 and 
the energy dissipated in the resistor over the interval 0 < ¢ < 0.5 s. 


Identify the goal of the problem. 

The energy stored in the capacitor varies with time; we are asked for 

the maximum value over a specific time interval. We are also asked to 
find the total amount of energy dissipated by the resistor over this in- 
terval. These are actually two completely different questions. 


Collect the known information. 

The only source of energy in the circuit is the independent voltage 
source, which has a value of 100 sin 27t V. We are only interested in 
the time interval of O < t < 0.5 s. The circuit is properly labeled. 


Devise a plan. 

We will determine the energy in the capacitor by evaluating the volt- 
age. To find the energy dissipated in the resistor during the same time 
interval, we need to integrate the dissipated power, pr = i; + R. 


Construct an appropriate set of equations. 
The energy stored in the capacitor is simply 


wcl) = Cv? = 0.l sinf 2rt J 


We obtain an expression for the power dissipated by the resistor in 
terms of the current ip: 


v 4. 
ik = — = 10 sin2rt A 
R 


and so 
Pr =i2R = (10-4)(10°) sine 27t 


so that the energy dissipated in the resistor between 0 and 0.5 s is 


0.5 0.5 , 
Up = | prdt = | 107° sin? 271 dt J 
oo 


0 


Determine if additional information is required. 

We have an expression for the energy stored in the capacitor; a sketch 
is shown in Fig. 7.8. The expression derived for the energy dissipated 
by the resistor does not involve any unknown quantities, and so may 
also be readily evaluated. 


Attempt a solution. 

From our sketch of the expression for the energy stored in the capaci- 
tor, we see that it increases from zero at £ = 0 to a maximum of 

100 mJ att = n s, and then decreases to zero in another } s. Thus, 
WC = 100 mJ. Evaluating our integral expression for the energy 
dissipated in the resistor, we find that we = 2.5 mJ. 








@ FIGURE 7.7 A sinusoidal voltage source is applied 
to a parallel RC network. The 1 MQ resistor might 
represent the finite resistance of the “real” capacttor's 
dielectric layer. 


welt) = 0.1 sin? 27t (J) 


0.10 
0.08 
0.06 
0.04 
0.02 
0 ~a 
0 0.1 02 03 04 05 


W FIGURE 7.8 A sketch of the energy stored in the 
capacitor as a function of time. 


t (Ss) 


(Continued on next page) 
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Verify the solution. Is it reasonable or expected? 

We do not expect to calculate a negative stored energy, which is borne 
out in our sketch. Further, since the maximum value of sin 27? is 1. the 
maximum energy expected would be (1/2)(20 x 10~°)(100)? = 

100 mJ. 

The resistor dissipated 2.5 mJ in the period of 0 to 500 ms, 
although the capacitor stored a maximum of 100 mJ at one point 
during that interval. What happened to the “other” 97.5 mJ? To 
answer this, we compute the capacitor current: 


du 
ic = 20 x 10° = 0.0047 cos 271 


and the current /, defined as flowing into the voltage source 
i, = —I¢ — IR 


both of which are plotted in Fig. 7.9. We observe that the current flow- 
ing through the resistor is a small fraction of the source current; not 
entirely surprising as | M&2 is a relatively large resistance value. As 
current flows from the source, a small amount is diverted to the 
resistor, with the rest flowing into the capacitor as it charges. After 

= 250 ms, the source current is seen to change sign; current is now 
flowing from the capacitor back into the source. Most of the energy 
stored in the capacitor is being returned to the ideal voltage source, 
except for the small fraction dissipated in the resistor. 


0.015 


cc 










0.10 
0.010 F 
0.08 
0.005 + Ji 
= < 
< 
< l 0.06 = 
= = 
O 0u © 
-0.005 l 
-0.010 0.02 
-0.015 0 
0 0.05 01 0.15 02 0.25 0.3 035 04 0.45 0.5 
t(s) 
@ FIGURE 7.9 Plot of the resistor, capacitor, and source currents during the interval of 
0 to 500 ms. 
PRACTICE | 


D a a a a TP A pre 
7.3 Calculate the energy stored in a 1000 uF capacitor at £ = 50 us if 
the voltage across it is 1.5 cos 10r volts. 


Ans: 90.52 uJ. 
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PRACTICAL APPLICATION 


Ultracapacitors 


Digital cellular and satellite system telephones have three 
basic operating modes: standby, receiving, and trans- 
mitting. Signal reception and standby do not typically 
demand a great deal of current from the batteries, but 
transmission does (Fig. 7.10). However, the time spent in 
transmission is typically a small fraction of the total time 
the device is drawing power, as indicated in the figure. 


i (A) 
Receiving or standby 


t(s) 


Transmitting 


m FIGURE 7.10 Typical duty cycle of a cellular telephone. 


As we explored in Chap. 5, batteries maintain a con- 
stant voltage only for small currents. Thus, when the 
current demand increases, the battery voltage decreases 
(Fig. 7.11). This can lead to problems, since most circuits 
have a minimum voltage, or cutoff voltage, below which 
they can no longer function properly. 


Voltage 






Cutoff voltage 


Output 
current 


@ FIGURE 7.11 Example battery voltage-current relationship. 


If the peak current draw of the circuit is such that the 
battery voltage can drop below the cutoff voltage, a much 
larger battery is really needed. However, this is usually 
undesirable in portable applications, where small, light- 
weight batteries are typically desired. One alternative to 
using batteries exclusively is to employ a hybrid device 


composed of a standard battery and a specially designed 
capacitor (sometimes referred to as an electrochemical 
capacitor or an ultracapacitor). An example of a com- 
mercially available device is shown in Fig. 7.12. 





@ FIGURE 7.12 A commercially available ultracapacitor. 
Photo courtesy of Maxwell Technologies Inc. 


The principle behind the hybrid device is that while 
the battery is keeping up with the current demanded by 
the circuit (for example, while the phone is in receive 
mode),,the capacitor stores energy from the battery 
(ZC V2). If the current demand suddenly increases (for 
example, when the phone is transmitting), the battery 
voltage will try to decrease. At this point, current will 
flow out of the charged capacitor in response to the re- 
sulting dv/dt. Provided that the Thévenin equivalent 
resistance of the circuit is much smaller than the inter- 
nal resistance of the battery, the current will flow 
through the phone circuit rather than into the battery. 
The charge will leave the capacitor very quickly, so that 
this current “boost” is short-lived. However, if the 
transmit operation is of a short duration, the capacitor 
can effectively assist the battery and prevent the circuit 
from cutting off. In Chap. 8, we will learn how to pre- 
dict how long such a capacitor can assist a battery pro- 
vided that we know the Thévenin resistance of both the 
battery and the circuit. 
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8 FIGURE 7.13 Electrical symbol and current-voltage 


conventions for an inductor. 
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Important Characteristics of an [deal Capacitor 


1. There is no current through a capacitor if the voltage across it is not 
changing with time. A capacitor is therefore an open circuit to de. 


i 


A finite amount of energy can be stored in a capacitor even if the 
current through the capacitor is zero. such as when the voltage 
across Itis constant, 

3. It is impossible to change the voltage across a capacitor by a finite 
amount in zero time, for this requires an infinite current through 
the capacitor. A capacitor resists an abrupt change in the voltage 
across It in a Manner analogous to the way a spring resists an 
abrupt change in its displacement. 

4. Acapacitor never dissipates energy. but only stores it. Although 

this is true for the mathematical model, itis not true for a physical 

capacitor due to finite resistances associated with the dielectric as 
well as the packaging. 


7.2 THE INDUCTOR _ 
Ideal inductor Model 


Although we shall define an inductor strictly from a circuit point of view. 
that is. by a voltage-current equation, a few comments about the develop- 
ment of magnetic field theory may provide a better understanding of the 
definition. In the early [800s the Danish scientist Oersted showed that a 
current-carrying conductor produced a magnetic field (compass needles 
were affected in the presence of a wire when current was flowing). Shorty 
thereafter, Ampere made some careful measurements which demonstrated 
that this magnetic field was linearly related to the current which produced 
it. The next step occurred some 20 years later when the English experimen- 
talist Michael Faraday and the American inventor Joseph Henry discovered 
almost simultaneously” that a changing magnetic field could induce a volt- 
age In a neighboring circuit. They showed that this voltage was proportional 
to the time rate of change of the current producing the magnetic field. The 
constant of proportionality is what we now call the inductance, symbolized 
by L, and therefore 





velo! [5] 


where we must realize that v and / are both functions of time. When we wish 
to emphasize this, we may do so by using the symbols u(r) and i(f). 

The circuit symbol for the inductor is shown in Fig. 7.13, and it should 
be noted that the passive sign convention is used, just as it was with the re- 
sistor and the capacitor. The unit in which inductance is measured is the 
henry (H). and the defining equation shows that the henry is just a shorter 
expression for a volt-second per ampere. 


(3) Faraday won 


SECTION 7.2 THE INDUCTOR 


The inductor whose inductance is defined by Eq. [5] is a mathematical 
model: it is an ideal element which we may use to approximate the behav- 
ior of a real device. A physical inductor may be constructed by winding a 
length of wire into a coil. This serves effectively to increase the current that 
is causing the magnetic field and also to increase the “number” of neigh- 
boring circuits into which Faraday’s voltage may be induced. The result of 
this twofold effect is that the inductance of a coil is approximately propor- 
tional to the square of the number of complete turns made by the conductor 
out of which it is formed. For example, an inductor or “coil” that has the 
form of a long helix of very small pitch is found to have an inductance of 
u N?A/s, where A is the cross-sectional area, s is the axial length of the he- 
lix. N is the number of complete turns of wire, and jz (mu) is a constant of 
the material inside the helix, called the permeability. For free space (and 
very closely for air), y = po = 4r x 10 7H/m = 47 nH/cm. Several ex- 
amples of commercially available inductors are shown in Fig. 7.14. 

Let us now scrutinize Eq. [5] to determine some of the electrical charac- 
teristics of the mathematical model. This equation shows that the voltage 
across an inductor is proportional to the time rate of change of the current mam 
through it. In particular, it shows that there is no voltage across an inductor \ 
carrying a constant current, regardless of the magnitude of this current. \ 
Accordingly, we may view an inductor as a “short circuit to dc.” 

Another fact that can be obtained from Eq. [5] is that a sudden or dis- 
continuous change in the current must be associated with an infinite voltage 
across the inductor. In other words, if we wish to produce an abrupt change 
in an inductor current, we must apply an infinite voltage. Although an 
infinite-voltage forcing function might be acceptable theoretically, it can 
never be a part of the phenomena displayed by a real physical device. As we 
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(a) (b) 


w FIGURE 7.14 (a) Several different types of commercially available inductors, sometimes also referred to as “chokes.” Clockwise, starting from far left: 
287 uH ferrite core toroidal inductor, 266 uH ferrite core cylindrical inductor, 215 uH ferrite core inductor designed for VHF frequencies, 85 uH iron 
powder core toroidal inductor, 10 H bobbin-style inductor, 100 uH axial lead inductor, and 7 uH lossy-core inductor used for RF suppression. (b) An 
11 H inductor, measuring 10 cm (tall) x 8 cm (wide) x 8 cm (deep). 
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shall see shortly, an abrupt change in the inductor current also requires an 
abrupt change in the energy stored in the inductor, and this sudden change 
in energy requires infinite power at that instant; infinite power is again not a 
an) part of the real physical world. In order to avoid infinite voltage and infinite 
power, an inductor current must not be allowed to jump instantaneously 
from one value to another. 
If an attempt is made to open-circuit a physical inductor through which 
a finite current is flowing, an arc may appear across the switch. This is use- 
ful in the ignition system of some automobiles, where the current through 
the spark coil is interrupted by the distributor and the arc appears across the 
spark plug. Although this does not occur instantaneously, it happens in a 
very short timespan, leading to the creation of a large voltage. The presence 
of a large voltage across a short distance equates to a very large electric 
field; the stored energy is dissipated in ionizing the air in the path of the arc. 
Equation [5] may also be interpreted (and solved, if necessary) by 
graphical methods, as seen in Example 7.4. 


EXAMPLE 7.4 


Given the waveform of the current in a 3 H inductor as shown in 
Fig. 7.15a, determine the inductor voltage and sketch it. 


i(t) (A) v(t) (V) 


t (S) 





(a) (b) 


@ FIGURE 7.15 (a) The current waveform in a 3 H inductor. (b) The corresponding voltage 
waveform, v = 3 di/dt. 


Provided that the voltage v and the current į are defined to satisfy the 
passive sign convention, we may obtain v from Fig. 7.15a using Eq. [5]: 


Since the current is zero for t < — 1 s, the voltage is zero in this inter- 
val. The current then begins to increase at the linear rate of 1 A/s, and 
thus a constant voltage of L di/dt = 3 V is produced. During the fol- 
lowing 2 s interval, the current is constant and the voltage is therefore 
zero. The final decrease of the current results in di /dt = —1 A/s, yield- 
ing v = —3 V. Fort > 3 s, i(t) is a constant (zero), so that v(t) = 0 for 
that interval. The complete voltage waveform is sketched in Fig. 7.15b. 


Let us now investigate the effect of a more rapid rise and decay of the 
current between the zero and | A values. 
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EXAMPLE 7.5 


Find the inductor voltage that results from applying the current 
waveform shown in Fig. 7.16a to the inductor of Example 7.4. 


i(t) (A) v(t) (V) 


i(t) (A) 


t (S) t (S) 





(a) (b) 
@ FIGURE 7.16 (a) The time required for the current of Fig. 715a to change from 0 to 1 and from 
1 to 0 is decreased by a factor of 10. (b) The resultant voltage waveform. The pulse widths are 
exaggerated for clarity. 


t (S) 





(a) 
Note that the intervals for the rise and fall have decreased to 0.1 s. 


Thus, the magnitude of each derivative will be 10 times larger; this 
condition is shown in the current and voltage sketches of Fig. 7.16a 
and b. In the voltage waveforms of Fig. 7.15b and 7.165, it is interest- 
ing to note that the area under each voltage pulse is 3 V-s. 


v(t) (V) 


t (s) 

Just for curiosity’s sake, let’s continue in the same vein for a moment. A 
further decrease in the rise and fall times of the current waveform will pro- 
duce a proportionally larger voltage magnitude, but only within the interval 
in which the current is increasing or decreasing. An abrupt change in the 
current will cause the infinite voltage “spikes” (each having an area of 





(b) 


@ FIGURE 7.17 (ca) The time required for the current 
of Fig. 7.160 to change from 0 to 1 and from 1 to 0 ts 


3 V-s) that are suggested by the waveforms of Fig. 7.17a and b; or, from decreased to zero; the rise and fall are abrupt. (b) The 

the equally valid but opposite point of view, these infinite voltage spikes are resultant voltage across the 3 H inductor consists of a 

required to produce the abrupt changes in the current. Positive and a negative infinite spike. 
PRACTICE 


ne I ľťľŘ 
7.4 The current through a 200 mH inductor is shown in Fig. 7.18. 
Assume the passive sign convention, and find vz at t equal to: 
(a) 0; (b) 2 ms; (c) 6 ms. 


i, (mA) 





@ FIGURE 7.18 


Ans: 0.4 V; 0.2 V; —0.267 V. 
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integral Voltage-Current Relationships 
We have defined inductance by a simple differential equation. 


and we have been able to draw several conclusions about the characteristics 
of an inductor from this relationship. For example. we have found that we 
may consider an inductor to be a short circutt to direct current, and we have 
agreed that we cannot permit an inductor current to change abruptly from 
one value to another, because this would require that an infinite voltage and 
power be associated with the inductor. The simple defining equation for 
inductance contains still more information. however. Rewritten in a slightly 
different form, 


l 
di = — vdt 
L 


it invites integration. Let us tirst consider the limits to be placed on the two 
integrals. We desire the current / at time z, and this pair of quantities there- 
fore provides the upper limits on the integrals appearing on the left and right 
side of the equation, respectively: the lower limits may also be kept general 
by merely assuming that the current is i (fọ) at time fy. Thus, 


rdf 1 i 
di = i | var jdt’ 
Ug} L iy 


which leads to the equation 


a l i f 
I(t) -iws f vdt 
L ian 


or 
m -o 
p; 
it) = — l vdt +1(t) | iO] 
| L uty | 
Leet | 


Equation [5] expresses the inductor voltage in terms of the current. 
whereas Eq. [6] gives the current in terms of the voltage. Other forms are 
also possible for the latter equation. We may write the integral as an indeti- 
nite integral and include a constant of integration k: 


l 
(t) = — ‘dt+tk 7 
i( an [7] 


We also may assume that we are solving a realistic problem in which the 
selection of fo as —œ ensures no current or energy in the inductor. Thus, if 


ilt =i (X) = 0, then 
t i 
it) — ‘dt 8 
if 7 Í. te S] 


Let us investigate the use of these several integrals by working a simple 
example where the voltage across an inductor is specified. 
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The voltage across a 2 H inductor is known to be 6 cos 5¢V. 
Determine the resulting inductor current if i(¢ = —2/2) = 1 A. 


From Eq. [6]. 


| f 
i(t) = >| 6cos 51’ dt’ + i(to) 


fo 


(t) = (2) si St 1 KAT Sto + i (fo) 
l — —. — S — — — 
E 2\5 m 2\5 SIN 21o EX 


= 0.6 sin 5t — 0.6 sin 5tọo + i (tọ) 


Or 


The first term indicates that the inductor current varies sinusoidally; 
the second and third terms together merely represent a constant which 
becomes known when the current is numerically specified at some in- 
stant of time. Using the fact that the current is | A at t = —2/2s, we 
identify fo as —7/2 with i (fo) = 1, and find that 

i(t) = 0.6sin 5t — 0.6sin(—2.577) + 1 
or 
i(t) = 0.6sin 5t + 1.6 
We may obtain the same result from Eq. [7]. We have 
i(t) = 0.6sin 5t +k 


and we establish the numerical value of k by forcing the current to be 
| Aatt = =x /2: 


1 = 0.6sin(—2.5m)} +k 
or 
k=1+06= 1.6 
and so, as before, 
i(t) = 0.6sin 5t + 1.6 


` Equation [8] is going to cause trouble with this particular voltage. 
We based the equation on the assumption that the current was zero 


when f = —oo. To be sure, this must be true in the real, physical world, 


but we are working in the land of the mathematical model; our ele- 
ments and forcing functions are all idealized. The difficulty arises after 
we integrate, obtaining 


. . rit 
i(t) = 0.6sin 5t |a 
and attempt to evaluate the integral at the lower limit: 
i(t) = 0.6sin 5t — 0.6 sin(— 00) 


The sine of +œ is indeterminate, and therefore we cannot evaluate 
our expression. Equation [8] is only useful if we are evaluating func- 
tions which approach zero as t > —oo. 


EXAMPLE 7.6 
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D a a a aaa aaa aÁ 
7.5 A 100 mH inductor has voltage v; = 2e™™ V across its terminals. 
Determine the resulting inductor current if 7; (—0.5) = LA. 


5 


Ans: — Le 4 30.9A. 


3 


We should not make any snap judgments. however, as to which single 
form of Eqs. [6], [7]. and [8] we are going to use forever after: each has its 
advantages. depending on the problem and the application. Equation |6] 
represents a Jong, general method. but it shows clearly that the constant of 
integration is a current. Equation [7] is a somewhat more concise expression 
of Eq. [6], but the nature of the integration constant is suppressed. Finally, 
Eq. [8] is an excellent expression, since no constant is necessary; however, 
it applies only when the current is zero at? = ~—oo and when the analytical 
expression for the current is not indeterminate there. 


Energy Storage 


Let us now turn our attention to power and energy. The absorbed power ts 
given by the current-voltage product 
di 
p = vi = Li — 
dt 
The energy w; accepted by the inductor ts stored in the magnetic feld 
around the coil. The change in this energy is expressed by the integral of the 
power over the desired time interval: 


! i di iit) 
| pdt Lf i — di = L| i di 
fa is dt iito) 


| 3 2 
= =L {lity — [iP] 


— 


i 


Thus. 
w(t} — wilo) = iL EOF — [eo (9: 


where we have again assumed that the current is i (fọ) at time to. In using the 
energy expression, H is customary to assume that a value of fo is selected at 
which the current is zero; it is also customary to assume that the energy i> 
zero at this time. We then have simply 


[10] 





where we now understand that our reference for zero energy is any time al 
which the inductor current is zero. At any subsequent time at which the cur- 
rent is zero, we also find no energy stored in the coil. Whenever the curreni 
is not zero, and regardless of its direction or sign, energy is stored in the in- 





@ FIGURE 7.19 A sinusoidal current is applied as a 


forcing function to a series RL circuit, The 01 Q ductor. It follows, therefore, that energy may be delivered to the inductor for 
represents the inherent resistance of the wire trom a part of the time and recovered from the inductor later. AH the stored 
which the inductor is fabricated. energy may be recovered from an ideal inductor: there are no storage 


charges or agent’s commissions in the mathematical model. A physical coil, 
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however, must be constructed out of real wire and thus will always have a 
resistance associated with it. Energy can no longer be stored and recovered 
without loss. 

These ideas may be illustrated by a simple example. In Fig. 7.19, a 3 H 
inductor is shown in series with a 0.1 Q resistor and a sinusoidal current 
source, i, = 12 sin ¥ A. The resistor should be interpreted as the resistance 
of the wire which must be associated with the physical coil. 


EXAMPLE 7.7 


Find the maximum energy stored in the inductor of Fig. 7.19, and 
calculate how much energy is dissipated in the resistor in the time 


during which the energy is being stored in and then recovered from 
the inductor. 


The energy stored in the inductor is 
aa ~ 3 wet 
wz = zli = 216 sin? — J 


and this energy increases from zero at t = 0 to 216 J at t = 3 s. Thus, 
the maximum energy stored in the inductor is 216 J. 

After reaching its peak value at t = 3 s, the energy leaves the induc- 
tor completely. Let us see what price we have paid in this coil for the 
privilege of storing and removing 216 J in these 6 seconds. The power 
dissipated in the resistor is easily found as 


2 5 Mit 
pr = iR = 14.4 sinf ra W 


and the energy converted into heat in the resistor within this 6 s interval 
is therefore 


6 6 1 
w= | prdi = | 14.4 sin? —t dt 
o 6 


0 


6 5) 1 
WR = 14.4] — 1 — cos —t | dt = 43.2J 
‘ | (z ( 31) 


Thus, we have expended 43.2 J in the process of storing and then re- 
covering 216 J in a 6 s interval. This represents 20 percent of the maxi- 
mum stored energy, but it is a reasonable value for many coils having 
this large an inductance. For coils having an inductance of about 
100 uH, we might expect a figure closer to 2 or 3 percent. 


Or 


PRACTICE 


a  ——————————————————— 


7.6 Let L = 25 mH for the inductor of Fig. 7.20. (a) Find v at 

t = 12 ms ifi = 10te~!™ A. (b) Find i att = 0.1 s if v = 6e`!” V 

and i(0) = 10 A. If i = 8(1 — e~*") mA, find: (c) the power being 

delivered to the inductor at t = 50 ms, and (d) the energy stored in the r 
inductor at t = 40 ms. cana 


Ans: —15.06 mV; 24.0 A; 7.49 uW; 0.510 yJ. E FIGURE 7.20 
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Let us now recapitulate by listing four key characteristics of an inductor 
which result from its defining equation v = L di/dt: 





Important Characteristics of an Ideal Inductor 















1. There is no voltage across an inductor if the current through it is 
not changing with ume. An inductor is therefore a short circuit 
to de. 


ta 


A finite amount of energy can be stored in an inductor even it 

the voltage across the inductor is zero. such as when the current 

through it is constant. 

3. It is impossible to change the current through an inductor by a 
finite amount in zero time. for this requires an infinite voltage 
across the inductor. An inductor resists an abrupt change in the 
current through it in a manner analogous to the way a mass resists 
an abrupt change in its velocity. 

4. The inductor never dissipates energy, but only stores it. Although 
this is true for the mathematical model, it ts not true for a physical 

inductor due to series resistances. 


It is interesting to anticipate our discussion of duality in Sec. 7.6 by 
rereading the previous four statements with certain words replaced by their 
“duals.” If capacitor and inductor, capacitance and inductance, voltage and 
current, across and through, open circuit and short circuit, spring and mass, 
and displacement and velocity are interchanged (in either direction), the 
four statements previously given for capacitors are obtained. 


7.3. INDUCTANCE AND CAPACITANCE 
COMBINATIONS 


Now that we have added the inductor and capacitor to our list of passive cir- 
cuit elements, we need to decide whether or not the methods we have de- 
veloped for resistive circuit analysis are still valid. It will also be convenient 
to learn how to replace series and parallel combinations of either of these 
elements with simpler equivalents, just as we did with resistors in Chap. 3. 

We look first at Kirchhoft’s two laws, both of which are axiomatic. 
However, when we hypothesized these two laws, we did so with no restric- 


tions as to the types of elements constituting the network. Both. therefore. 
remain valid. 


Inductors in Series 


Now we may extend the procedures we have derived for reducing various 
combinations of resistors into one equivalent resistor to the analogous cases 
of inductors and capacitors. We shall first consider an ideal voltage source 
applied to the series combination of N inductors, as shown in Fig. 7.2 1a. 
We desire a single equivalent inductor, with inductance Leg, which may re- 
place the series combination so that the source current i(t) is unchanged. 
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eq 





(a) (b) 


@ FIGURE 7.21 (2) A circuit containing N inductors in series. (b) The desired equivalent 
circutt, in which Lea = Li Hh +---+ Ly. 


The equivalent circuit is sketched in Fig. 7.21b. Applying KVL to the orig- 
inal circuit, 
Us = i tUte t UN 
-LË LË 4 +L di 
dt) dt “dt 


di 
= (Li+ Li+ + LN) 
dt 


or, written more concisely, 


N 


N X di di 
U, = Sou = 2 Lair = dt X Ln 


n=l n=! n=] 
But for the equivalent circuit we have 
di 
v, = Leary 


and thus the equivalent inductance ts 


Leg = (Li + Lo +--+ + Ln) 


Or 
N 


Leg = > L, [11] 


n=l 
The inductor which is equivalent to several inductors connected in series 
is one whose inductance ts the sum of the inductances in the original circuit. 
This is exactly the same result we obtained for resistors in series, 


Inductors in Parallel 


The combination of a number of parallel inductors is accomplished by writ- 
ing the single nodal equation for the original circuit, shown in Fig. 7.22a, 


owe Sl fi. 
i= Soi, = > È [ vdt +i, uo) 


n=l n=l n 
if y 
ld . 
= arn | vdt + i (ty) 
n=l n to n=l 


and comparing it with the result for the equivalent circuit of Fig. 7.22b, 
l t 
i, = T vdt + is (to) 


eq vto 








(b) 
W FIGURE 7.22 (2) The parallel combination of 
N inductors. (b) The equivalent circuit, where 
Leg = [h + hz +e Va. 








te) 


ibi 


E FIGURE 7.23 (2) A arcuit containing A capacitors in 
series. (b) The desired equivalent circuit, where 


Coy = IG +O + E 





ta) 





ih) 


M@ FIGURE 7.24 (0) The paralle! combination of 
N capacitors. (b) The equivalent circuit, where 
Cog = Ci + Č, +e Cy. 
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Since Kirchhoff’s current law demands that i, (fo) be equal to the sum of 
the branch currents at fo. the two integral terms must also be equal: hence. 
| 


Leg =o - [12] 
1/hy #1/L> +--+ 4 1/Ly 





For the special case of two inductors in parallel, 
Li L> 
Ley = oT E 
Li+ Lo 





and we note that inductors in parallel combine exactly as doresistors tn parallel. 


Capacitors in Series 
In order to find a capacitor that is equivalent to X capacitors in series, we 
use the circuit of Fig. 7.23a and its equivalent in Fig. 7.23 to write 


y i 
l i 
Uy = ee i dt’ + Uy (t ) 
i >. È | (} | 


i} 


Uy = 


n=l 


N 


A x; N 
= (> | J idt + S Uy (fq) 
“Fi fy 


n=l 


oP, 
Uo idt + vs (to) 
Ceg fe 


However. Kirchhotf’s voltage law establishes the equality of v, (fo) and 
the sum of the capacitor voltages at fg; thus 
I 
1/C, + 1/C2+---4+ 1/Cy 
and capacitors in series combine as do conductances in series, or resistors in 
parallel. The special case of two capacitors in series, of course, yields 


OS 
“a Cte 


and 


[1+] 


[15] 


Capacitors in Parallel 


Finally, the circuits of Fig. 7.24 enable us to establish the value of the ca- 
pacitor which is equivalent to N parallel capacitors as 


Ceg = C1 + Cr +--+ + Cn [16] 


and it is no great source of amazement to note that capacitors in parallel 
combine in the same manner in which we combine resistors in series, that 
is, by simply adding all the individual capacitances. 

These formulas are well worth memorizing. The formulas applying to 
series and parallel combinations of inductors are identical to those for re- 
sistors, so they typically seem “obvious.” Care should be exercised, how- 
ever, in the case of the corresponding expressions for series and parallel 
combinations of capacitors, as they are opposite those of resistors and 
inductors, frequently leading to errors when calculations are made tvo 
hastily. 
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25a ; néties/n aliel 





Simplify the network of Fig. 7. 
combinations. 


The 6 and 3 uF series capacitors are first combined into a 2 uF equiva- 2H T 6 uF 


lent, and this capacitor is then combined with the 1 uF element with | uF Sur 
which it is in parallel to yield an equivalent capacitance of 3 uF. In oe 
addition, the 3 and 2 H inductors are replaced by an equivalent 1.2 H 


inductor, which is then added to the 0.8 H element to give a total (a) 
equivalent inductance of 2 H. The much simpler (and probably less 
expensive) equivalent network is shown in Fig. 7.25b. 


7.7 Find C,, for the network of Fig. 7.26. 


(b) 
N t uF @ FIGURE 7.25 (a) A given LC network. (b) A 
0-4 uF H simpler equivalent circuit. 
7 BF 
Cogn | 12 uF 5 


E FIGURE 7.26 





Ans: 3.18 uF. 


The network shown in Fig. 7.27 contains three inductors and three 
capacitors, but no series or parallel combinations of either the inductors or 
the capacitors can be achieved. Simplification of this network cannot be 
accomplished using the techniques presented here. 





@ FIGURE 7.27 An {C network in which no series or parallel combinations 
of either the inductors or the capacitors can be made. 


7.4 CONSEQUENCES OF LINEARITY 


Next let us turn to nodal and mesh analysis. Since we already know that we 
may safely apply Kirchhoff’s laws, we should have little difficulty in writ- 
ing a set of equations that are both sufficient and independent. They will be 








EXAMPLE 7.9 





E FIGURE 7.28 A four-node RIC circuit with nade 
voltages assigned. 





E FIGURE 7.29 


CHAPTER 7 CAPACITORS AND INDUCTORS 


constant-coefficient linear integrodifferential equations, however. which 
are hard enough to pronounce, let alone solve. Consequently. we shall 
write them now to gain familiarity with the use of Kirchhoff’s laws in 
RLC circuits and discuss the solution of the simpler cases in subsequent 
chapters. 


Write appropriate nodal equations for the circuit of Fig. 7.28. 


Node voltages are chosen as indicated, and we sum currents leaving the 
central node: 


; [ dt tip to) 4 ee a G 
— | (y-euidr +i en Cy 
LJ, ETUE Ei to R dt 





where i; (tọ) 1s the value of the inductor current at the time the integra- 
tion begins. At the right-hand node. 


diva — vy) to — Vy , 
ae + = h = 
dt R 





Ci 


Rewriting these two equations, we have 


Hye! f d- = [ dt’ — iz (to) 
—— a — f v = == = — | vdt — i 
R Cda Lj | R LJ, LAO 





These are the promised integrodifferential equations, and we may 
note several interesting points about them. First, the source voltage v, 
happens to enter the equations as an integral and as a derivative, but not 
simply as v,. Since both sources are specified for all time, we should be 
able to evaluate the derivative or integral. Second, the initial value of 


the inductor current, iz (fọ). acts as a (constant) source current at the 
center node. 


PRACTICE 


Siidon See a 
7.8 If uc (t) = 4cos 10°r V in the circuit in Fig. 7.29, find v, (1). 


Ans: —2.4 cos 10°r V. 


We will not attempt the solution of integrodifferential equations at this 
time. It is worthwhile pointing out, however, that when the voltage forcing 
functions are sinusoidal functions of time, it will be possible to define a 
voltage-current ratio (called impedance) or a current-voltage ratio (called 
admittance ) for each of the three passive elements. The factors operating on 
the two node voltages in the preceding equations will then become simple 
multiplying factors, and the equations will be linear algebraic equations 
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once again. These we may solve by determinants or a simple elimination of 
variables as before. l 

We may also show that the benefits of linearity apply to RLC circuits 
as well. In accordance with our previous definition of a linear circuit, 
these circuits are also linear because the voltage-current relationships for 


the inductor and capacitor are linear relationships. For the inductor, we 
have 


and multiplication of the current by some constant K leads to a voltage that 
is also greater by a factor K. In the integral formulation, 


1 t 
i(t) = al vdt + i(to) 


it can be seen that, if each term is to increase by a factor of K, then the ini- 
tial value of the current-must also increase by this same factor. 

A corresponding investigation of the capacitor shows that it, too, is lin- 
ear. Thus, a circuit composed of independent sources, linear dependent 
sources, and linear resistors, inductors, and capacitors is a linear circuit. 

In this linear circuit the response is again proportional to the forcing 
function. The proof of this statement is accomplished by first writing a 
general system of integrodifferential equations. Let us place all the terms 
having the form of Ri, Ldi/dt. and 1/C f idt on the left side of each 
equation, and keep the independent source voltages on the right side. As a 
simple example, one of the equations might have the form 


; t 
Ri + L” + =l idt + vce (to) = Vs 
dt C J, 

If every independent source is now increased by a factor A, then the 
right side of each equation is greater by the factor K. Now each term on the 
left side is either a linear term involving some loop current or an initial 
capacitor voltage. In order to cause all there sponses (loop currents) to in- 
crease by a factor K, it is apparent that we must also increase the initial 
capacitor voltages by a factor K. That is, we must treat the initial capacitor 
voltage as an independent source voltage and increase it also by a factor K. 
In a similar manner, initial inductor currents appear as independent source 
currents in nodal analysis. 

The principle of proportionality between source and response is thus ex- 
tensible to the general RLC circuit, and it follows that the principle of su- 
perposition is also applicable. It should be emphasized that initial inductor 
currents and capacitor voltages must be treated as independent sources in 
applying the superposition principle; each initial value must take its turn in 
being rendered inactive. In Chap. 5 we learned that the principle of super- 
position is a natural consequence of the linear nature of resistive circuits. 
The resistive circuits are linear because the voltage-current relationship for 
the resistor is linear and Kirchhoff’s laws are linear. 

Before we can apply the superposition principle to RLC circuits, how- 
ever, it is first necessary to develop methods of solving the equations 
describing these circuits when only one independent source is present. At 











m FIGURE 7.30 An ideal op amp connected as 
an integrator, 
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this time we should feel convinced that a linear circuit will possess a re- 
sponse whose amplitude is proportional to the amplitude of the source. We 
should be prepared to apply superposition later. considering an inductor 
current or capacitor voltage specified at ¢ = f as a source that must be 
killed when its turn comes, 

Thévenin’s and Norton’s theorems are based on the linearity of the ini- 
tial circuit. the applicability of Kirchhoff’s laws, and the superposition prin- 
ciple. The general RLC circuit conforms perfectly to these requirements. 
and it follows, therefore. that all linear circuits that contain any combina- 
tions of independent voltage and current sources. linear dependent voltage 
and current sources, and linear resistors, inductors, and capacitors may he 
analyzed with the use of these two theorems, if we wish. It is not necessary 
to repeat the theorems here, for they were previously stated in a manner that 
is equally applicable to the general RLC circuit. 


7.5 _ SIMPLE OP AMP CIRCUITS WITH CAPACITORS 


In Chap. 6 we were introduced to several different types of amplifier circuits 
based on the ideal op amp. In almost every case, we found that the output was 
related to the input voltage by some combination of resistance ratios. If we 
replace one or more of these resistors with a capacitor, it is possible to obtain 
some interesting circuits in which the output is proportional to either the 
derivative or integral of the input voltage. Such circuits find widespread use 
in practice. For example. a velocity sensor can be connected to an op amp cir- 
cuit that provides a signal proportional to the acceleration, or an output signal 
can be obtained that represents the total charge incident on a metal electrode 
during a specific period of time by simply integrating the measured current. 

To create an integrator using an ideal op amp, we ground the noninvert- 
ing input. install an ideal capacitor as a feedback element from the output 
back to the inverting input, and connect a signal source v, to the inverting 
input through an ideal resistor as shown in Fig. 7.30. 

Performing nodal analysis at the inverting input. 


— R 


We can relate the current / to the voltage across the capacitor, 





Resulting in 


SOR dr 





Integrating and solving for vow. we obtain 


| i , 
Vo, = Va T Vout = O — Vou = —— | vdt + uc, (0) 
RiCy Jo ' 
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or 
| i ! 
rE R Eh vs dt — Uc, (0) [17] 
We therefore have combined a resistor, a capacitor, and an op amp to form 
an integrator. Note that the first term of the output is 1/RC times the negative 
of the integral of the input from t’ = Oto t, and the seou term is the nega- 
tive of the initial value of vc,. The value of (RC)~' can be made equal to 
unity if we wish by choosing R= — | MQ and C = 1 pF, for example; other 
selections may be made that will increase or decrease the output voltage. 
Before we leave the integrator circuit, we might anticipate a question 
from an inquisitive reader, ° ‘Could we use an inductor in place of the capaci- 
tor and obtain a differentiator?” Indeed we could, but circuit designers usu- 
ally avoid the use of inductors whenever possible because of their size, 
weight, cost, and associated resistance and capacitance. Instead, it is possi- 


ble to interchange the positions of the resistor and capacitor in Fig. 7.30 and 
obtain a differentiator. 


EXAMPLE 210) 


Derive an expression for the output voltage of the op amp circuit 
shown in Fig. 7.31. D 


We begin by writing a nodal equation at the inverting input pin, with 
Uc, = Va — Vs! 


dici Va — Vout 
dt Ry 





O= Cj 


Invoking ideal op amp rule 2, va = vp = 9. Thus, 


duc Vout 
Č -a ba aca 
dt Ry 
Solving for Vout 
duc 
l 
Vou = RpCi— 
Since Uc, = Va — Vs = —Us; 
RCo 
Vout = TA 
ii noe ale 


So, simply by swapping the resistor and capacitor in the circuit of 
Fig. 7.30, we obtain a differentiator instead of an integrator. 


PRACTICE 


Fmd 


7.9 Derive an expression for Vout in terms of Vin for the circuit shown in 
Fig. 7.32. 


Ans: Vou = —L¢/ Ri dus/dt. 





@ FIGURE 7.31 An ideal op amp connected as a 
differentiator. 





m FIGURE 7.32 
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E FIGURE 7.33 A given circuit to which the definition 
of duality may be applied to determine the dual circuit. 
Note that v.(0) = 10 V. 






2 cos 664A Ce) 


Ref. 
E FIGURE 7.34 The exact dual of the circuit of 
Fig. 733. 
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7.6 DUALITY 
e — 


The concept of duality applies to many fundamental engineering concepts. 
In this section, we shall define duality in terms of the circuit equations. Two 
circuits are “duals” if the mesh equations that characterize one of them have 
the same mathematical form as the nodal equations that characterize the 
other. They are said to be exact duals if each mesh equation of one circult is 
numerically identical with the corresponding nodal equation of the other; 
the current and voltage variables themselves cannot be identical, of course. 
Duality itself merely refers to any of the properties exhibited by dual 
circuits. 

Let us interpret the definition and use it to construct an exact dual circuit 
by writing the two mesh equations for the circuit shown in Fig. 7.33. Two 
mesh currents /; and 7> are assigned, and the mesh equations are 














diy di> 
37) + 4d-— —4-— = 2 cos Or [IS] 
dt dt 
dij dir 1 fi. 
-4—+4--4- | indt + 5ir = -10 [19] 
dt dt & ü 


We may now construct the two equations that describe the exact dual 
of our circuit. We wish these to be nodal equations. and thus begin by re- 
placing the mesh currents i; and i> in Eqs. [18] and [19] by two node-to- 
reference voltages v; and v2. We obtain 


tv duva l | 
3p, +4 — 452 = 2 cos 61 120] 
dt dt 
dv du 1 øp 
—4— + 4—— + — wodt + 5w = —10 2] 
dt dt | ` j ier 


and we now seek the circuit represented by these two nodal equations. 

Let us first draw a line to represent the reference node, and then we may 
establish two nodes at which the positive references for v; and v2 are lo- 
cated. Equation [20] indicates that a current source of 2cos6t A is con- 
nected between node | and the reference node, oriented to provide a current 
entering node |. This equation also shows that a 3 S conductance appears 
between node | and the reference node. Turning to Eq. [21], we first con- 
sider the nonmutual terms, i.e., those terms which do not appear in Eq. [20]. 
and they instruct us to connect an 8 H inductor and a 5S conductance 
(in parallel) between node 2 and the reference. The two similar terms in 
Eqs. {20} and (21] represent a 4 F capacitor present mutually at nodes | and 
2; the circuit is completed by connecting this capacitor between the two 
nodes. The constant term on the right side of Eq. [21] is the value of the 
inductor current at ¢ = 0; in other words, i; (0) = 10 A. The dual circuit is 
shown in Fig. 7.34; since the two sets of equations are numerically identi- 
cal, the circuits are exact duals. 

Dual circuits may be obtained more readily than by this method, for the 
equations need not be written. In order to construct the dual of a given cir- 
cuit, we think of the circuit in terms of its mesh equations. With each mesh 
we must associate a nonreference node, and. in addition, we must supply the 
reference node. On a diagram of the given circuit we therefore place a 
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node in the center of each mesh and supply the reference node as a line near 
the diagram or a loop enclosing the diagram. Each element that appears 
jointly in two meshes is a mutual element and gives rise to identical terms, 
except for sign, in the two corresponding mesh equations. It must be re- 
placed by an element that supplies the dual term in the two corresponding 
nodal equations. This dual element must therefore be connected directly be- 
tween the two nonreference nodes that are within the meshes in which the 
given mutual element appears. 

The nature of the dual element itself is easily determined; the mathe- 
matical form of the equations will be the same only if inductance ts replaced 
by capacitance, capacitance by inductance, conductance by resistance, and 
resistance by conductance. Thus, the 4 H inductor which is common to 
meshes 1 and 2 in the circuit of Fig. 7.33 appears as a 4 F capacitor con- 
nected directly between nodes 1 and 2 in the dual circuit. 

Elements that appear only in one mesh must have duals that appear be- 
tween the corresponding node and the reference node. Referring again to 
Fig. 7.33, the voltage source 2 cos 6t V appears only in mesh l; its dual is a 
current source 2 cos 61 A, which is connected only to node 1 and the refer- 
ence node. Since the voltage source 1s clockwise-sensed, the current source 
must be into-the-nonreference-node-sensed. Finally, provision must be 
made for the dual of the initial voltage present across the 8 F capacitor in the 
given circuit. The equations have shown us that the dual of this initial volt- 
age across the capacitor is an initial current through the inductor in the dual 
circuit; the numerical values are the same, and the correct sign of the initial 
current may be determined most readily by considering both the initial volt- 
age in the given circuit and the initial current in the dual circuit as sources. 
Thus, if vc in the given circuit is treated as a source, it would appear as — ve 
on the right side of the mesh equation; in the dual circuit, treating the cur- 
rent iy as a source would yield a term —i, on the right side of the nodal equa- 
tion. Since each has the same sign when treated as a source, then, if 
vc (0) = 10V, i (0) must be 10 A. 

The circuit of Fig. 7.33 is repeated in Fig. 7.35, and its exact dual is con- 
structed on the circuit diagram itself by merely drawing the dual of each 
given element between the two nodes that are inside the two meshes that are 
common to the given element. A reference node that surrounds the given 
circuit may be helpful. After the dual circuit is redrawn in more standard 
form, it appears as shown in Fig. 7.34. 


3Q 8F 





59 


2 cos or V(~) 


mM FIGURE 7.35 The dual of the circuit of Fig. 733 is constructed directly from the circuit diagram. 
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(a) ih) 


@ FIGURE 7.36 (c) The dual (in gray) of a given circuit (in biack) 15 constructed on the given circuit 
(b) The dual circuit 1s drawn in more conventional form for comparison to the orginal. 


An additional example of the construction of a dual circuit 1s shown in 
Fig. 7.36a and b. Since no particular element values are specified, these two 
circuits are duals, but not necessarily exact duals. The original circuit may 
be recovered from the dual by placing a node in the center of each of the five 
meshes of Fig. 7.365 and proceeding as before. 

The concept of duality may also be carried over into the language by which 
we describe circuit analysis or operation. For example, if we are given a volt- 
age source in series with a capacitor. we might wish to make the important 
statement, “The voltage source causes a current to flow through the capacitor’: 
the dual statement is, “The current source causes a voltage to exist across the 
inductor.’ The dual of a less carefully worded statement, such as “The current 
goes round and round the series circuit.” may require a little inventiveness.” 

Practice in using dual language can be obtained by reading Thévenin’s 
theorem in this sense; Norton's theorem should result. 

We have spoken of dual elements, dual language. and dual circuits. 
What about a dual network? Consider a resistor R and an inductor L in se- 
ries. The dual of this two-terminal network exists and is most readily ob- 
tained by connecting some ideal source to the given network. The dual cir- 
cuit is then obtained as the dual source in parallel with a conductance G 
with the same magnitude as R, and a capacitance C having the same magni- 
tude as L. We consider the dual network as the two-terminal network that is 
connected to the dual source: it is thus a pair of terminals between which G 
and C are connected in parallel. 

Before leaving the definition of duality. it should be pointed out that du- 
ality is defined on the basis of mesh and nodal equations. Since nonplanar 
circuits cannot be described by a system of mesh equations, a circuit that 
cannot be drawn in planar form does not possess a dual. 

We shall use duality principally to reduce the work that we must do to 
analyze the simple standard circuits. After we have analyzed the series AL 
circuit the parallel RC circuit requires less attention. not because it is less 
important, but because the analysis of the dual network is already known. 
Since the analysis of some complicated circuit is nol apt to be well known. 
duality will usually not provide us with any quick solution. 


(4) Someone suggested, “The voltage 1s across all over the parallel circurt.” 
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PRACTICE 





7.10 Write the single nodal equation for the circuit of Fig. 7.37a, and 
show, by direct substitution, that v = —80e~!°"' mV is a solution. 
Knowing this, find (a) vı; (b) v2; and (c) i for the circuit of Fig. 7.37b. 


0.2 uF 





(a) 


= ().2 uH 





(b) 


E FIGURE 7.37 


Ans: —8e7!"" mV: 16 e7!° mV: —80e7!0" mA. 


7.7. MODELING CAPACITORS AND INDUCTORS 
WITH PSPICE 


When using PSpice to analyze circuits containing inductors and capacitors, it 
is frequently necessary to be able to specify the initial condition of each 
element [i.e., vc (0) and iz (O)]. This is achieved by double-clicking on the 
element symbol, resulting in the dialog box shown in Fig. 7.38a. At the far 
right (not shown), we find the value of the capacitance, which defaults to 1 nF. 
We can also specify the initial condition (IC), set to 2 V in Fig. 7.38a. Click- 
ing on the right mouse button and selecting Display results in the dialog box 
shown in Fig. 7.38, which allows the initial condition to be displayed on the 
schematic. The procedure for setting the initial condition of an inductor is es- 
sentially the same. We should also note that when a capacitor is first placed in 


the schematic, it appears horizontally; the positive reference terminal for the 
initial voltage is the left terminal. 


ajelu; -| xee 2) |) 7 
ee el a 


p SCHEMATIC1: PAGE: C1 





(a) 





@ FIGURE 7.38 (a) Capacitor property editor window. (b) Display Properties dialog box. 
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EXAMPLE 7.11 





@ FIGURE 7.39 An integrating op amp circuit. 


Simulate the output voltage waveform of the circuit in Fig. 7.39 if 
vs = 1.5 sin 100¢ V, Ri = 10 kQ, C; = 4.7 uF, and vc (0) = 2 V. 


We begin by drawing the circuit schematic, making sure to set the ini- 
tial voltage across the capacitor (Fig. 7.40). Note that we had to convert 
the frequency from 100 rad/s to 100/27 = 15.92 Hz. 
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@ FIGURE 7.40 The schematic representation of the circuit shown in Fig. 7.39, with the 
initial capacitor voltage set to 2 V. 


In order to obtain time-varying voltages and currents, we need to 
perform what is referred to as a transient analysis. Under the PSpice 
menu, we create a New Simulation Profile named op amp integrator, 
which leads to the dialog box re-created in Fig. 7.41. Run to time 


Simulation Settings - Example 7.11 
General Analysis | Configuration Files | Options | Data Collection | Probe Window 


Analysis type 
Time Domain (Transient) +! 


Run to time 0.5 seconds (TSTOP) 


5 3 Start saving data after 0 seconds 


I General Settings Transient options 
t_|Monte Carlo/Worst Case Maximum step size: 0 Sr seconds 
| Parametric Sweep 
{Temperature (Sweep) 
I Save Bias Poirt 

Load Bias Point 


Skip the initial transient bias point calculation (SKIPBP) 


Output File Options... | 





@ FIGURE 7.41 Dialog box for setting up a transient analysis. We choose a final time of 
0.5 s to obtain several periods of the output waveform (1/15.92 = 0.06 s). 


SUMMARY AND REVIEW 


represents the time at which the simulation is terminated; PSpice will 
select its own discrete times at which to calculate the various voltages 
and currents. Occasionally we obtain an error message stating that the 
transient solution could not converge, or the output waveform does not 
appear as smooth as we would like. In such situations, it is useful to set 
a value for Maximum step size, which has been set to 0.5 ms in this 
example. 

From our earlier analysis and Eq. [17], we expect the output to be 
proportional to the negative integral of the input waveform, i.e., 
Vout = 0.319 cos 100r — 2.319 V, as shown in Fig. 7.42. The initial 
condition of 2 V across the capacitor has combined with a constant 
term from the integration to result in a nonzero average value for the 
output, unlike the input which has an average value of zero. 


£" op amp integrator (active) 


2.0U 





@ FIGURE 7.42 Probe output for the simulated integrator circuit along with the input 
waveform for comparison 
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2 The current through a capacitor is given by i = C dv/dt. 


. The voltage across a capacitor is related to its current by 
| oo | 
v(t) = C | i(t) dt + u(to) 
v ti 


2 Acapacitor is an open circuit to dc currents. 
The voltage across an inductor is given by v = L di/dt. 


. The current through an inductor is related to its voltage by 


Lo | . 
itt} = 7 | udt + i(to) 


v to 


3 An inductor is a short circuit to dc currents. 


oe 























#@ FIGURE 7.43 
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a The energy presently stored in a capacitor is given by } Cu. whereas 
the energy presently stored in an inductor is given by 4 Li”; both are 
referenced to a time at which no energy was stored. 

ð Series and parallel combinations of inductors can be combined using 
the same equations as tor resistors. 

3 Series and parallel combinations of capacitors work the opposite way 
that they do for resistors. 

3 A capacitor as the feedback element in an inverting op amp leads to an 
output voltage proportional to the integral of the input voltage. Swap- 
ping the input resistor and the feedback capacitor leads to an output 
voltage proportional to the derivative of the input voltage. 

4 Since capacitors and inductors are linear elements, KVL, KCL, 
superposition, Thévenin’s and Norton’s theorems, and nodal and 
mesh analysis apply to their circuits as weil. 

Q The concept of duality provides another perspective on the relationship 
between circuits with inductors and circuits with capacitors. 

a ~PSpice allows us to set the initial voltage across a capacitor, and the 
initial current through an inductor. A transient analysis provides details 


of the time-dependent response of circuits containing these types of 
elements. 


READING FURTHER 


A detailed guide to characteristics and selection of various capacitor and 
inductor types can be found in: 


H. B. Drexler, Passive Electronic Component Handbook, 2nd ed., C. A. 
Harper, ed. New York: McGraw-Hill, 2003, pp. 69-203. 
C. 3. Kaiser, The Inductor Handbook, 2nd ed. Olathe, Kans.: C.J, Publish- 
ing. 1996. 

Two books that describe capacitor-based op amp circuits are: 


R. Mancini, (ed.). Op Amps Are For Evervone, 2nd ed. Amsterdam: 
Newnes, 2003. 


W. G. Jung. Op Amp Cookbook, 3rd ed. Upper Saddle River, N.J.: Prentice 
Hall, 1997. 


EXERCISES 


7.1 The Capacitor 
F. Calculate the current flowing through a 10 uF capacitor if the voltage across 
its terminals is: (a) 5 V: (b} 115V2 cos 120771 V; (c) 4e7! mV. 

2. Sketch the current flowing through a 4.7 aF capacitor in response to the volt- 
age waveform shown in Fig. 7.43. Assume the current and voltage are defined 
consistently with the passive sign convention. 

3. Calculate the current flowing through a | mF capacitor in response to a voltage 
v across its terminals if v equals: (a) 30te~! V; (b) 4e7 sin 100r V. 

4. What is the maximum amount of energy that can be stored in each of the 
electrolytic capacitors of Fig. 7.24 and ¢? Explain your answer. 

5. A capacitor is fabricated from two thin aluminum disks 1 cm in diameter 
which are separated by a distance of 100 um (0.1 mm). (a) Compute the 





EXERCISES 


. 


capacitance, assuming only air between the metal plates. (b) Determine the 
voltage that must be applied to store a measly | mJ of energy in the capacitor. 
(c) If the capacitor is needed to store 2.5 4J of energy in an application that 
can supply up to 100 V, what value of relative permittivity ¢/e9 would be 
required for the region between the plates? 


6. A silicon pr junction diode ts characterized by a junction capacitance defined as 


_ K.&egA 


C; 
' W 


where K, = 11.8 for silicon. eg is the vacuum permittivity, A = the cross- 
sectional area of the junction, and W is known as the depletion width of the 
junction. W depends on not only how the diode ts fabricated, but also on the 
voltage applied to its two terminals. It can be computed using 





Thus, diodes are frequently used in electronic circuits, since they can be 
thought of as voltage-controlled capacitors. Assuming parameter values of 
N = 10'8 em™?, Vy = 0.57 V. and using q = 1.6 x 107'? C, calculate the 
capacitance of a diode with cross-sectional area A = | um x I ym at applied 
voltages of V4 = —1. —5, and — 10 volts. 

7. Design a capacitor whose capacitance can be varied manually between 100 pF 


and | nF by rotating a knob. Include appropriately labeled diagrams to explain 
your design. 


3V t<0 
3e PV, t>0 
(a) Compute the energy stored in the capacitor at t = 2 ms. (b) At what time 

has the energy stored in the capacitor dropped to 37 percent of its maximum 

value? (Round to the nearest second.) (c) Determine the current flowing 

through the capacitor at £ = 1.2 s. (d) Calculate the power delivered by the 

capacitor to the external Circuit att = 2 s. i(t) (mA) 


8. A voltage vir) = | is applied to a 300 pF capacitor. 


9. The current through a 47 uF capacitor is shown in Fig. 7.44. Calculate the 
voltage across the device at (a) = 2 ms: (b) t = 4 msi (c)? = 5 ms. 





10. The current through a capacitor is given by i(f) = 7 sin wt mA. If the energy 


t (ms} 
stored at £ = 200 ms is 3 uJ. what is the value of the capacitance? l 3 5 
11. (a) If the capacitor shown in Fig. 7.] has a capacitance of 0.2 uF, let E FIGURE 7.44 


vc = 5 + 3 cos? 200¢ V, and find ic (t). (b) What is the maximum energy 
stored in the capacitor? (c) If ic = 0 fort < Oand ic = 8e7' mA fort > 0. 
find uc(t) fort > 0. (d) If ic = 8e7!! mA fort > O and vc (0) = 100 V, find 
velt) fort > 0. 

12. The current waveform shown fort > 0 in Fig. 7.45 is applied to a 2 mF 
capacitor. Given that ve (0) = 250 V, and assuming the passive sign conven- 
tion, during what time interval is the value of ve between 2000 and 2100 V? 








0 0.2 0.4 0.6 0.8 
M FIGURE 7.45 
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13. A resistance R is connected in parallel with a | pF capacitor. For any t < 0, the 
energy stored in the capacitor is 20e7!%" mJ. (a) Find R. (h) By integration, 
show that the energy dissipated in R aver the intervalQ < 1 < 90 180.02), 
C+ [4. For the circuits in Fig. 7.46, (a) compute the voltage across each capacitor, ih) 
Verify your answers with PSpice. Submit a properly labeled schematic with 
your simulation results. 


4.7kO IQ) 





m FIGURE 7.46 


7.2 The Inductor 


15. Calculate the voltage across a 10 nH inductor if the current into the “+” refer- 
ence terminal is: (a) 5 mA; (b) 115./2 cos 12071 A; (c) 4e7% mA. 


16. Sketch the voltage appearing across a | pH inductor in response to the current 





UTA)? 


sy waveform shown in Fig. 7.47. Assume the current and voltage are defined con 
0 bs sistently with the passive sign convention. 
+i- 17. Calculate the voltage that develops across a 5 uH inductor in response to a 
2p current i flowing into its “+” reference terminal if í equals: (a) 301e nA; 
qie A | æ i (ms) (b) 4e” sin 100¢ mA. 
I 23 3 43 6 18. What is the maximum amount of energy that can be stored in a 5 mH inductor 
@ FIGURE 7.47 if the wire is rated for a maximum current of 1.5 A? Explain your answer. 


19. With reference to Fig. 7.48: (a) sketch vy as a function of time, 0 < 1 < 60 ms: 
(b) find the value of time at which the inductor is absorbing a maximum 
power; (c) find the value of time at which it is supplying a maximum power: 
and (d) find the energy stored in the inductor at £ = 40 ms. 


iy (A) 


IOO 





@ FIGURE 7.48 





(a 20. In Fig. 7.13, let L = 50 mH, with; = 0 fort < O and 80re7! mA for 
t > 0. Find the maximum values of |i; | and |v]. and the time at which each 
7 maximum occurs. 


21. (a) If i, = 0.407 A fort > 0 in the circuit of Fig. 7.494, find and sketch Vinti) 
fort > 0. (b) If ve = 40r V fort > O andi, (0) = 5A, find and sketch iint) 
fort > O in the circuit of Fig. 7.496. 


22. The voltage 20 cos 1000r V is applied to a 25 mH inductor. If the inductor 
current is zero at f = 0. find and sketch for (0 < ¢ < 27 ms): (a) the power 
being absorbed by the inductor; (b) the energy stored in the inductor. 





th) 23. The voltage uz across a 0.2 H inductor is 100 V for O < ¢ < 10 ms: decreases 
E FIGURE 7.49 linearly to zero in the interval 10 < t < 20 ms; is O for 20 < t < 30 ms; is 
100 V for 30 < ¢ < 40 ms; and is zero thereafter. Assume the passive sign 
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convention for v; and iz. (a) Calculate i; att = 8 ms iff, (0) = —2 A, 
(b) Determine the stored energy at t = 22 ms iff, (0) = 0. 

24. The circuit depicted in Fig. 7.50 has been connected for an interminably long 
time. Calculate the current $. 






100 V = 


@ FIGURE 7.50 


25, The voltage across a 5 H inductor is vg = 10e ~ — eo") V. If iz (0) = 80 mA 
and v; and i; satisty the passive sign convention, find (a) v (1s). (b) i, (1 s); 
and (e) i (oc). 

26. A long time after all connections have been made in the circuit shown in 
Fig. 7.51, find v, if (a) a capacitor is present between x and v and (b) an 
inductor is present between x and v. 


1a mH 


40 0) 





@ FIGURE 7.51 


27, With reference to the circuit shown in Fig. 7.52, find (a) wy: (b) we: (e) the 
voltage across each circuit element: (d) the current in each circuit element. 


2A 


200 100 









a 
aa 


20 uF 


mM FIGURE 7.52 


28. Let v, = 40007 V fors > O and i; (0) = 0.5 A in the circuit of Fig. 7.53. At 
t = 0.4 s, find the values of energy: (a) stored in the capacitor: (b) stored in the 
inductor; and (c) dissipated by the resistor since f = Q. 





100 Q S 1) H 





1O uF 





E FIGURE 7.53 
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1OQ 29. For the circuit of Fig. 7.54. (a) compute the power dissipated by the 7 Q and 
———— 10 Q resistors, respectively. th) Verify your answers with PSpice. Submit a 

properly labeled schematic with your simulation results. 

Iy 4H 7Q 30. (a) Determine the Thévenin equivalent of the network connected to the induc 

tor of Fig. 7.55. (b) Compute the current through the inductor. (e) Verify your 

answer with PSpice. Submit a properly labeled schematic with your simulation 


resulls. 
M FIGURE 7.54 


SO 





@ FIGURE 7.55 


Cee 
\ / \ / 7.3 Inductance and Capacitance Combinations 
A AS 31. Determine the equivalent capacitance of the network in Fig. 7.56 if all capaci 
tors are 10 pF. 


i FIGURE 7.56 32. Determine the equivalent inductance of the network in Fig. 7.57 if all inductors 
are 77 pH. 


vy ye 


E FIGURE 7.57 


33. For the circuit of Fig. 7.58, (a) reduce the circuit to the fewest possible 
components using series/parallel combinations; (b) determine v, if all resistors 
are 10 k&2, all capacitors are 50 uF. and all inductors are | mH. 


C C€ 
L € ji l C j 
V LA 
i R 
m L 


@ FIGURE 7.58 @ FIGURE 7.59 


R 





OV 





34. For the circuit of Fig. 7.59, (a) redraw the circuit using the fewest possible 
components by employing series/paralle! combination rules: (b) determine V., 
if all resistors are | Q. all capacitors are 50 uF, and all inductors are 10 nH. 
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35. Reduce the network of Fig. 7.60 to a single equivalent capacitance as seen 
looking into terminals a and b. 





100 nF 
| 2 pF 100 uF 
40 nF i h 
T p T“ in 
@ FIGURE 7.60 


36. Reduce the network of Fig. 7.61 to a single equivalent inductance as seen look- 
ing into terminals a and b. 


17 pH 





E FIGURE 7.61 


37. The network of Fig. 7.62 stores 534.8 uJ of energy when a voltage of 2.5 V is 
connected to terminals «a and b. What ts the value of CQ? 


38. The network of Fig. 7.63 consists of three stages in series, with each stage con- 
taining a corresponding number of inductors in parallel. (a) Find the equivalent 
inductance if all inductors are 1.5 H. (6) Derive an expression for a general 
network of this type having N stages. 





@ FIGURE 7.63 


39. For the network of Fig. 7.63, L, = 1H. L> = L, = 2H, L4 = Ls = Le = 3H. 
(a) Find the equivalent inductance. (b)Derive an expression for a general 
network of this type having N stages, assuming stage N is composed of N 
inductors, each having inductance N henrys. 


AQ. Extend the concept of A-Y transformations to simplify the network of Fig. 7.64 
if each element ts a 2 pF capacitor. 

41. Extend the concept of A-Y transformations to simplify the network of Fig. 7.64 
if each element is a ! nH inductor. 


42. Given a box full of 1 uH inductors, show how (using as few components as 
possible) one may obtain an equivalent inductance of (a) 2.25 uH: (b) 750 nH; 
(c) 450 nH. 


43. Refer to the network shown in Fig. 7.65 and find (a) Reg if each element is a 
[0 Q resistor; (b) Leq if each element is a 10 H inductor; and (c) Ceq if each 
element is a 10 F capacitor. 





@ FIGURE 7.62 


E FIGURE 7.64 


E FIGURE 7.65 











Lapua 


oO 


Æ FIGURE 7.66 





Æ FIGURE 7.67 





r(O}= 12 Vii O)= 2A 
E FIGURE 7.69 
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44. In Fig. 7.66, let elements A, B. C. and D be (a) 1 H. 2 H. 3 H. and 4 H inductors, 
respectively, and find the input inductance with x-x" first open-circuited and then 
short-circuited: (b) | FL 2 F, 3 F. and 4 F capacitors, respectively, and find the 
input capacitance with v-x’ first open-circuited and then short-circuited. 

45. Given a boxtul of | nF capacitors, and using as few capacitors as possible. 
show how it ts possible to obtain an equivalent capacitance of (a) 2.25 nF: 

(b) 0.75 nF: te) O45 nF. 


7.4 Consequences of Linearity 


46. In the circuit shown tn Fig. 7.67. let iy = 60e 7220 mA with i (0) = 20 mA. 
(a) Find u(r) for all z. (b) Find itr) fort > 0. (c) Find i(t) fort > 0. 

47. Let uy = 100e° 8 V and 110) — 20 V in the circuit of Fig. 7.68. (a) Find i (7) 
for all ¢. (b) Find v(t) torrt > 0. Gc) Find wr) forr > 0. 





© 


i 
i 
| 
| 
| 
i . 
i 


@ FIGURE 7.68 


48. (a) Write nodal equations for the circuit of Fig. 7.69. (b) Write mesh equations 
for the same circuit. 

49. If it is assumed that all the sources in the circuit of Fig. 7.70 have been con- 
nected and operating for a very long time, use the superposition principle to 
lind ve (7) and v; (7). 


20 mA 







Q 40 cos 10° mA 


E FIGURE 7.70 


50. For the circuit of Fig. 7.71. assume no energy is stored at f = 0. and write a 
complete set of nodal equations. 


50 100 9 


~ d 
20e mA (+) 


E FIGURE 7.71 


(*) 40e" V 
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7.5 Simple Op Amp Circuits with Capacitors 


51. Interchange the location of R and C in the circuit of Fig. 7.30, and assume that 
R; = œ, R, = 0, and A = œ for the op amp. (a) Find vour(f) as a function of 
v,(t). (b) Obtain an equation relating vo(t) and v, (t) if A is not assumed to be 
infinite. 

52. An ion implanter is a device used to inject ionized atoms into silicon in order 
to modify its electrical characteristics for subsequent fabrication of diodes and 
transistors. The ions striking the silicon target lead to a current which can be 
directed through a resistor of precisely known value. The current is directly 
proportional to the ion intensity (i = 1.602 x 107!?x number of incident ions 
per second). If a 1.000 MQ resistor is used to detect the current, design a cir- 
cuit to provide an output directly proportional] to the total number of tons that 
strike the silicon during the implantation run (known as the dose). 


53. In the circuit of Fig. 7.30. let R = 0.5MQ., C = 2 uF, Ri = œ. and Ro = 0. 
Suppose that we wish the output to be Vouw = cos Or — 1 V. Obtain v(t} if 
(a) A = 2000 and (b) A is infinite. 


54. A velocity sensor is attached to a rotating wheel. Design a circuit to provide a 
positive voltage whose magnitude is equal to the acceleration (revolutions 
per minute) of the wheel. Assume the velocity sensor’s output is 1 m¥V/rpm. 
and the wheel rotates at less than 3500 rpm. 


55. (a) In the circuit of Fig. 7.72, swap the resistor and inductor, and derive an 
expression for Vow in terms of v,. (b) Explain why such a circuit would not = = = 
typically be used in practice. @ FIGURE 7.72 

56. An exposure meter connected to a camera provides an output directly propor- 
tional to the incident light intensity, such that 1 mV = | med (millicandela). 


Design a circuit that provides a voltage output proportional to the integrated 
intensity, such that | V = | mcd-s. 








57. A certain glass-forming process requires that the cooling rate is not to exceed 
100°C/min. Available is a voltage proportional to the current glass melt 
temperature, such that ImV = !°C over the range of 500 to 2000°C. Design 


a circuit whose voltage output represents the cooling rate, such that 
i V = 100°C/min. 


58. A floating sensor is installed in a fuel tank to provide a measure of the fuel 
remaining. The sensor is calibrated so that 1 volt = 10 liters. Design a circuit 
whose voltage output provides a reading of the rate of fuel consumption in 
liters per second, such that ] Y = I Is. 


59. A battery is to be tested to determine the amount of energy it can deliver to a 
certain 1 Q load. Two signals are available: a voltage signal for the square of 
the battery voltage (1 mV = 1 V?) and a voltage signal to indicate the square 
of the current flowing out of the battery (1 mV = 1 A’). Design a circuit 
whose output voltage is proportional to the total energy delivered. such that 
1 mV = 1 J of energy supplied to the load. 


60. The test engineers of an experimental aircraft want to monitor the deceleration 
during landing, as they are concerned the wheel suspension systems are experi- 
encing too much stress. If they can provide you with a voltage signal from the 
nose gear wheels calibrated so that { mV = I mph. design a circuit whose out- 
put voltage is proportional to the rate of deceleration (so that | V = 1 km/s’). 


7.6 Duality 


61. (a) Draw the exact dual of the circuit shown in Fig. 7.69. Specify the dual 
variables and the dual initial conditions. (b) Write nodal equations for the dual 
circuit. (c) Write mesh equations for the dual circuit. 


62. Draw the exact dual of the circuit shown in Fig. 7.51. Draw the circuit in a 


neat, clean form with square comers, a recognizable reference node, and no 
CTOSSOVETS. 


63. Draw the exact dual of the circuit shown in Fig. 7.73. Keep it neat! E FIGURE 7.73 
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64. (a) Draw the exact dual of the circuit given for Exer. 47, including variables. 
(hy Write the dual of the problem statement for Exer. 47. tc) Solve your new 
Exer, 47. 

65. Determine the dual of the crrcunt in Fig. 7.74. and obtain an expression lor fow 
in terms ofi.. (Hint: Use the detailed model tor an op amp.) 


7.7 Modeling Capacitors and Inductors with PSpice 


i) 66. Calculate the energy stored in the inductor of Fig. 7.75. Verify your solution 
using PSpice: submit a properly labeled schematic with your simulation results. 

S FIGURE 7.74 Sis 67. Calculate the energy stored in the inductor of Fig. 7.76. Verify your solution 

using PSpice: submit a properly labeled schematic with your simulation results. 





DES. 





@ FIGURE 7.76 








@ FIGURE 7.75 


. Calculate the energy stored ut the capacitor of Fig. 7.77. Verify your solution 
using PSpice: submit a properly labeled schematic with your simulation results. 


100 Q 


10O mF 





E FIGURE 7.77 





. Calculate the energy stored in the capacitor of Fig. 7.78. Verify your solution 
using PSpice: submit a properly labeled schematic with your simulation results. 


OkO 5 uaF 





@ FIGURE 7.78 


w 70. For the op amp differentiator of Fig. 7.31. set C] = 5 nF and Ry = 100 MQ. 
(a) Predict the output if v, (7) = 3 sin 10: V. (b) Verify your solution with a 
PSpice simulation. Submit a properly labeled schematic with your simulation 
results. 


. Use PSpice to verify that the energy stored in a 33 uF capacitor is 221 uj at 
t = 10- s when connected to a voltage source v(t) = 5 cos 75r V. (Hint: Use 
the component VSIN.) 

. Use PSpice to verify that the energy stored in a (00 pH inductor is 669 pJ at 
t == 0.01 s when connected to a current source i(t) = 5 cos 757 A. (Hint: Use 
the component ISIN.) 

. For the circuit of Fig. 7.72. select R; and Ly so that the output is twice the 
derivative of the input voltage if v, = A cos 27 10°7 V. Verify your design 
using PSpice. 

4. Work Exer. 71, but with eg) = Scos 75r — 7 V instead. 

75. Work Exer. 72, but with (1) = Scos 75t — 7 A instead. 
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RL and RC Time Constants 





INTRODUCTION t i 
ap. 7 we wrote equations governing the response of severi ss Di 
es: Sioa UROURS RASA Se Sea aiaC NT Renee Natural and Forced Response 
circuits containing both inductance and capacitance, but we did not S = E 7 





solve any of them. At this time we are ready to proceed with the Calculating the Time- 


solution of the simpler circuits, restricting our attention to those Dependent Response to DC 








which contain only resistors and inductors or only resistors and Excitation 

capacitors. oe 5 
Although the circuits that we are about to consider have a very How to Determine Initial 

elementary appearance, they are also of practical importance. Conditions and Their Effect 

Networks of this form find use in electronic amplifiers, automatic on the Circuit Response 

control systems, operational amplifiers, communications equip- + i 

ment, and many other applications. A familiarity with these simple Analyzing Circuits with Step 

Function Input and with 


circuits will enable us to predict the accuracy with which the 
- Switches 
g = 
Construction of Pulse 
Waveforms Using Unit Step 
Functions 


output of an amplifier can follow an input that is changing rapidly 








with time, or to predict how quickly the speed of a motor will 
change in response to a change in its field current. Our understand- 
ing of simple RL and RC circuits will also enable us to suggest 


modifications to the amplifier or motor in order to obtain a more r E z 





desirable response. The Response of Sequentially 


Switched Circuits 
8.1 THE SOURCE-FREE RL CIRCUIT 


The analysis of circuits containing inductors and/or capacitors is de- 
pendent upon the formulation and solution of the integrodifferential 
equations that characterize the circuits. We will call the special type 
of equation we obtain a homogeneous linear differential equation, 
which is simply a differential equation in which every term is of the 
first degree in the dependent variable or one of its derivatives. A 
solution is obtained when we have found an expression for the 
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@ FIGURE 8.1 A series RL arcuit for which i(0) 1s to 
be determined, subject to the initial condition that 
KO I he 


it may seem pretty strange to discuss a time-varying 
current flowing in a circuit with no sources! Keep in 
mind that we only know the current at the time speci- 
fied as ¢ = 0; we don't know the current prior to that 
time. In the same vein, we don't know what the circuit 
looked itke prior to £ = 0, either. In order for a current 
to be flowing, a source had to have been present at 
some point, but we are not privy to this information. 
Fortunately, it is not required in order to analyze the 
arcuit we are given. 
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dependent variable that satisfies both the ditferential equation and also the 
prescribed energy distribution in the inductors or capacitors at a prescribed 
instant of time. usually ¢ = 0. 

The solution of the differential equation represents a response of the 
circuit, and itis known by many names. Since this response depends upon 
the general “nature” of the circuit (the types of elements. their sizes, the 
interconnection of the elements). itis offen called a natural response. How - 
ever, any real circult we construct cannot store energy forever: the 
resistances intrinsically associated with inductors and capacitors will even- 
tually convert all stored energy into heat. The response must eventually die 
out, and for this reason it is frequently referred to as the transient response. 
Finally, we should also be familiar with the mathematicians” contribution to 
the nomenclature: they call the solution of a homogeneous linear differen- 
tial equation a complementary function. 

When we consider independent sources acting on a circuit. part of the re- 
sponse will resemble the nature of the particular source (or forcing function) 
used: this part of the response. called the particular solution, the steady-state 
response, or the forced response, will be “complemented” by the comple- 
mentary response produced in the source-tree circuit. The complete response 
of the circuit will then be given by the sum of the complementary function 
and the particular solution. In other words. the complete response is the sum 
of the natural response and the forced response. The source-free response may 
be called the natural response, the transient response. the free response, or 
the complementary function, but because of its more descriptive nature, we 
will most often call it the natural response. 

We will consider several different methods of solving these differential 
equations. The mathematical manipulation. however, is not circuit analysis. 
Our greatest interest hes in the solutions themselves. their meaning, and 
their interpretation, and we will try to become sufficiently familiar with the 
form of the response that we are able to write down answers for new circuits 
by just plain thinking. Although complicated analytical methods are needed 
when simpler methods fail. a well-developed intuition is an invaluable 
resource in such situations. 

We begin our study of transient analysis by considering the simple series 
RL circuit shown in Fig. 8.1. Let us designate the time-varying current as i (1): 
we will represent the value of /(f) att = Oas Jo: in other words. 7(0) = Jp. We 
therefore have 


l , di 
Ri +v, = Ri + L--=0 
dt 
or 
UR g 1 
dt i B It 


Our goal is an expression for i(1) which satisfies this equation and also 
has the value /y at? = 0. The solution may be obtained by several different 
methods. 


A Direct Approach 
One very direct method of solving a differential equation consists of writ- 
ing the equation in such a way that the variables are separated, and then 
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integrating each side of the equation. The variables in Eq. [1] are į and t, and 
it is apparent that the equation may be multiplied by dr, divided by 7, and 
arranged with the variables separated: 

di R 


— = —— dt p 
z r“ [2] 


Since the current is /) at t = 0 and i(t) at time t, we may equate the two 
definite integrals which are obtained by integrating each side between the 
corresponding limits: 

Ptit) di f 1 R i 
— = ; dt 
Ila I LO L 


Performing the indicated integration, 





R I 
Ini’|, = + =f 
: L jo 
which results in 
l R 
Ini — ln Jọ = ——(t — 0) 
L 


After a little manipulation, we find that the current i(t) is given by 


i(t) = Ibe Rite [3] 


We check our solution by first showing that substitution of Eq. [3] in 
Eq. [1] yields the identity 0 = 0, and then showing that substitution of t = 0 um 
in Eq. [3] produces i(0) = Zo. Both steps are necessary; the solution must 
satisfy the differential equation which characterizes the circuit, and it must 
also satisfy the initial condition. 






EXAMPLE 8.1 


If the inductor of Fig. 8.2 has a current iz = 2 A att me 0, find an 
expression for iz (f) valid for t > 0, and its value at t = 200 ys. 50 mH 


This is the identical type of circuit just considered, so we expect an 
inductor current of the form 


, 200 Q 
1, (t) = hje 8" 

where R = 200 Q, L = 50 mH and Jp is the initial current flowing 

through the inductor at t = 0. Thus, @ FIGURE 8.2 A simple RL circuit in which energy is 
s 72, _ 440008 stored in the inductor at t = 0. 
ii) = Ze 


Substituting £ = 200 x 10~° s, we find that iz (t) = 898.7 mA, less 500 nH 
than half the initial value. 


PRACTICE 


Ce aaaaŘħŘħŮÁ in| Sika 
8.1 Determine the current ig through the resistor of Fig. 8.3 att = 1 ns 
if ikR(0) = 6A. 


Ans: 812 mA. @ FIGURE 8.3 Circuit for Practice Problem 8.1. 
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An Alternative Approach 


The solution may also be obtained by a slight variation of the method we 
have described. After separating the variables, we may obtain the indefinite 
integral of each side of Eq. [2] if we also include a constant of integration. 


Thus, 
Oe | Rat + K 
i L 


and integration gives us 
R 
Inf = T7! +K [4] 


The constant K cannot be evaluated by substitution of Eq. [4] in the orig- 
inal differential equation [1]; the identity 0 = O will result, because Eq. [4] 
is a solution of Eq. [1] for any value of K (try it out on your own). The con- 
stant of integration must be selected to satisfy the initial condition 
i (0) = Io. Thus, at t = 0, Eq. [4] becomes 


In lo = K 


and we use this value for K in Eq. [4} to obtain the desired response 


Ini Rint 
į = —— n 
L 0 


Or 
i(t) = loe 


as before. 


A More General Solution Approach 


Either of these methods can be used when the variables are separable, but 
this is not always the situation. In the remaining cases we will rely on a very 
powerful method, the success of which will depend upon our intuition or 
experience. We simply guess or assume a form for the solution and then test 
our assumptions, first by substitution in the differential equation, and then 
by applying the given initial conditions. Since we cannot be expected to 
guess the exact numerical expression for the solution, we will assume a so- 
lution containing several unknown constants and select the values for these 
constants in order to satisfy the differential equation and the initial condi- 
tions. Many of the differential equations encountered in circuit analysis 
have a solution which may be represented by the exponential function or by 
the sum of several exponential functions. Let us assume a solution of Eq. [1] 
in exponential form, 


i(t) = Ae" [5] 
where A and s; are constants to be determined. After substituting this as- 


sumed solution in Eq. [1]. we have 


. R 
Asye! + Ave = 0 
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or 
R 
(s E z) Ae’! =U [6] 
E 
In order to satisfy this equation for all values of time, it is necessary that 
either A = 0, or sı = —œ, or sı = — R/L. But if A = 0 or sı = —oo, then 


every response is zero; neither can be a solution to our problem. Therefore, 
we must choose 


cone) [7] 


and our assumed solution takes on the form 
iia ae o 


The remaining constant must be evaluated by applying the initial condi- 


tion i(0) = Jp. Thus, A = Jp, and the final form of the assumed solution is 
(again) 


i(t) = Ige! 


A summary of the basic approach is outlined in Fig. 8.4. 


In fact, there is a more direct route that we can take. In obtaining Eq. [7], 
we solved 


R 
s+7=0 [8] 
which is known as the characteristic equation. We can obtain the charac- 
teristic equation directly from the differential equation, without the need for 


substitution of our trial solution. Consider the general first-order differential 
equation 


df 


2s pf = 0 
i dt 


where a and b are constants. We substitute s! for df/dt and s° for f, result- 
ing in 


df 


a-i; +bf =(as+b)f =0 


From this we may directly obtain the characteristic equation 


as+b=0 
which has the single root s = —b/a. The solution to our differential equa- 
tion is then 
f = Ae t/a 


This basic procedure is easily extended to second-order differential equa- 
tions, as we will explore in Chap. 9. 





© FIGURE 8.4 Flowchart for the general approach 
to solution of first-order differential equations where, 


based on experience, we can guess the form of the 
solution. 
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EXAMPLE 8.2 





ar! i 


For the circuit of Fig. 8.5a, find the voltage labeled v at £ = 200 ms. 


Identify the goal of the problem. 

The schematic of Fig. 8.5a actually represents two different circuits: one 
with the switch closed (Fig. 8.55) and one with the switch open 
(Fig. 8.5c). We are asked to find v(Q.2) for the circuit shown in Fig. 8.5c. 


Collect the known information. 
We should first check that both new circuits are drawn and labeled 
ee correctly. We next make the assumption that the circuit in Fig. 8.5b 
has been connected for a long time, so that any transients have dissi- 
\ pated. We may make such an assumption in these circumstances 
unless instructed otherwise. 





102 


Devise a plan. 

The circuit of Fig. 8.5c may be analyzed by writing a KVL equation. 
Ultimately we want a differential equation with only v and ¢ as vari- 
ables; this may require additional equations and some substitution. 
We will then solve the differential equation for v(r). 





- Construct an appropriate set of equations. 
Referring to Fig. 8.5c, we write 


0 Q di 
-v+ 10i +5—+ =0 
i dt 
400 sH Substituting i; = —v/40, we find that 
5 dv 1 10 +1] 0 
amn eee _ v = 
40 dt 40 
red 
(o) or, more simply, 
E FIGURE 8.5 (a) A simple RL circuit with a switch dv 
thrown at time t = 0. (b) The circuit as it exists prior to PA +10v=0 [9] 


t = 0. (c) The circuit after the switch is thrown, and the 
24 V source is removed. > vgs . . : 
- Determine if additional information is required. 


From previous experience, we know that a complete expression for v 
will require knowledge of v at a specific instant of time, with tf = 0 
being the most convenient. We might be tempted to look at Fig. 8.5) 
nm and write v(0) = 24 V, but this is only true just before the switch 
opens. The resistor voltage can change to any value in the instant 
‘ that the switch is thrown; only the inductor current must remain 
unchanged. 

In the circuit of Fig. 8.5b, i = 24/10 = 2.4 A since the inductor 
acts like a short circuit to a dc current. Therefore, i; (0) = 2.4 Ain the 
circuit of Fig. 8.5c, as well—a key point in analyzing this type of cir- 
cuit. Therefore, in the circuit of Fig. 8.5c, v(0) = (40)(—2.4) = —96 V. 


=- Attempt a solution. 
Any of the three basic solution techniques can be brought to bear. 
Based on experience, let's start by writing the characteristic equation 
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s+10=0 
Solving, we find that s = —10. so 


corresponding to Eq. [9]: 


v(t) = Ae [10] 
(which, upon substitution into the left-hand side of Eq. [9], results in 
—10Ae7™ + 10Ae7'™ = 0 


as expected.) 

We find A by setting t = 0 in Eq. [10] and employing the fact that 
v(0)} = —96 V. Thus, 

v(t) = —96e7 [11] 
and so v(0.2) = — 12.99 V, down from a maximum of —96 V. 
- Verify the solution. Is it reasonable or expected? 

We could also find the inductor current by realizing that the inductor 
“sees” a resistance of 50 Q in the circuit of Fig. 8.5c, thus providing 


a time constant of r = 50/5 = 10s. Coupled with the fact that we 
know i; (0) = 2.4 A, we may write 


ilt) = 2.4e7'" A, t > 0 


From Ohm’s law, v(t) = 40i; (t) = —96e7!°, which is identical to 
Eq. {11]. It is no coincidence that the inductor current and resistor 
voltage have the same exponential dependence. 





8.2 Determine the inductor voltage v in the circuit of Fig. 8.6 for r > 0. E FIGURE 8.6 Circuit for Practice Problem 8.2. 
Ans: —25e 7” V. 


Accounting for the Energy 


Before we turn our attention to the interpretation of the response, let us re- 
turn to the circuit of Fig. 8.1, and check the power and energy relationships. 
The power being dissipated in the resistor is 


ro 4 _7 i 
pr =R = Ij Re IRi/L 


and the total energy turned into heat in the resistor is found by integrating 
the instantaneous power from zero time to infinite time: 


X DQ 
7 — 
WR =j Prat = er | 4 2RI/L dt 
0 0 


2 aL —2R1/L{X l 2 
= èr (sR) lo 534 


This is the result we expect, because the total energy stored initially in 
the inductor is i LI, and there is no longer any energy stored in the induc- 
tor at infinite time since its current eventually drops to zero. All the initial 
energy therefore is accounted for by dissipation in the resistor. 
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8.2 „PROPERTIES OF THE EXPONENTIAL RESPONSE _ 


Let us now consider the nature of the response in the series RL circuit. We 
have found that the inductor current is represented by 


it) = loe Ri 


Att = Q, the current has value /o. but as time increases, the current decreases 
and approaches zero. The shape of this decaying exponential is seen by the 
plot of ((t)//o versus t shown in Fig. 8.7. Since the function we are plotting is 
e~*/© the curve will not change if R/L remains unchanged. Thus, the same 
curve must be obtained for every series RL circuit having the same R/L or 
L/R ratio. Let us see how this ratio affects the shape of the curve. 





en 7} 


0) 
E FIGURE 8.7 A piot of e7% versus t. 


If we double the ratio of L to R, the exponent will be unchanged only if 
t is also doubled. In other words. the original response will occur at a later 
time, and the new curve is obtained by moving each point on the original 
curve twice as far to the right. With this larger L/R ratio, the current takes 
longer to decay to any given fraction of its original value. We might have a 
tendency to say that the “width” of the curve is doubled, or that the width is 
proportional to L/R. However, we find it difficult to define our term width, 
because each curve extends from r = 0 to oc! Instead, let us consider the 
time that would be required for the current to drop to zero if it continued to 
drop at its initial rate. 

The initial rate of decay is found by evaluating the derivative at zero time: 





We designate the value of time it takes for / / Jọ to drop from unity to zero, as- 
suming a constant rate of decay, by the Greek letter t (tau). Thus. 


or 
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The ratio L/R has the units of seconds, since the exponent — Rt /L must 
be dimensionless. This value of time t is called the time constant and is 
shown pictorially in Fig. 8.8. The time constant of a series RL circuit may 
be found graphically from the response curve; it is necessary only to draw 
the tangent to the curve at t = 0 and determine the intercept of this tangent 
line with the time axis. This is often a convenient way of approximating the 
time constant from the display on an oscilloscope. 


t 





E FIGURE 8.8 The time constant r is L/R for a series RL circuit. it is the time required for the response 
curve to drop to zero if it decays at a constant rate equal to its initial rate of decay. 


An equally important interpretation of the time constant t is obtained by 
determining the value of i(t)/Jp at t = t. We have 


i(t) 


7 e`! = 0.3679 or i(t) = 0.3679Ip 
0 


Thus, in one time constant the response has dropped to 36.8 percent of 
its initial value; the value of t may also be determined graphically from this 
fact, as indicated by Fig. 8.9. It is convenient to measure the decay of the 
current at intervals of one time constant, and recourse to a hand calculator 
or a table of negative exponentials shows that i(t)}/Jp is 0.3679 at t = 7, 
0.1353 at z = 27, 0.04979 at t = 3r, 0.01832 at t = 417, and 0.006738 at 
t = 5r. At some point three to five time constants after zero time, most of 





t 


0 T 2T 3r 
@ FIGURE 8.9 The current in a series RL circuit is reduced to 37 percent of its 
initial value att = r, 14 percent at t = 27, and 5 percent at t = 37. 
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us would agree that the current is a negligible fraction of its former self. 
Thus. if we are asked, “How long does it take for the current to decay to 
\ zero?” our answer might be, “About five time constants.” At that point, the 
current is less than 1 percent of its original value! 


PRACTICE 


i aO——CC— TT 


8 3 Ina source-free series RL circuit, find the numerical value of the 
ratio: (a) i(2T)/i(t), (b) i(0.5t)/i(O), and (c) t/t if i(t)/i(O) = 0.2; 
(d) t/t if i(0) — i(t) = i (0) In2. 


Ans: 0.368; 0.607; 1.609; 1.181. 


COMPUTER-AIDED ANALYSIS | 


The transient analysis capability of PSpice is very useful when consider- 
ing the response of source-free circuits. In this example, we make use of 
a special feature that allows us to vary a component parameter, similar to 
the way we varied the de voltage in other simulations. We do this by 
adding the component PARAM to our schematic; it may be placed any- 
where, as we will not wire it into the circuit. Our complete RL circuit is 
shown in Fig. 8.10, which includes an initial inductor current of | mA. 
In order to relate our resistor value to the proposed parameter 
sweep, we must perform three tasks. First, we provide a name for our 
parameter, which we choose to call Resistance for the sake of simplic- 
ity. This is accomplished by double-clicking on the PARAMETERS: 
label in the schematic, which opens the Property Editor for this pseudo- 
component. Clicking on New Column results in the dialog box shown 
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IC= 1m 
PARAMETERS: 


Resistance = 1k 


m FIGURE 8.10 Simple RL circuit drawn using the schematic capture tool. 
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in Fig. 8.1 la, in which we enter Resistance under Name and a place- 
holder value of 1k under Value. Our second task consists of linking the 
value of R1 to our parameter sweep, which we accomplish by double- 
clicking on the default value of R1 on the schematic, resulting in the 
dialog box of Fig. 8.11b. Under Value, we simply enter {Resistance}. 
(Note the curly brackets are required.) 


Add New Column Display Properties 


Name: 


Font 
Arial 7 (defaut) 


Name: Value 


Resistance 


Value: {Resistance} 
Value: 


1K Display Format 
Do Not Display 
e Value Ony 
Name and Value 
Name Only 
- Bothi Value Exists 


Enter a name and click Apply or OK to add a columnrow to the 
property editor and optionally the current filter [but not the <Curerit 
propertres> filter) 


Simulation Settings - RL Transient Analysis 


Gersa 2S | Configuration Fies | Opbons | Data Collection | Prot 


No properties will be added to selected objects until you enter 4 value 
here o in the newly created cells in the property editor spreadsheet. 


dpeyss type 
Run to ime 


Stat saving dats alte: (0 
Tranment options 





Maamum step sze seconds 





Skip the intial hanment bias pont calculation (SKIPBP] 


(a) (b) 


@ FIGURE 8.11 (c) Add New Column dialog box in the Property Editor for PARAM. (b) Resistor 
value dialog box. 


Output Fide Ophons 


Our third task consists of setting up the simulation, which includes 
setting transient analysis parameters as well as the values we desire for 
R1. Under PSpice we select New Simulation Profile (Fig. 8.12a), in 
which we select Time Domain (Transient) for Analysis type, 300 ns 
for Run to time, and tick the Parametric Sweep box under Options. 


This last action results in the dialog box shown in Fig. 8.125, in which OE: AEN ANAS RN Ee NL on 
we select Global parameter for Sweep variable and enter Resistance ‘amen 

for Parameter name. The final setup step required is to select ae i Giana 
Logarithmic under Sweep type, a Start value of 10, an End value worn Ca Wont E « a WBE 


of 1000, and | Points/Decade; alternatively we could list the desired 
resistor values using Value list. 

After running the simulation, the notification box shown in Fig. 8.13 
appears, listing the available data sets for plotting (Resistance = 10, 





Available Sections 
Profile: “SCHEMATICI-AL Transient 4nalysis’ Step param Res ce= It 27.0 Deg (b) i l 
Profile: “SCHEMATICT-AL Transient Analysis"... Step p R i @ FIGURE 8.12 (2) Simulation dialog box. 
= Profile. “SCHEMATICT-AL Transient Analysis” arn she 1.00000E+03 : (b) Parameter sweep dialog box 





@ FIGURE 8.13 Available data sections dialog box. 


(Continued on next page) 
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100, and 1000 in this case). A particular data set is selected by high- 
lighting it; we select all three for this example, resulting in the Probe 
output of Fig. 8.14. 


Simple RL Circuit Transient Simulation (active) 


3 


I 
n 
d 
u 
Cc 
it 
0 
r 


2 = 100 ohms 


(oe ee 2 





@ FIGURE 8.14 Probe output for the three resistances. 


Why does a larger value of the time constant L/R produce a 
response curve that decays more slowly? Let us consider the effect of 
each element. 

In terms of the time constant t, the response of the series RL circuit 
may be written simply as 


i(t) = Ine" 


An increase in L allows a greater energy storage for the same initial 
current, and this larger energy requires a longer time to be dissipated in 
the resistor. We may also increase L/R by reducing R. In this case, the 
power flowing into the resistor is less for the same initial current; again, 
a greater time is required to dissipate the stored energy. This effect is 
seen clearly in our simulation result of Fig. 8.14. 


8.3 _ THE SOURCE-FREE RC CIRCUIT 


Circuits based on resistor-capacitor combinations are more common than 

their resistor-inductor analogs. The principal reasons for this are the smaller 

losses present in a physical capacitor, the lower cost, the better agreement 

z between the simple mathematical model and the actual device behavior, as 

well as smaller size and lighter weight, both of which are particularly im- 
portant for integrated circuit applications. 

Let us see how closely the analysis of the parallel (or is it series?) RC 

circuit shown in Fig. 8.15 corresponds to that of the RL circuit. We will as- 

sume an initial stored energy in the capacitor by selecting 





@ FIGURE 8.15 A parallel RC circuit for which v(t) is 
to be determined, subject to the initial condition that 


v(0) = Vo. v(O) = Vo 
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The total current leaving the node at the top of the circuit diagram must 
be zero, so we may write 


dv v 
C—+— =0 
dt R 
Division by C gives us 
dv vo [13] 
dt RC 


Equation [13] has a familiar form; comparison with Eq. [1]. 

di R 

— +i = 0 l 

dt L LH 
shows that the replacement of i by v and L/R by RC produces the identical 
equation we considered previously. It should, for the RC circuit we are now 
analyzing is the dual of the RL circuit we considered first. This duality 
forces u(t) for the RC circuit and i(t) for the RL circuit to have identical 
expressions if the resistance of one circuit is equal to the reciprocal of the 
resistance of the other circuit, and if L is numerically equal to C. Thus, the 
response of the RL circuit, 


i(t) = i(O)e BE = Bye" 
enables us to immediately write 


u(t) = vOe EE = Vp /RE [14] 
for the RC circuit. 


Suppose instead that we had selected the current i as our variable in the 
RC circuit, rather than the voltage v. Applying Kirchhoff’s voltage law, 


If, 

=| idt — volto + Ri = 0 

C fo 

we obtain an integral equation as opposed to a differential equation. How- 
ever, taking the time derivative of both sides of this equation, 


i iR a0 [15] 


and replacing i with v/ R, we obtain Eq. [13] again: 


v dv 0 
RC dt 
Equation [15] could have been used as our starting point, but the application 
of duality principles would not have been as natural. 

Let us discuss the physical nature of the voltage response of the RC cir- 
cuit as expressed by Eq. [14]. At t = 0 we obtain the correct initial condi- 
tion, and as ¢ becomes infinite the voltage approaches zero. This latter result 
agrees with our thinking that if there were any voltage remaining across the 
capacitor, then energy would continue to flow into the resistor and be dissi- 
pated as heat. Thus, a final voltage of zero is necessary. The time constant 
of the RC circuit may be found by using the duality relationships on the 
expression for the time constant of the RL circuit, or it may be found by 


\ 


4 
` 


` 
` 


~ 
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simply noting the time at which the response has dropped to 37 percent of 
its initial value: 


so that 


t= RC [19] 
Our familiarity with the negative exponential and the significance of the 
time constant t enables us to sketch the response curve readily (Fig. 8.16). 
Larger values of R or C provide larger time constants and slower dissipation 
of the stored energy. A larger resistance will dissipate a smaller power with 
a given voltage across it, thus requiring a greater time to convert the stored 
energy into heat, a larger capacitance stores a larger energy with a given 
voltage across it, again requiring a greater time to lose this initial energy. 


0.368 Vy 








@ FIGURE 8.16 The capacitor voltage vif) in the parallel RC circuit 
is plotted as a function of time. The initial value of v(® 15 Vg. 


For the circuit of Fig. 8.174, find the voltage labeled v at £ = 200 ps. 
To find the requested voltage, we will need to draw and analyze two 


separate circuits: one corresponding to before the switch is thrown 


(Fig. 8.175), and one corresponding to after the switch is thrown 
(Fig. 8.17). 


The sole purpose of analyzing the circuit of Fig. 8.175 is to obtain 
an initial capacitor voltage; we assume any transients in that circuit 


died out long ago, leaving a purely dc circuit. With no current through 
either the capacitor or the 4 22 resistor, then, 


u(0) =9V [17] 
We next turn our attention to the circuit of Fig. 8.17c, recognizing that 
t= RC = (24+4)(10 x 10°) = 60 x 107° s 
Thus, from Eq. [14], 


v(t) = v(O)e RE = v(0)e 7/6010 [i8] 
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(a) tb) 


40 


20 10 pF r 


120 
(c) 
E FIGURE 8.17 (2) Asimple RC circuit with a switch thrown at time £ = 0. {b} The circuit as it 
exists prior to t = 0. (c) The circuit after the switch is thrown, and the 9 V source is removed. 


The capacitor voltage must be the same in both circuits at £ = 0; no 
such restriction is placed on any other voltage or current. Substituting 
Eq. [17] into Eq. [18], 


v(t) — Qe t/60x10-% V 


so that v(200 x 107°) = 321.1 mV (less than 4 percent of its maximum 
value). 


PRACTICE 


8.4 Find v(0) and v(2 ms) for the circuit of Fig. 8.18. 





Ans: 50 V, 14.33 V. 


8.4 A MORE GENERAL PERSPECTIVE 


As we have seen in Examples 8.2 and 8.3, it is not difficult to extend the re- 
sults obtained for the series RL circuit to a circuit containing any number of 
resistors and one inductor. Likewise, we can generalize our results for the 
RC circuit to a circuit with any number of resistors and one capacitor. It is 
even possible to consider circuits containing dependent sources. 


General RL Circuits 


As an example, consider the circuit shown in Fig. 8.19. The equivalent re- 
sistance the inductor faces Is 

Reg = Ra + R4 + RR 
Ri + R 
and the time constant is therefore 


= — 19 
T Ra [19] 





7320 





E FIGURE 8.18 





@ FIGURE 8.19 A source-free circuit containing one 
inductor and several resistors is analyzed by 
determining the time constant t = L/Req. 





We could also state this as 

-E 

Rw 

where Rn, ts the Thévenin equivaient resistance “seen” 
by the inductor L. 


T 


Note that 1,(07) is always equal to 4 (07). This ts not 
necessarily true for the inductor voltage or any resistor 
voltage or current, since they may change in zero time. 
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We also note that if several inductors are present in a circuit and can be 
combined using series and/or parallel combination, then Eq. [19] can be fur- 
ther generalized to 


Leg 
Reg 


where Leg represents the equivalent inductance. 


[26] 


Slicing Thinly: The Distinction Between 0+ and 0-7 


Let’s return to the circuit of Fig. 8.19, and assume that some finite amount 
of energy is stored in the inductor at t = 0, so that 7; (0) Æ 0. 
The inductor current 7; 1s 


a = ir (Oe rr 


and this represents what we might call the basic solution to the problem. It 
is quite possible that some current or voltage other than j; 1s needed. such as 
the current j> in R». We can always apply Kirchhoff’s laws and Ohm's law 
to the resistive portion of the circuit without any difficulty, but current divi- 
sion provides the quickest answer in this circuit: 


n= R; + R- 

It may also happen that we know the initial value of some current other 
than the inductor current. Simce the current in a resistor may change in- 
stantaneously, we will indicate the instant after any change that might have 
occurred at tf = 0 by the use of the symbol 0*: in more mathematical lan- 
guage, i;(0*) is the limit from the right of i) (1) as t approaches zero.’ Thus. 
if we are given the initial value of j; as j; (0%). then the initial value of i. is 


i, (Qe TI 


a oy Ry 
(07) = i (0° RB 
From these values, we obtain the necessary initial value of ï; (0): 
Rj + R> 4+ 
— ——— i (0 
R. 1{0°) 


iL (0) = = [i (07) + 13(0")] = 
and the expression for in becomes 


i = 10) Sle 
R 

Let us see if we can obtain this last expression more directly. Since the in- 
ductor current decays exponentially as e~''", every current throughout the 
circuit must follow the same functional behavior. This is made clear by con- 
sidering the inductor current as a source current that is being applied to a re- 
sistive network. Every current and voltage in the resistive network must have 
the same time dependence. Using these ideas, we therefore express i> as 


h = Ae’ 
where 


L 
T= 
Reg 


(1) Note that this is a notational convenience only. When faced with ¢ = 0° or its companion t = 07 in an 
equation, we simply use the value zero. This notation allows us to clearly differentiate between the time be- 
fore and after an event, such as a switch opening or closing, or a power supply being turned on or off. 
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and A must be determined from a knowledge of the initial value of i>. Since 
1;(O*) is known, the voltage across R; and Rə is known, and 


Rzi.(0") = Ri (0° ) 
leads to 


i,(0+) = i, (Ot) 





Therefore, 


R] ; 
a(t) = i, (0* g ae 
1>( 1) ( p é 





4 


A similar sequence of steps will provide a rapid solution to a large num- 
ber of problems. We first recognize the time dependence of the response as 
an exponential decay, determine the appropriate time constant by combin- 
ing resistances, write the solution with an unknown amplitude, and then de- 
termine the amplitude from a given initial condition. 

This same technique can be applied to any circuit with one inductor and 
any number of resistors, as well as to those special circuits containing two 
or more inductors and also two or more resistors that may be simplified by 
resistance or inductance combination to one inductor and one resistor. 












EXAMPLE 8.4 


Determine both i; and iz in the circuit shown in Fig. 8.20a for t > 0. 


120 Q 


>= 3 mH 





(a) (b) 


@ FIGURE 8.20 (a) A circuit with multiple resistors and inductors. (b) After t = 0, the circuit simplifies to an equivalent resistance of 110 & in series 


After t = 0, when the voltage source is disconnected as shown in 
Fig. 8.20b, we easily calculate an equivalent inductance, 


ae Se 
2+3 
an equivalent resistance, in series with the equivalent inductance, 


_ 90(60 + 120) 
“a 90 + 180 





Leg = +1=2.2 mH 


+50 = 1102 


(Continued on next page) 





@ FIGURE 8.21 
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and the time constant, 


Ley 2.2.x 107 
T=- = + 
Reg 110 
Thus, the form of the natural response is K e 77°." where K is an 
unknown constant. Considering the circuit just prior to the switch open- 
ing (t= O° ).@, = 18/50 A. Since i; (07) = i (0), we know that 

i = 18/50 A or 360 mA att = 07 and so 





360 mA, t<O 


ES} 3000 8 MAL 1 > 0 


There is no restriction on ių changing instantaneously at ¢ = Q, so its 
value at 7 = 07 (18/90 A or 200 mA) ts not relevant to finding jı for 
t >Q. Instead. we must tind /, (0%) through our knowledge of i; (0* ). 
Using current division, 


120 + 60 
+ = —~240 mA 


0") = 1,0"). E 
nO =S 0 60 + 90 


Hence, 


_ | 200 mA. r< 0 
i= —240¢ 750-000) mA. ot > 0 


We can verify our analysis using PSpice and the switch model Sw_tOpen, 
although it should be remembered that this part is actually just two resis- 
tance values: one corresponding to betore the switch opens at the specified 
time (the default value is 10 mQ). and one for after the switch opens (the de- 
fault value is 1 M&2). If the equivalent resistance of the remainder of the 
circuit is comparable to either value. the values should be edited by double- 
clicking on the switch symbol in the circuit schematic. Note that there ts 
also a switch model that closes at a specified time: Sw_tClose. 


PRACTICE 


nee ce neon aint 


&.5 Att= 0.15 s in the circuit of Fig. 8.21, find the value of (a) iz; 
(b) ii: (e) i. 


Ans: 0.756 A: 0: 1.244 A. 


We have now considered the task of finding the natural response of anv 
circuit which can be represented by an equivalent inductor in series with an 
equivalent resistor. A circuit containing several resistors and several induc- 
tors does not always possess a form which allows either the resistors or the 
inductors to be combined into single equivalent elements. In such instances. 
there is no single negative exponential term or single time constant associ- 
ated with the circuit. Rather, there will, in general. be several negative ex- 
ponential terms, the number of terms being equal to the number of inductors 
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that remain after all possible inductor combinations have been made. We 
consider this situation further in Chap. 9. 


General RC Circuits 


Many of the RC circuits for which we would like to find the natural response 
contain more than a single resistor and capacitor. Just as we did for the RL cir- 
cuits, we first consider those cases in which the given circuit may be reduced 
to an equivalent circuit consisting of only one resistor and one capacitor. 

Let us suppose first that we are faced with a circuit containing a single 
capacitor, but any number of resistors. It is possible to replace the two- 
terminal resistive network which is across the capacitor terminals with an 
equivalent resistor, and we may then write down the expression for the ca- 
pacitor voltage immediately. In such instances, the circuit has an effective 
time constant given by 


T = Reg 


where Reg is the equivalent resistance of the network. An alternative per- 
spective is that Req is in fact the Thévenin equivalent resistance “seen” by 
the capacitor. 

If the circuit has more than one capacitor, but they may be replaced 
somehow using series and/or parallel combinations with an equivalent 
capacitance Ceq, then the circuit has an effective time constant given by 


t= RCo 
with the general case expressed as 

T = RegCeg — 
It is worth noting, however, that parallel capacitors replaced by an equiva- | 
lent capacitance would have to have identical initial conditions. \ 






EXAMPLE 8.5 
Find v(0*) and i,(0*) for the circuit shown in Fig. 8.22a if v(0-) = Vo. 





(a) (b) 


@ FIGURE 8.22 (2) A given circuit containing one capacitor and 
several resistors. (b) The resistors have been replaced by a single 
equivalent resistor; the time constant is simply t = RegC. 


We first simplify the circuit of Fig. 8.22a to that of Fig. 8.22b, enabling 
us to write 


v = Voe! Rak 


(Continued on next page) 
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where 


Ri R3 


v0 = O= V and Ra = Ro + ————_— 
v0” ) ( 0 4 2E RER 


Every current and voltage in the resistive portion of the network must 
have the form Ae~‘/*es©, where A is the initial value of that current or 
voltage. Thus, the current in R;, for example. may be expressed as 

ip = i (Oe 


where 


and 7; (0 ) remains to be determined from the initial condition. Any cur- 
rent flowing in the circuit at f = 0* must come from the capacitor. There- 
fore, since v cannot change instantaneously. v(07) = v(O7~) = Vo and 

Vo R3 


KOD = eS 
! Ry + Ri R3/(R; + R3) Ri + R3 


PRACTICE 


8.6 Find values of uc and v, in the circuit of Fig. 8.23 at ¢ equal to: 
(a) 07; (b) OF: (c) 1.3 ms. 





250 Q 600 Q 100 Q 





@ FIGURE 8.23 





Ans: 100 V, 38.4 V; 100 V, 25.6 V: 59.5 V, 15.22 V. 


Our method can be applied to circuits with one energy storage element 
and one or more dependent sources as well. In such instances. we may write 
an appropriate KCL or KVL equation along with any necessary supporting 
equations, distill this down into a single differential equation, and extract 
the characteristic equation to find the time constant. Alternatively, we may 
begin by finding the Thévenin equivalent resistance of the network con- 
nected to the capacitor or inductor, and use this in calculating the appropri- 
ate RL or RC time constant——unless the dependent source is controlled by a 
voltage or current associated with the energy storage element, in which case 
the Thévenin approach cannot be used. We explore this in the following 
example. 
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EXAMPLE 8.6 





For the circuit of Fig. 8.24a, find the voltage labeled vc for t > 0 if 
. vc(07) = 2 V. 


I0 Q 


10 Q 





@ FIGURE 8.24 (a) A simple RC circuit containing a dependent source not controlled by a 


capacitor voltage or current. (b) Circuit for finding the Thévenin equivalent of the network 
connected to the capacitor. 


The dependent source is not controlled by a capacitor voltage or current, 
so we can start by finding the Thévenin equivalent of the network to the 
left of the capacitor. Connecting a 1 A reference source as in Fig. 8.24b, 


Ve = (1 F 1.57,)(30) 


| ) 20 V: 
i =(—)—~_v, == 
20/7 10+ 20 30 


Performing a little algebra, we find that V, = —60 V, so the network 
has a Thévenin equivalent resistance of —60 Q (unusual, but not im- 
possible when dealing with a dependent source). Our circuit therefore 
has a negative time constant 


where 


t = —60(1 x 107%) = —60 us 
The capacitor voltage is therefore 
vc (t) _ Aet/60x10-° V 


where A = vc (0) = vc (07) = 2 V. Thus, 


uc (t) = 2et/@x10% y [21] 


which, interestingly enough is unstable: it grows exponentially with 
time. This cannot continue indefinitely; one or more elements in the 
circuit will eventually fail. 

Alternatively, we could write a simple KCL equation for the top 
node of Fig. 8.24a 


d 
ic = 30 (1.51 — 1076 Pa [22] 
dt 


where 
f UC 
i= — 
' 30 


(Continued on next page) 





(are) — 


2 mF 





E FIGURE 8.25 Circuit for Practice Problem 8.7 
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Substituting Eq. [23] into Eq. [22] and performing some algebra, we 
obtain 


d Uc l 


ey =O 
dt 60x108 í 


which has the characteristic equation 


l 


s= -—— = 0 
' 60 x 107° 


Thus, 


] 
5 0x 10-6 


and so 
. 


as we found before. Substitution of A = vc (07) = 2 results in Eq. [21}, 
our expression for the capacitor voltage for t > 0. 


-PRACTICE 


n E A e AN 


8.7 (a) Regarding the circuit of Fig. 8.25, determine the voltage uc (1) 
fort > O1f vce (07) = 11 V. (b) Is the circuit “stable?” 


Ans: (a) velt) = lle™?*! 0 Vt > 0. (b) Yes: it decays (exponentially) rather 
than grows with time. 


Some circuits containing a number of both resistors and capacitors may 
be replaced by an equivalent circuit containing only one resistor and one ca- 
pacitor; it is necessary that the original circuit be one which can be broken 
into two parts, one containing all resistors and the other containing all ca- 
pacitors, such that the two parts are connected by only two ideal conductors. 
This is not generally the case, however, so that multiple time constants wil! 
more than likely be required to describe a circuit with several resistors and 
capacitors. 

As a parting comment, we should be wary of certain situations involving 
only ideal elements which are suddenly connected together. For example. 
we may imagine connecting two ideal capacitors in series having unequal 
voltages prior to t = 0. This poses a problem using our mathematical model 
of an ideal capacitor; however, real capacitors have resistances associated 
with them through which energy can be dissipated. 


8.5 THE UNIT-STEP FUNCTION 


We have been studying the response of RL and RC circuits when no sources 
or forcing functions were present. We termed this response the natural re- 
sponse, because its form depends only on the nature of the circuit. The rea- 
son that any response at all is obtained arises from the presence of initial 
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energy storage within the inductive or capacitive elements in the circuit. In 
some cases we were confronted with circuits containing sources and 
switches; we were informed that certain switching operations were per- 
formed at t = Q in order to remove all the sources from the circuit, while 
leaving known amounts of energy stored here and there. In other words, we 
have been solving problems in which energy sources are suddenly removed 
from the circuit; now we must consider that type of response which results 
when energy sources are suddenly applied to a circuit. 

We will focus on the response which occurs when the energy sources 
suddenly applied are dc sources. Since every electrical device is intended to 
be energized at least once, and since most devices are turned on and off 
many times in the course of their lifetimes, our study applies to many prac- 
tical cases. Even though we are now restricting ourselves to dc sources, 
there are still innumerable cases in which these simpler examples corre- 
spond to the operation of physical devices. For example, the first circuit we 
will analyze could represent the buildup of the current when a dc motor is 
started. The generation and use of the rectangular voltage pulses needed to 
represent a number or a command in a microprocessor provide many exam- 
ples in the field of electronic or transistor circuitry. Similar circuits are 
found in the synchronization and sweep circuits of television receivers, in 
communication systems using pulse modulation, and in radar systems, to 
name but a few examples. 

We have been speaking of the “sudden application” of an energy source, 
and by this phrase we imply its application in zero time.” The operation of a 
switch in series with a battery is thus equivalent to a forcing function which 
is zero up to the instant that the switch is closed and is equal to the battery 
voltage thereafter. The forcing function has a break, or discontinuity, at the 
instant the switch is closed. Certain special forcing functions which are 
discontinuous or have discontinuous derivatives are called singularity 
functions, the two most important of these singularity functions being the 
unit-step function and the unit-impulse function. 

We define the unit-step forcing function as a function of time which is 
zero for all values of its argument less than zero and which is unity for all 
positive values of its argument. If we let (t — fo) be the argument and rep- 
resent the unit-step function by u, then u(t — to) must be zero for all values 
of t less than fo, and it must be unity for all values of ¢ greater than fo. At 
t = to, u(t — to) changes abruptly from 0 to 1. Its value at t = fp is not de- 
fined, but its value is known for all instants of time that are arbitrarily close 
to t = to. We often indicate this by writing u(t) ) = 0 and u(t.) = 1. The 
concise mathematical definition of the unit-step forcing function is 


0 t<tf 


un) = | t > to 


and the function is shown graphically in Fig. 8.26. Note that a vertical line 
of unit length is shown at t = tọ. Although this “riser” is not strictly a part 
of the definition of the unit step, it is usually shown in each drawing. 


(2) Of course, this is not physically possible. However, if the time scale over which such an event occurs is 
very short compared to all other relevant time scales that describe the operation of a circuit, this is approxi- 
mately true, and mathematically convenient. 


ult — to) 


0 fo 


E FIGURE 8.26 The unit-step forcing function, 
u(t _- to). 


ult) 


0) 


@ FIGURE 8.27 The unit-step forcing function u(t) 
is shown as a function of t. 





Su(t — 0.2) V 
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We also note that the unit step need not be a time function. For example, 
u(x — xg) could be used to denote a unit-step function where x might be a 
distance in meters, for example, or a frequency. 

Very often in circuit analysis a discontinuity or a switching action takes 
place at an instant that is defined as t = 0. In that case tọ = 0, and we then 
represent the corresponding unit-step forcing function by u(t — 0), or more 
simply u(t). This is shown in Fig. 8.27. Thus 


O f0 


“= I t>0 


The unit-step forcing function is in itself dimensionless. If we wish it to 
represent a voltage, it is necessary to multiply u(t — tọ) by some constant 
voltage, such as 5 V. Thus, v(t) = Su(t — 0.2) V is an ideal voltage source 
which is zero before t = 0.2 s and a constant 5 V after t = 0.2 s. This forc- 
ing function is shown connected to a general network in Fig. 8.28a. 


Physical Sources and the Unit-Step Function 


We should now logically ask what physical source is the equivalent of 
this discontinuous forcing function. By equivalent, we mean simply that 
the voltage-current characteristics of the two networks are identical. For the 
step-voltage source of Fig. 8.28a, the voltage-current characteristic is quite 
simple: The voltage is zero prior to t = 0.2 s, it is 5 V after t = 0.2 s, and 
the current may be any (finite) value in either time interval. Our first 
thoughts might produce the attempt at an equivalent shown in Fig. 8.28b, 
a 5 V dc source in series with a switch which closes at t = 0.2 s. This net- 
work is not equivalent for t < 0.2 s, however, because the voltage across 
the battery and switch is completely unspecified in this time interval. The 
“equivalent” source is an open circuit, and the voltage across it may be any- 
thing. After t = 0.2 s, the networks are equivalent, and if this is the only 
time interval in which we are interested, and if the initial currents which 
flow from the two networks are identical at t = 0.2 s, then Fig. 8.28b 
becomes a useful equivalent of Fig. 8.28a. 

In order to obtain an exact equivalent for the voltage-step forcing func- 
tion, we may provide a single-pole double-throw switch. Before t = 0.2 s, 
the switch serves to ensure zero voltage across the input terminals of the 
general network. After t = 0.2 s, the switch is thrown to provide a constant 
input voltage of 5 V. Att = 0.2 s, the voltage is indeterminate (as is the step 
forcing function), and the battery is momentarily short-circuited (it is 





(a) (b) (c) 


@ FIGURE 8.28 (a) A voltage-step forcing function is shown as the source driving a general network. 
(b) A simple circuit which, although not the exact equivalent of part (a), may be used as its equivalent in 
many cases. (c) An exact equivalent of part (a). 
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fortunate that we are dealing with mathematical models!). This exact equiv- 
alent of Fig. 8.28a is shown in Fig. 8.28c. 

Figure 8.29a shows a current-step forcing function driving a general 
network. If we attempt to replace this circuit by a de source in parallel with a 
switch (which opens at ¢ = tọ), we must realize that the circuits are equiva- 
lent after t = tọ but that the responses after t = fo are alike only if the initial 
conditions are the same. The circuit in Fig. 8.29b implies no voltage exists 
across the current source terminals for t < fg. This is not the case for the cir- 
cuit of Fig. 8.29a. However, we may often use the circuits of Fig. 8.29a and 
b interchangeably. The exact equivalent of Fig. 8.29a is the dual of the cir- 
cuit of Fig. 8.28c; the exact equivalent of Fig. 8.29b cannot be constructed 
with current- and voltage-step forcing functions alone.* 


The Rectangular Pulse Function 


Some very useful forcing functions may be obtained by manipulating the 


unit-step forcing function. Let us define a rectangular voltage pulse by the 
following conditions: 


0 f< to 
vlt — to) =i Vo t<t<t 
0 {>t 


The pulse is drawn in Fig. 8.30. Can this pulse be represented in terms of 
the unit-step forcing function? Let us consider the difference of the two unit 
steps, u(t — to) — u(t — tı). The two step functions are shown in Fig. 8.3 1a, and 
their difference is a rectangular pulse. The source Vou(t — to) — Vou(t — tı) 
which provides us with the desired voltage is indicated in Fig. 8.31b. 






u(t — to) 


—u(t—t;) 





(a) (b) 


@ FIGURE 8.31 (a) The unit steps u(t — to) and —u(t — t). (b) A source which yields 
the rectangular voltage pulse of Fig. 8.30. 


If we have a sinusoidal voltage source Vm sin wt which is suddenly con- 
nected to a network at t = fo, then an appropriate voltage forcing function 
would be v(t) = Vmu(t — to) sin wt. If we wish to represent one burst of en- 
ergy from the transmitter for a radio-controlled car operating at 47 MHz 
(295 Mrad/s), we may turn the sinusoidal source off 70 ns later by a second 
unit-step forcing function.’ The voltage pulse is thus 


vit) = Vn [u(t —to) —u(t —to— 71x 1078)] sin(295 x 10°r) 
This forcing function is sketched in Fig. 8.32. 


(3) The equivalent can be drawn if the current through the switch prior to f = tọ is known. 
(4) Apparently, we're pretty good at the controls of this car. A reaction time of 70 ns? 


General 
lgu(t = to) +) network 


(a) 





(b) 


@ FIGURE 8.29 (a) A current-step forcing function 
is applied to a general network. (b) A simple circuit 
which, although not the exact equivalent of part (a), 
may be used as its equivalent in many cases. 


v(t) 


Yo 


0 to ty 


@ FIGURE 8.30 A useful forcing function, the 
rectangular voltage pulse. 
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(b) 


E FIGURE 8.33 (c) The given circuit. (b) An 
equivalent circuit, possessing the same response (è) 
for all time. 


vit) 











tis) 


! 


| 


@ FIGURE 8.32 A 47 MHz radio-frequency pulse, described by 
VÒ = Vnlult — tò — ult — t = 7 x 107°) sin(295 x 10°), 


to+7 xX 107% 


PRACTICE 


semana O Re tre 
8.8 Evaluate each of the following at f = 0.8: (a) 3u(t) — 2u(—r) + 
O.8u(l — t), (b) fhu (tluit): (c) 2u(t) sin are. 


Ans: 3.8; 0; 1.176. 


8.6 DRIVEN RL CIRCUITS 


We are now ready to subject a simple network to the sudden application of 
a dc source. The circuit consists of a battery whose voltage is Vp in series 
with a switch, a resistor R, and an inductor L. The switch is closed at t = 0. 
as indicated on the circuit diagram of Fig. 8.33a. It is evident that the cur- 
rent i(r) is zero before t = 0, and we are therefore abie to replace the battery 
and switch by a voltage-step forcing function Vou(t). which also produces 
no response prior tot = 0. After ¢ = 0, the two circuits are clearly identical. 
Hence, we seek the current :(1) either in the given circuit of Fig. 8.33a or in 
the equivalent circuit of Fig. 8.33. 

We will find i(f) at this time by writing the appropriate circuit equation 
and then solving it by separation of the variables and integration. After we 
obtain the answer and investigate the two parts of which it is composed, we 
will see that there 1s physical significance to each of these two terms. With 
a more intuitive understanding of how each term originates, we will be able 
to produce more rapid and more meaningful solutions to every problem in- 
volving the sudden application of any source. Let us now proceed with the 
more formal method of solution. 

Applying Kirchhoff’s voltage law to the circuit of Fig. 8.336, we have 


Ri + pt = Vou(t) 
dt 


Since the unit-step forcing function is discontinuous at t = 0, we will 
first consider the solution for t < 0 and then for t > 0. The application of 
zero voltage since £ = —oo forces a zero response, so that 


i(f)} =O r<O 


For positive time, however. u(t) is unity and we must solve the equation 


di 
Ri + L— = Vo t>0 
dt 
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The variables may be separated in several simple algebraic steps, yielding 


Ldi 
—-— = dt 
Vo — R! 
and each side may be integrated directly: 
L . 
-R In(Vo — Ri) =t+k 


In order to evaluate k, an initial condition must be invoked. Prior to 
t == 0, i(f£) is zero, and thus i (07) = 0. Since the current in an inductor can- 
not change by a finite amount in zero time without being associated with an 
infinite voltage. we thus have i(0*) = 0. Setting i = 0 at t = 0, we obtain 


L In Vo =k 

R 0 = 
and, hence, 

L , 
-k [in(Vo — Ri) — in Voļ = t 
Rearranging, 
Vo 

or 


Vo Vo e` RL 


j= — 
R R 


t>0 [24] 


Thus, an expression for the response valid for all ż would be 


V V 
i= (i — went) u(t) [25] 


A More Direct Procedure 


This is the desired solution, but it has not been obtained in the simplest man- 
ner. In order to establish a more direct procedure, let us try to interpret the two 
terms appearing in Eq. [25]. The exponential term has the functional form of 
the natural response of the RL circuit; it is a negative exponential, it ap- 
proaches zero as time increases, and it is characterized by the time constant 
L/R. The functional form of this part of the response is thus identical with 
that which is obtained in the source-free circuit. However, the amplitude 
of this exponential term depends on the source voltage Vo. We might gener- 
alize, then, that the response will be the sum of two terms, where one term has 
a functional form identical to that of the source-free response, but has an am- 
plitude that depends on the forcing function. But what of the other term? 
Equation [25] also contains a constant term, Vo/ R. Why is it present? 
The answer is simple: The natural response approaches zero as the energy is 
gradually dissipated, but the total response must not approach zero. Eventu- 
ally the circuit behaves as a resistor and an inductor in series with a battery. 
Since the inductor looks like a short circuit to dc, the only current now 








EXAMPLE 8.7 
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flowing is Vo/R. This current is a part of the response that is directly attrib- 
utable to the forcing function, and we call it the forced response. It is the 
response that is present a long time after the switch is closed. 

The complete response is composed of two parts, the natural response 
and the forced response. The natural response is a characteristic of the cir- 
cuit and not of the sources. Its form may be found by considering the 
source-free circuit, and it has an amplitude that depends on both the initial 
amplitude of the source and the initial energy storage. The forced response 
has the characteristics of the forcing function; it is found by pretending that 
all switches were thrown a long time ago. Since we are presently concerned 
only with switches and dc sources, the forced response is merely the solu- 
tion of a simple de circuit problem. 








| KQ 


i(t) 
l2u(t — 3) V 50 mH 


@ FIGURE 8.34 A simple RL circuit driven by a 
voltage-step forcing function. 


For the circuit of Fig. 8.34, find i(£) for t = co, 37, 3+, and 100 ys 
after the source changes value. 


Long after any transients have died out (t —> 00), the circuit is a simple 
dc circuit driven by a 12 V voltage source. The inductor appears as a 
short circuit, so 


12 
i(oo) = 1000 — 12 mA 

What is meant by i (37)? This is simply a notational convenience to 
indicate the instant before the voltage source changes value. For t < 3, 
u(t — 3) = 0. Thus, i (37) = 0 as well. 

At t = 3*, the forcing function 12u(t — 3) = 12 V. However, since 
the inductor current cannot change in zero time, i (3+) = i (37) = 0. 

The most straightforward approach to analyzing the circuit for 
t > 3 s is to rewrite Eq. [25] as 


Vi Vi , 
i(t’) = ($ - ae 1] u(t’) 


and note that this equation applies to our circuit as well if we shift the 
time axis such that 


t =t—3 
Therefore, with Vọ/R = 12 mA and R/L = 20,000 s~!, 
i(t — 3) = (12 — 12e770.C—3)) u(t — 3) mA [26] 
which can be written more simply as 
i(t) = (12 — 12720-3} y(t — 3) mA [27] 


since the unit step function forces a zero value for t < 3, as required. 
Substituting t = 3.0001 s into Eq. [26] or [27], we find that 
i = 10.38 mA at a time 100 ys after the source changes value. 
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‘PRACTICE 


Stenia iraa e E aey A a SN 
8.9 The voltage source 60 — 40u (t) V is in series with a 10 Q2 resistor 
and a 50 mH inductor. Find the magnitudes of the inductor current and 
voltage at f equal to (a) 07; (b) 07; (c) œ; (d) 3 ms. 


Ans: 6 A, 0 V; 6A, 40 V; 2 A, 0 V; 4.20 A, 22.0 V. 


Developing an Intuitive Understanding 


The reason for the two responses, forced and natural, may be seen from 
physical arguments. We know that our circuit will eventually assume the 
forced response. However, at the instant the switches are thrown, the initial 
inductor currents (or, in RC circuits, the voltages across the capacitors) will 
have values that depend only on the energy stored in these elements. These 
currents or voltages cannot be expected to be the same as the currents and 
voltages demanded by the forced response. Hence, there must be a transicnt 
period during which the currents and voltages change from their given ini- 
tial values to their required final values. The portion of the response that 
provides the transition from initial to final values is the natural response 
(often called the transient response, as we found earlier). If we describe the 
response of the simple source-free RL circuit in these terms, then we should 
say that the forced response is zero and that the natural response serves to 
connect the initial response dictated by the stored energy with the zero value 
of the forced response. 

This description is appropriate only for those circuits in which the nat- 
ural response eventually dies out. This always occurs in physical circuits 
where some resistance is associated with every element, but there are a 
number of “pathologic” circuits in which the natural response is nonvan- 
ishing as time becomes infinite. Those circuits in which trapped currents 
circulate around inductive loops, or voltages are trapped in series strings of 
capacitors, are examples. 


8.7 NATURAL AND FORCED RESPONSE 


There is also an excellent mathematical reason for considering the complete 
response to be composed of two parts—the forced response and the natural 
response. The reason is based on the fact that the solution of any linear 
differential equation may be expressed as the sum of two parts: the comple- 
mentary solution (natural response) and the particular solution (forced 
response). Without delving into the general theory of differential equations, 
let us consider a general equation of the type met in the previous section: 


a +Pi=@Q 
dt = 
or 
di + Pidt = Qdt [28] 


We may identify Q as a forcing function and express it as Q(t) to em- 
phasize its general time dependence. Let us simplify the discussion by 
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assuming that P is a positive constant. Later, we will also assume that Q :s 
constant. thus restricting ourselves to de forcing functions. 

In any standard text on elementary differential equations, it is shown 
that if both sides of Eq. [28] are multiplied by a suitable “integrating factor.” 
then each side becomes an exact differential that can be integrated directly 
to obtain the solution. We are not separating the variables, but merely ar- 
ranging them in such a way that integration is possible. For this equation. 
the integrating factor ts el PA of simply e”. since P is a constant. We mul- 
tiply each side of the equation by this integrating factor and obtain 


e” di +iPel dt = Qe” di j20| 
The torm ot the left side may be simplified by recognizing it as the exact 
differential of ie”: 
die) =e" ditiPe” dt 
so that Eq. [29] becomes 
diie) = Qe” dt 


Integrating each side. 


ie! = | Oe di +A 


where A is a constant of integration. Multiplication by e~% produces the so- 
lution for i(t), 


i =e | Oe dt + Ae" [30] 


If our forcing function Q(1) is known, then we can obtain the functional 
form of i(t) by evaluating the integral. We will not evaluate such an integral 
for each problem, however; instead, we are interested in using Eq. [30] to 
draw several very general conclusions. 


The Natural Response 


We note first that, for a source-free circuit, Q must be zero, and the solution 
is the natural response 


i, = Ae” [31] 


We will find that the constant P is never negative for a circuit with only 
resistors, inductors, and capacitors; its value depends only on the passive 
circuit elements” and their interconnection in the circuit. The natural re- 
sponse therefore approaches zero as time increases without limit. This must 
be the case for the simple RL circuit, because the initial energy is gradually 
dissipated in the resistor. leaving the circuit in the form of heat. There are 
also idealized circuits in which P is zero; in these circuits the natural re- 
sponse does not die out. 

We therefore find that one of the two terms making up the complete re- 
sponse has the form of the natural response: it has an amplitude which will 


(3) H the circuit contains a dependent source or a negative resistance, P may be negative. 
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depend on (but not always be equal to) the initial value of the complete 
response and thus on the initial value of the forcing function also. 


The Forced Response 


We next observe that the first term of Eq. [30] depends on the functional 
form of Q(t), the forcing function. Whenever we have a circuit in which the 
natura! response dies out as t becomes infinite, this first term must com- 
pletely describe the form of the response after the natural response has dis- 
appeared, This term is typically called the forced response; it is also called 
the steady-state response, the particular solution, or the particular integral. 

For the present, we have elected to consider only those problems in- 
volving the sudden application of dc sources, and Q(t) will therefore be a 
constant for all values of time. If we wish, we can now evaluate the integral 
in Eq. [30], obtaining the forced response 


__@ 
= 32 
f= [32] 
and the complete response 
i(t) = Z + Ae” (33] 


For the RL series circuit, @/P is the constant current Vo/R and 1/P is 
the time constant t. We should see that the forced response might have been 
obtained without evaluating the integral, because it must be the complete 
response at infinite time; it is merely the source voltage divided by the series 
resistance. The forced response is thus obtained by inspection of the final 
circuit. 


Determination of the Complete Response 


Let us use the simple RL series circuit to illustrate how to determine the 
complete response by the addition of the natural and forced responses. The 
circuit shown in Fig. 8.35 was analyzed earlier, but by a longer method. 
The desired response is the current i (£), and we first express this current as 
the sum of the natural and the forced current, 


i=in +if 
The functional form of the natural response must be the same as that ob- 


tained without any sources. We therefore replace the step-voltage source by 
a short circuit and recognize the old RL series loop. Thus, 


i, = Ae P/E 


where the amplitude A is yet to be determined; since the initial condition 
applies to the complete response, we cannot simply assume A = i(0). 

We next consider the forced response. In this particular problem the 
forced response must be constant, because the source is a constant Vo for all 
positive values of time. After the natural response has died out, therefore, 
there can be no voltage across the inductor, hence, a voltage Vo appears 
across R, and the forced response is simply 


Vo 
Lf = R 





i(t) 


Vo ut) +) 


@ FIGURE 8.35 A series Ai circuit that is used to 
illustrate the method by which the complete response 
is obtained as the sum of the natural and forced 
responses. 










V /R 


0.632 Vo/R 


@ FIGURE 8.36 The current flowing through the 
inductor of Fig. 8.35 is shown graphically, A line 
extending the initial slope meets the constant forced 
response at t = T. 





EXAMPLE 8.8 
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Note that the forced response is determined completely; there is no un- 
known amplitude. We next combine the two responses to obtain 


Vo 
i= Ae WE + — 


and apply the initial condition to evaluate A. The current is zero prior to 
t = 0, and it cannot change value instantaneously since it is the current 
flowing through an inductor. Thus, the current is zero immediately after 
t = O, and 


j=” 
7 R 
and so 
Vo -R ' 
f= — (1 =e UE 34 
a! [34] 
Note carefully that A is not the initial value of i, since A = —Vo/ R, 


while i (0) = 0. In considering source-free circuits, we found that A was the 
initial value of the response. When forcing functions are present, however, 
we must first find the initial value of the response and then substitute this in 
the equation for the complete response to find A. 

This response is plotted in Fig. 8.36, and we can see the manner in which 
the current builds up from its initial value of zero to its final value of Vo/R. 
The transition is effectively accomplished in a time 3r. If our circuit repre- 
sents the field coil of a large dc motor, we might have L = 10H and 
R = 20 Q, obtaining t = 0.5 s. The field current is thus established in about 
1.5 s. In one time constant, the current has attained 63.2 percent of its final 
value. 


‘Determine i() for all values of time in the circuit of Fig. 8.37. 


DOV 56 
C 4) Jio 


50 V — 6Q 


@ FIGURE 8.37 The circuit of Example 8.8. 


The circuit contains a dc voltage source as well as a step-voltage 
source. We might choose to replace everything to the left of the 
inductor by the Thévenin equivalent, but instead let us merely recog- 
nize the form of that equivalent as a resistor in series with some 
voltage source. The circuit contains only one energy-storage element, 
the inductor. We first note that 





3 
T= = — = 2s 
LS 
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and recall that 
i=ip ti, 
The natural response is therefore a negative exponential as before: 
in = Ke? A t>0 


Since the forcing function is a dc source, the forced response will be a 
constant current. The inductor acts like a short circuit to dc, so that 


ip = SP =SOA 
Thus, 
i=50+Ke°* A t>0 


In order to evaluate K, we must establish the initial value of the 
inductor current. Poor to ¢ = Q, this current is 25 A, and it cannot 
change instantaneously. Thus, 


25 = 50 + K 


or 


Hence, 
i =50- 25e" A t>0 
We complete the solution by also stating 
i =25A t<0 
or by writing a single expression valid for all ż, 
i= 25425(1-—e°™)utt) A 


The complete response is sketched in Fig. 8.38. Note how the 
natural response serves to connect the response for t < 0 with the 
constant forced response. 





8.10 A voltage source, vs = 20u(t) V, is in series with a 200 Q resistor 
and a 4 H inductor. Find the magnitude of the inductor current at ¢ equal 
to (a) 07; (b) Ot; (c) 8 ms; (d) 15 ms. 


Ans: 0; 0; 33.0 mA; 52.8 mA. 


As a final example of this method by which the complete response of any 
circuit subjected to a transient may be written down almost by inspection, iet 
us again consider the simple RL series circuit, but subjected to a voltage 
pulse. 





i(t) (A) 





W FIGURE 8.38 The response /(f} of the circuit 
shown in Fig. 8.37 is sketched for values of times less 
and greater than zero. 





EXAMPLE 8.9 


v(t) 


Vo 


Vou (t) ð 
-Vou (t — to) Š 


(b) 


w FIGURE 8.39 (a) A rectangular voltage pulse 
which is to be used as the forcing function in a simple 
series RL circuit. (b) The series RL circuit, showing the 
representation of the forcing function by the series 
combination of two independent voltage-step sources. 
The current i(t) is desired. 


i(t) 


Vi ) /R 








CHAPTER 8 BASIC RL AND RC CIRCUITS 


Find the current response in a simple series RL circuit when the 


forcing function is a rectangular voltage pulse of amplitude Vo 
and duration fo. 


We represent the forcing function as the sum of two step-voltage 

sources Vou(t) and —Vou(t — fo), as indicated in Fig. 8.39a and b, and 
we plan to obtain the response by using the superposition principle. Let 
i,(t) designate that part of i (t) which is due to the upper source Vou (t) 


acting alone, and let i2(t) represent that part due to —Vou(t — fo) acting 
alone. Then, 


i(t) = i(t) + i2(t) 
Our object is now to write each of the partial responses i; and i2 as the 
sum of a natural and a forced response. The response i(t) is familiar; 
this problem was solved in Eq. [34]: 


V, 
H= FAL g Rily gs0 


Note that this solution is only valid for t > 0 as indicated; 1) = 0 for 
t20. 

We now turn our attention to the other source and its response i2(t). 
Only the polarity of the source and the time of its application are differ- 
ent. There is no need therefore to determine the form of the natural 
response and the forced response; the solution for i(t) enables us to write 

i2(t) = tity sug SY, t > to 
R 
where the applicable range of t, t > to, must again be indicated; and 
i2 = 0 fort < to. 

We now add the two solutions, but do so carefully, since each is 

valid over a different interval of time. Thus, 


i(t) = 0, t<0 [35] 
t 
o in g 2t V, 
eH R i acie Gate [36] 
(a) R | 
and 
i(t) 
Vo Vo 
eet ah —-Rt/L, _* es —R(t—to)/L i t t 
Vo/R it) pie) gae ) > to 
or more compactly, 
Vi 
i(t) = a bel =f, teh [37] 
t 
0 to 2to 3to 
(b) Although Eqs. [35] through [37] completely describe the response of the 


circuit in Fig. 8.39b to the pulse waveform of Fig. 8.39a, the current wave- 
form itself is sensitive to both the circuit time constant T and the voltage 
pulse duration fo. Two possible curves are shown in Fig. 8.40. 


w FIGURE 8.40 Two possible response curves are 
shown for the circuit of Fig. 8.39. (a) t is selected as 
to/2. (b) t is selected as 2to. 
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The left curve is drawn for the case where the time constant is only one- 
half as large as the length of the applied pulse; the rising portion of the 
exponential has therefore almost reached Vo/R before the decaying expo- 
nential begins. The opposite situation is shown to the right; there, the time 
constant is twice fọ and the response never has a chance to reach the larger 
amplitudes. 

The procedure we have been using to find the response of an RL circuit 
after dc sources have been switched on or off (or in or out of the circuit) at 
some instant of time is summarized in the following. We assume that the 
circuit is reducible to a single equivalent resistance Reg in series with a sin- 
gle equivalent inductance Leg when all independent sources are set equal to 
zero, The response we seek is represented by f(t). 


With all independent sources zeroed out, simplify the circuit to 
determine Reg, Leg, and the time constant T = Leq/ Reg. 


Viewing Leg as a short circuit, use dc analysis methods to find 
i, (07), the inductor current just prior to the discontinuity. 


Again viewing Leg as a short circuit, use dc analysis methods to 
find the forced response. This is the value approached by f(t) as 
t -> 00; we represent it by f (00). 


Write the total response as the sum of the forced and natural 
responses: f(t) = f(oo) + Ae’. 

Find f (0+) by using the condition that i, (0T) = i, (07). If 
desired, Le, may be replaced by a current source i L(0*) [an open 
circuit if i; (0+) = 0] for this calculation. With the exception of 
inductor currents (and capacitor voltages), other currents and volt- 
ages in the circuit may change abruptly. 


f(0+) = f(oo) + A and f(t) = foo) + [f (0+) — f(00)] ef, 


or total response = final value + (initial value — final value) e~!/". 


very long time. The switch opens at £ = 0. Find ig at t equal to 
(a) 07; (b) OF; (c) œ; (d) 1.5 ms. 


Ans: 0; 10 mA; 4 mA; 5.34 mA. 


8.8 DRIVEN RC CIRCUITS 


D.O OMERIT NS ee ooa 
The complete response of any RC circuit may also be obtained as the sum 
of the natural and the forced response. Since the procedure is virtually 
identical to what we have already discussed in detail for RL circuits, the best 
approach at this stage is to illustrate it by working a relevant example com- 
pletely, where the goal is not just a capacitor-related quantity but the current 
associated with a resistor as well. 








m FIGURE 8.41 
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EXAMPLE 8.10 





Find the capacitor voltage vc(t) and the current i(¢) in the 200 Q 
resistor of Fig. 8.42 for all time. 


Vi (t) 





t<0 





(b) 





(c) 


E FIGURE 8.42 (a) An RC circuit in which the complete responses vc and / are obtained 
by adding a forced response and a natural response. (b) Circuit for t < 0. (c) Circuit for t > 0. 


We begin by considering the state of the circuit att < 0, corresponding 
to the switch at position a as represented in Fig. 8.42b. As per usual, we 
assume no transients are present, so that only a forced response due to 
the 120 V source is relevant to finding vc (07). Simple voltage division 
then gives us the initial voltage, 


50 


Since the capacitor voltage cannot change instantaneously, this voltage 
is equally valid att = 07 and t = 0°. 
The switch is now thrown to b, and the complete response is 


Uc = Ucf + Vcn 
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The corresponding circuit has been redrawn in Fig. 8.42c for conve- 
nience. The form of the natural response is obtained by replacing the 
50 V source by a short circuit and evaluating the equivalent resistance 
to find the time constant (in other words, we are finding the Thévenin 
equivalent resistance “seen” by the capacitor): 


Reg = = 24Q 


l 
i i ] 
36 t 200 t 60 
Thus, 
UCn = Ae tf Rea — Ae 


In order to evaluate the forced response with the switch at b, we wait 
until all the voltages and currents have stopped changing, thus treating 
the capacitor as an open circuit, and use voltage division once more: 


= 50 200 || 50 
cr 60 + 200 || 50 


7 (50)(200)/250 \ © 
=50 (z + (50)(200) =) = 20V 


Thus, 
vc = 20+ Ae! Vv 
and from the initial condition already obtained, 
100 = 20+ A 
or 
ve = 204+80e7%'? V, t20 

and 

vc = 100 V, t< 0 


This response is sketched in Fig. 8.43a; again the natural response is 
seen to form a transition from the initial to the final response. 

Next we attack i (t). This response need not remain constant during 
the instant of switching. With the contact at a, it is evident that 
i = 50/260 = 192.3 milliamperes. When the switch moves to position 
b, the forced response for this current becomes 


i o O (555i ) 0.1 amperes 
If = — WV. 
f = 60 + (50)(200)/(50 + 200) \ 50 + 200 pe 


The form of the natural response is the same as that which we already 
determined for the capacitor voltage: 


in = Ae?! | 
Combining the forced and natural responses, we obtain 


i =0.1 + Ae™"? amperes 
(Continued on next page) 


tc (V) 








(b) 


@ FIGURE 8.43 The responses (a) vc and (b) / are 
plotted as functions of time for the circuit of Fig. 8.42. 
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To evaluate A, we need to know /(0*). This is found by fixing our 
attention on the energy-storage element (the capacitor). The fact that 
Uc Must remain 100 V during the switching interval is the governing 
condition which establishes the other currents and voltages at t = 0*. 
Since vc (07) = 100 V., and since the capacitor is tn parallel with the 
200 Q resistor, we find i(0*) = 0.5 ampere, A = 0.4 ampere. and thus 


i(t) = 0.1923 ampere t< 0 


(D = O.1+ 04e t l7 ampere t> 0 
Or 
i(t) = 0.1923 + (—0.0923 + 0.4e"'")u(t) amperes 


where the last expression is correct for all f. 
The complete response for all ¢ may also be written concisely by 
using u(—f), which is unity fort < 0 and O for t > 0. Thus, 


i(t) = 0.1923u(—1) + (0.1 + 0.4e7"! )u(t) amperes 


This response is sketched in Fig. 8.435. Note that only four numbers 
are needed to write the functional form of the response for this single- 
energy-storage-element circuit, or to prepare the sketch: the constant 
value prior to switching (0.1923 ampere), the instantaneous value just 
after switching (0.5 ampere), the constant forced response (0.1 ampere). 
and the time constant (1.2 s). The appropriate negative exponential 
function is then easily written or drawn. 


PRACTICE | 


8.12 For the circuit of Fig. 8.44. find vc (t) at t equal to (a) 07; (b) 07; 
(c) 00; (d) 0.08 s. 





20 kQ 


80 KO 





E FIGURE 8.44 


Ans: 20 V; 20 V; 28 V; 24.4 V. 


We conclude by listing the duals of the statements given at the end of 
Sec. 8.7. 

The procedure we have been using to find the response of an RC circuit 
after dc sources have been switched on or off, or in or out of the circuit, at 
some instant of time, say f = 0, is summarized in the following. We assume 
that the circuit is reducible to a single equivalent resistance Reg in paralle! 
with a single equivalent capacitance C., when all independent sources are 
set equal to zero. The response we seek is represented by f (£). 
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With all independent sources zeroed out, simplify the circuit to 
determine Req, Ceg, and the time constant T = RegCeq: 


N9 


Viewing Ceg as an open circuit, use de analysis methods to find 
ve (07), the capacitor voltage just prior to the discontinuity. 

3. Again viewing C., as an open circuit, use de analysis methods to 
find the forced response. This is the value approached by f(t) as 
t —> oo; we represent it by f (00). 


4. Write the total response as the sum of the forced and natural 
responses: f(t) = f(0o) + Ag TE, 

5. Find f(0*) by using the condition that vc(0") = vc (0). If 
desired, C.q may be replaced by a voltage source vc(0*) [a short 
circuit if vc (0*) = 0] for this calculation. With the exception of 
capacitor voltages (and inductor currents), other voltages and cur- 
rents in the circuit may change abruptly. 


6. f(0+) = f(oo)+Aand f(t) = f(oo) + [f (07) - flo)", 
or total response = final value + (initial value — final value) eure, 


As we have just seen, the same basic steps that apply to the analysis of 
RL circuits can be applied to RC circuits as well. Up to now, we have con- 
fined ourselves to the analysis of circuits with de forcing functions only, de- 
spite the fact that Eq. [30] holds for more general functions such as 
Q(t) = 9cos(5t — 7°) or Q(t) = 2e~>'. Before concluding this section, we 
explore one such non-de scenario. 










Determine an expression for v(¢) in the circuit of Fig. 8.45 valid 
for t > 0. | 


Based on experience, we expect a complete response of the form 
v(t) = ve + Up 
where vy will likely resemble our forcing function and v, will have the 
form Ae’. 
What is the circuit time constant t? We replace our source with an 


open circuit and find the Thévenin equivalent resistance in parallel with 
the capacitor: 


Reg = 4.7 + 10 = 14.72 
Thus, our time constant is T = RegC = 323.4 us, or equivalently 
l/t = 3.092 x 10° s™!. 
There are several ways to proceed, although perhaps the most 
straightforward is to perform a source transformation, resulting in a 


voltage source 23.5e~7°' u(t) V in series with 14.7 Q and 22 uF. 
(Note this does not change the time constant.) 


(Continued on next page) 
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10 






5¢7 20001 u(t) A ce 


E FIGURE 8.45 A simple RC circuit driven by an 
exponentially decaying forcing function. 








10Q 





Scos UD A (+) 


@ FIGURE 8.46 A simple RC circuit driven by a 
sinusoidal forcing function. 


—@ 


CHAPTER 8 BASIC RE AND AC CIRCUITS 


Writing a simple KVL equation for + > 0, we find that 
2004 | dv 
235e 77 = (14.7)(22 x lO) + 


A little rearranging results in 
dv 3 3 20001 
T + 3.092 x 10°v = 72.67 x 10° e7 
€ 
which, upon comparison with Eqs. [28] and (30] allows us to write the 
complete response as 
ur)a=e | Qe” dt + Aew"! 


where in our case P = l/t = 3.092 x 10° and Q(t) = 72.67 x 
10°e-*! We therefore find that 


v(t) — eo f 7267 X 102 7 7000! e3092 di + Ae 3094 V 


Performing the indicated integration, 
v(t) = 66.55e7 700% 4 Ae PY y 138] 


Our only source is controlled by a step function with zero value for 
t < 0, so we know that v(07) = Q. Since v is a capacitor voltage, 
v(0*) = v(07), and we therefore find our initial condition v(0) = 0 eas- 
ily enough. Substituting this into Eg. [38], we find A = —66.55 V and so 


v(t) = 66.55(e7 70008 — eH) y, t>0 
PRACTICE 


8.13 Determine the capacitor voltage v in the circuit of Fig. 8.46 fort > 0. 





Ans: 23.5cos 3¢ + 22.8 x 107? sin 3r — 23.5e73097! y, 


8.9 PREDICTING THE RESPONSE OF SEQUENTIALLY | 
SWITCHED CIRCUITS 


In Fx. 8.9 we briefly considered the response of an RL circuit to a pulse 
waveform, in which a source was effectively switched into and subse- 
quently switched out of the circuit. This type of situation is very common in 
practice, as few circuits are designed to be energized only once (passenger 
vehicle airbag triggering circuits. for example). In predicting the response 
of simple RL and RC circuits subjected to pulses and series of pulses— 
sometimes referred to as sequentially switched circuits—the key is the rel- 
ative size of the circuit time constant to the various times that define the 
pulse sequence. The underlying principle behind the analysis will be whether 
the energy storage element has time to fully charge before the pulse ends, 
and whether it has time to fully discharge before the next pulse begins. 
Consider the circuit shown in Fig. 8.47a, which is connected to a pulsed 
voltage source described by seven separate parameters defined in 
Fig. 8.47b. The waveform is bounded by two values, V1 and V2. The time 
f, required to change from VI to V2 is called the rise time (TR), and 
the time t; required to change from V2 to V1 is called the fall time (TF). 
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Vi= Vs 








y 
2 


(a) (b) 


@ FIGURE 8.47 (c) Schematic of a simple RC circuit connected to a pulsed voltage waveform. 
(b) Diagram of the SPICE VPULSE parameter definitions. 


The duration W, of the pulse is referred to as the pulse width (PW), and the 
period T of the waveform (PER) is the time it takes for the pulse to repeat. 
Note also that SPICE allows a time delay (TD) before the pulse train be- 
gins, which can be useful in allowing initial transient responses to decay for 
some circuit configurations. 

For the purposes of this discussion, we set a zero time delay, V1 = 0, 
and V2 = 9 V. The circuit time constant is t = RC = 1 ms, so we set the 
rise and fall times to be 1 ns. Although SPICE will not allow a voltage to 
change in zero time since it solves the differential equations using discrete 
time intervals, compared to our circuit time constant | ns is a reasonable ap- 
proximation to “instantaneous.” 

We will consider four basic cases, summarized in Table 8.1. In the first 
two cases, the pulse width W, is much longer than the circuit time constant 
T, SO we expect the transients resulting from the beginning of the pulse to 
die out before the pulse is over. In the latter two cases, the opposite is true: 
the pulse width is so short that the capacitor does not have time to fully 
charge before the pulse ends. A similar issue arises when we consider the re- 
sponse of the circuit when the time between pulses (T — W,) is either short 
(Case II) or long (Case IIT) compared to the circuit time constant. 


TABLE 8.1 Four Separate Cases of Pulse Width and 
Period Relative to the Circuit Time Constant of 1 ms 


Case Pulse Width W, Period T 

I 10 ms (t < W,) 20 ms (t < T — Wp) 
II 10 ms (t < Wp) 10.1 ms (t > T — Wp) 
IMI 0.1 ms (t > Wp) 10.1 ms (t < T — Wp) 
IV 0.1 ms (t > Wp) 0.2 ms (t > T — Wp) 


We qualitatively sketch the circuit response for each of the four cases in 
Fig. 8.48, arbitrarily selecting the capacitor voltage as the quantity of inter- 
est as any voltage or current is expected to have the same time dependence. 
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ic) td) 
E FIGURE 8.48 Capacitor voltage for the RC circuit, with pulse width and period as in (a) Case |; 
(b) Case li; (© Case Ill; and (d) Case IV. 


In Case I, the capacitor has time to both fully charge and fully discharee 
(Fig. 8.48a), whereas in Case H (Fig. 8.485), when the time between pulses 
is reduced, it no longer has time to fully discharge. In contrast, the capaci- 
tor does not have time to fully charge in either Case HI (Fig. 8.48c¢) or 
Case IV (Fig. 8.49). 


Case I: Time Enough to Fully Charge 
and Fully Discharge 


We can obtain exact values for the response in each case, of course, by per- 
forming a series of analyses. We consider Case 1 first. Since the capacitor 
has time to fully charge, the forced response will correspond to the 9 V dc 
driving voltage. The complete response to the first pulse is therefore 


vc) = 9+ Ae y 
With vc(0) = 0, A = —9 V and so 
ve(t) = 91 — eM) y 139] 


in the interval of O < t < 10 ms. At f = 10 ms, the source drops suddenly 
to 0 V, and the capacitor begins to discharge through the resistor. In this time 
interval we are faced with a simple “source-free” RC circuit, and we can 
write the response as 


velt) = Be OU-98D 10 <t < 20 ms [40] 


where B = 8.99959 V is found by substituting t = 10 ms in Eq. [39]; we 
will be pragmatic here and round this to 9 V, noting that the value calculated 
is consistent with our assumption that the initial transient dissipates before 
the pulse ends. 

At t = 20 ms, the voltage source jumps immediately back to 9 V. The 
capacitor voltage just prior to this event is given by substituting £ = 20 ms 
in Eq. [40], leading to ve (20 ms) = 408.6 uV . essentially zero compared to 
the peak value of 9 V. 
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If we keep to our convention of rounding to four significant digits, the 
capacitor voltage at the beginning of the second pulse is zero, which is the 
same as our starting point. Thus, Eqs. [39] and [40] form the basis of the re- 
sponse for all subsequent pulses. and we may write 


Q¢ | = eT 1000) yy, O<1<10ms 
ve(t) _ 9e HKH -- O1) V. lO<i < 20 ms 
QL — eM 00D) yV, 20 < r < 30 ms 
Qe T tO- 0.03) V. 33W <t < 40 ms 


and so on. 


Case li: Time Enough to Fully Charge But 
Not Fully Discharge 


Next we consider what happens if the capacitor is not allowed to completely 
discharge (Case H). Eq. {39} still describes the situation in the interval of 
0 <t < 10 ms, and Eq. [40] describes the capacitor voltage in the interval 
between pulses. which has been reduced to 10 < t < 10.1 ms. 

Just prior to the onset of the second pulse at ¢ = 10.1 ms, vc is now 
8.144 V; the capacitor has only had 0.1 ms to discharge, and therefore still 
retains 82 percent of its maximum energy when the next pulse begins. Thus, 
in the next interval, 


v(t) = 9 + Cem OU=10.110™) Y 10,1 < ¢ < 20.1 ms 
where vc (10.1 ms) = 9 + C = 8.144 V., so C = —0.856 V and 
ve(t) =9— 0.856 e 7 1000 = 10.1 10") y, 10.1 <t < 20.1 ms 


which reaches the peak value of 9 V much more quickly than for the previ- 
ous pulse. 


Case Ili: No Time to Fully Charge But Time 
to Fully Discharge 


What if itisn’t clear that the transient will dissipate before the end of the volt- 
age pulse? In fact, this situation arises in Case II. Just as we wrote for Case I, 
velt) = 9+ Ae OV [41] 
still applies to this situation, but now only in the interval 0 < t < 0.1 ms. 
Our initial condition has not changed, so A = —9 V as before. Now, how- 
ever, just before this first pulse ends at t = 0.1 ms, we find that 
vc = 0.8565 V. This is a far cry from the maximum of 9 V possible if we 
allow the capacitor time to fully charge, and is a direct result of the pulse 
lasting only one-tenth of the circuit time constant. 
The capacitor now begins to discharge, so that 


velt) = BeO- y, 0.1 <t < 10.1 ms [42] 


We have already determined that v-(0.1~ ms) = 0.8565 V., so 
uc (0.17 ms) = 0.8565 V and substitution into Eq. [42] yields B = 0.8565 V. 
Just prior to the onset of the second pulse at t = 10.1] ms, the capacitor volt- 
age has decayed to essentially 0 V: this is the initial condition at the start of 
the second pulse and so Eg. [41] can be rewritten as 


vct) =9— Qe 7 1000101107 yy 10.1 <t < 10.2ms [43] 


to describe the corresponding response. 
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Case IV: No Time to Fully Charge or Even 
Fully Discharge 
In the last case, we consider the situation where the pulse width and period 


are so short that the capacitor can neither fully charge nor fully discharge in 
any one period. Based on experience, we can write 


Uc(t) = 9 — Je 1000 y, 0<1r<0.1ms [44] 
Vc (t) = 0.8565e~ 1000-110 Y, O1<t<02ms [45] 
Ve(t) =9 + Ce !000t-2x10™") y, O.2<t<03ms [46] 
ve (t) = De '000t-3x10™) y, 0.3 < t < 0.4 ms [47] 


Just prior to the onset of the second pulse at t = 0.2 ms, the capacitor 
voltage has decayed to vc = 0.7750 V; with insufficient time to fully 
discharge, it retains a large fraction of the little energy it had time to 
store initially. For the interval of 0.2 < +t < 0.3 ms, substitution of 
vc (0.2) = vc(0.27) = 0.7750 V into Eq. [46] yields C = —8.225 V. 
Continuing, we evaluate Eq. [46] at t = 0.3 ms and calculate vc = 1.558 V 
just prior to the end of the second pulse. Thus, D = 1.558 V and our 
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@ FIGURE 8.49 PSpice simulation results corresponding to (a) Case |; (b) Case II; (c) Case III; 
(d) Case IV. 





SECTION 8.9 PREDICTING THE RESPONSE OF SEQUENTIALLY SWITCHED CIRCUITS 


capacitor 1s slowly charging to ever increase voltage levels over several 
pulses. At this stage it might be useful if we plot the detailed responses, so 
we show the PSpice simulation results of Cases I through IV in Fig. 8.49. 
Note in particular that in Fig. 8.49d, the small charge/discharge transient 
response similar in shape to that shown in Figs. 8.49a—c is superimposed 
on a charging-type response of the form (1 — e~'/'). Thus, it takes about 
3 to 5 circuit time constants for the capacitor to charge to its maximum 
value in situations where a single period does not allow it to fully charge 
or discharge! 

What we have not yet done is predict the behavior of the response for 
t >> 5r, although we would be interested in doing so, especially if it was not 
necessary to consider a very long sequence of pulses one at a time. We note 
that the response of Fig. 8.49d has an average value of 4.50 V from about 











4 ms onwards. This is exactly half the value we would expect if the voltage 
source pulse width allowed the capacitor to fully charge. In fact, this long- p 
term average value can be computed by multiplying the dc capacitor volt- 
age by the ratio of the pulse width to the period. 
8.14 Sketch i; (z) in the range of O < t < 6 for (a) vs(t) = 3u (t) — 
3u(t —2)+3u(t — 4) — 3u(t —6)+ 3 (db) us(t) = 3u (t) — Zut — 2) + 
3u(t — 2.1) — 3ult —4.1I) +--+. 
Ans: (b) See Fig. 8.50a; (c) See Fig. 8.505. 
TA 
(a) 
i, (A) i (A) 
4 4 
2 2 
0 r (5) 0 fof Pe 1 (s) 
0 | 2 3 4 5 6 0 l 2 3 4 5 6 
(b) (c) 


W FIGURE 8.50 (c) Circuit for Practice Problem 8.14; (6) Solution to part (a); (©) Solution to part (b). 
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Modern digital integrated circuits such as programmable 
array logic (PALs) and microprocessors (Fig. 8.51) are 
composed of interconnected transistor circuits known as 


PRACTICAL APPLICATION 


Frequency Limits in Digital Integrated Circuits 





by a “low” voltage. In practice, there is a range of volt- 
ages that correspond to each; for example, in the 7400 
series of TTL logic integrated circuits, any voltage be- 


gales. 


tween 2 and 5 V will be interpreted as a logic “1,” and 
any voltage between 0 and 0.8 V will be interpreted as a 
logic “0.” Voltages between 0.8 and 2 V do not corre- 
spond to either logic state, as shown in Fig. 8.52. 

in (V) 


— 


100 200 300 400 500 600 700 800 
time (s) 








LEN SS) 900 1000 


@ FIGURE 8.51 |BM Power Chip. s hess 
p @ FIGURE 8.52 Charge/discharge characteristic of a pathway capacitance 

wr . identifying the TTL voltage ranges for logic “1” and logic “0,” respectively. 
Digital signals are represented symbolically by com- me AnG j i giti: 
binations of ones and zeroes, and can be either data or in- 
structions (such as “add” or “subtract”). Electrically, we 


represent a logic “1” by a “high” voltage, and a logic “0” 


A key parameter in digital circuits is the speed at 
which we can effectively use them. In this sense, “speed” 
refers to how quickly we can switch a gate from one 





SUMMARY AND REVIEW 


4 The response of a circuit having sources suddenly switched in or out of 


a circuit containing capacitors and inductors will always be composed 
of two parts: a natural response and a forced response. 


The form of the natural response (also referred to as the transient 
response) depends only on the component values and the way they are 
wired together. 


The form of the forced response mirrors the form of the forcing 


function. Therefore, a dc forcing function always leads to a constant 
forced response. 


A circuit reduced to a single equivalent inductance L and a single 
equivalent resistance R will have a natural response given by 
i(t) = Ipe~'/', where t = L/R is the circuit time constant. 








logic state to another (either logic “0” to logic “1” or vice 
versa), and the time delay required to convey the output 
of one gate to the input of the next gate. Although tran- 
sistors contain “built-in” capacitances that affect their 
switching speed, it is the interconnect pathways that 
presently limit the speed of the fastest digital integrated 
circuits. We can model the interconnect pathway between 
two logic gates using a simple RC circuit (although as 
feature sizes continue to decrease in modern designs, 
more detailed models are required to accurately predict 
circuit performance). For example, consider a 2000 um- 
long pathway 2 um wide. We can model this pathway in 
a typical silicon-based integrated circuit as having a 
capacitance of 0.5 pF and a resistance of 100 22, shown 
schematically in Fig. 8.53. 


100 Q 


+ 


+ 


E 


iit | 0.5 pF Bip 


W FIGURE 8.53 Circuit model for an integrated circuit pathway. 


Let’s assume the voltage voy represents the output 
voltage of a gate that is changing from a logic “0” state 
to a logic “1” state. The voltage vin appears across the in- 
put of a second gate, and we are interested in how long it 
takes Vin to reach the same value as Vout- 

Assuming the 0.5 pF capacitance that characterizes 
the interconnect pathway is initially discharged fi.e., 


vin(0) = 0], calculating the RC time constant for our 


pathway as tT = RC = 50 ps. and defining ¢ = O as 
when vou changes, we obtain the expression 


Vint) = Ae’ + Vour(O) 
Setting vj,(0) = 0, we find that A = —voy (0) so that 
Vin(t) = Vou (O){1 — ety 


Upon examining this equation, we see that vin will 
reach the value voy,(0) after ~5t or 250 ps. If the volt- 
age Voy Changes again before this transient time period 
is over, then the capacitance does not have sufficient 
time to fully charge, In such situations, Vin will be less 
than vonl). Assuming that vpy,(0) equals the minimum 
logic “1” voltage. for example, this means that vin will 
not correspond to a logic “1.” If vou, now suddenly 
changes to 0 V (logic “0”°), the capacitance will begin to 
discharge so that vin decreases further. Thus, by switch- 
ing our logic states too quickly, we are unable to trans- 
fer the information from one gate to another. 

The fastest speed at which we can change logic 
states is therefore (57)~'. This can be expressed in 
terms of the maximum operating frequency: 


fmax = = 2 GHz 


2(5r) 


where the factor of 2 represents a charge/discharge pe- 
riod. If we desire to operate our integrated circuit at a 
higher frequency so that calculations can be performed 
faster, we need to reduce the interconnect capacitance 
and/or the interconnect resistance. 


Q A circuit reduced to a single equivalent capacitance C and a 


single equivalent resistance R will have a natural response 


given by u(t) = Voe~’/", where t = RC is the circuit time 


constant. 


Q The unit-step function is, a useful way to model the closing or 
opening of a switch, provided we are careful to keep an eye on the 


initial conditions. 


The complete response of an RL or RC circuit excited by a dc 
source will have the form f(0T) = f(co) + A and f(r) = floc) + 





| 
| 


[ f(0+) — f(oo)Je7'/*, or total response = final value + 
(initial value — final valueje~'/". 


Q The complete response for an RL or RC circuit may also be determined 
by writing a single differential equation for the quantity of intcrest and 
solving. 











N FIGURE 8.54 





@ FIGURE 8.55 
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4 When dealing with sequentially switched circuits, or circuits connected 
to pulsed waveforms, the relevant issue is whether the energy storage 
element has sufficient time to fully charge and to fully discharge, as 
measured relative to the circuit time constant. 


READING FURTHER | 


A guide to solution techniques for differential equations can be found in: 





W. E. Boyce and R. C. DiPrima. Elementary Differential Equations and 
Boundary Value Problems, 7th ed. New York: Wiley, 2002. 


A detailed description of transients in electric circuits is given in: 


E. Weber. Linear Transient Analysis Volume IL New York: Wiley, 1954. 
(Out of print, but in many university libraries.) 


EXERCISES 


8.1 The Source-Free RL Circuit 


1. Consider the simple RL circuit shown in Fig. 8.54. If R = 4.7 kQ. L = | eH. 
and 1(0) = 2 mA, calculate (a); ats = 100 ps; (b) jatt = 212.8 ps: (c) vp at 
75 ps: (d) vy at 75 ps. 


i, 


. Phe circuit shown in Fig. 8.54 consists of a resistance R = | Q and an induc- 
tance L = 2 H. Atr = 0. the inductance is storing 100 mJ of energy. Caleu- 
late (a) Fate = I si (biat? = 5s: (c)i att = 10s; (d) the energy remaining 
in the inductance at f= 2s. 

3. For the simple RL circuit shown in Fig. 8.54, R is known to be 100 Q. 


Ifi(0) = 2 mA and (50 ws) = 735.8 u A, determine the value of the induc- 
tance L. 


4. For the simple RL circuit shown in Fig. 8.54, L is known to be 3 mH. If 
(0) = 1.5 A and i(2 s) = 551.8 mA, determine the value of the resistor R. 


5. The 3 mH inductance in the circuit of Fig. 8.54 is storing | J of energy at 
t = 0, and 100 mJ atr = | ms. Calculate R. 


6. The switch in the circuit of Fig. 8.55 has been closed since dinosaurs last 
walked the earth. If the switch is opened at ¢ = 0, find (a) i; the instant after 
the switch changes: () v the instant after the switch changes. 


7. The switch in the circuit of Fig. 8.56 is a single-pole. double-throw switch 
that is drawn to indicate that it closes one circuit before opening the other: 
this type of switch is often referred to as a “make before break” switch. 
Assuming the switch has been in the position drawn in the figure for a long 
time. determine the value of v and i; (a) the instant just prior to the switch 
changing: (b) the instant just after the switch changes. 





E FIGURE 8.56 





EXERCISES 


8. After being in the configuration shown for hours, the switch in the circuit of 
Fig. 8.57 is closed at t = 0. Att = 5 ys, calculate: (a) iz; (b) isw. 


1 KQ I k&2 


4 mH 





E FIGURE 8.57 


9. After having been closed for a long time, the switch in the circuit of Fig. 8.58 


is opened at t = 0. (a) Find i, (t) fort > 0. (b) Evaluate iz. (c) Find 4 if 
ip (ty) = 0.51, (0). 


10. For the circuit depicted in Fig. 8.59, (a) write the differential equation that de- 
scribes the resistor voltage vr fort > 0. (b) Solve the characteristic equation. 


(c) Compute vp just before the switch opens, just after the switch opens, and 
att = ls. 


8.2 Properties of the Exponential Response 


11. Figure 8.7 shows a plot of i / Jo as a function of t. (a) Determine the values of 
t/t at which i/Jo is 0.1, 0.01, and 0.001. (b) If a tangent to the curve is drawn 
at the point where t/t = 1, where will it intersect the f axis? 


12. Referring to the response shown in Fig. 8.60, determine the circuit time con- 
stant and the initial current through the inductor. 


10! 
= 10° 
D 
a 
$ 
= jo! 
-2 
100 2 3 4 5 6 7 8 9 10 
t (ms) 
E FIGURE 8.60 





. Sketch the resistor voltage in a simple RL circuit characterized by an initial 
energy of 15 mJ stored in the 10 mH inductor for R = 1 KQ, R = 10 kQ, and 
R = 100 kQ. Verify your solution with a single PSpice simulation. 

. Take R = 1 MQ and L = 3.3 uH in the circuit of Fig. 8.1. (a) Compute the 
circuit time constant. (b) If the inductor has an initial energy of 43 4J at 


t = 0, determine i; att = 5 ps. (c) Verify your solution with a PSpice 
simulation. | 





15. A digital signal is sent through a loosely coiled wire having an inductance 
of 125.7 uH. Determine the maximum permitted value of the receiving 


equipment’s Thévenin equivalent resistance if transients must last less than 
100 ns. 








E FIGURE 8.58 
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t6. The switch of Fig. 8.61 has been open for a long ume before it closes at 
t = 0. For the time interval —5 ~ 7 < 5 yes. sketch: (a) i) OAD 7, (2). 


| mH l KO Š x r= $ kQ I0 mA 


@ FIGURE 8.61 





a 8.3 The Source-Free RC Circuit 
L . In the parallel RC circuit represented in Fig. 8.62, C = | uF and 
R = 100 MQ represents the tosses in the dielectric of the capacitor. The 
capacitor is storing | ni ats = 0. (a) Determine the circuit time constant. 
(b) Calculate (at 20 s. (c) Verity vour solution with a PSpice simulation. 
18. For the circuit of Fig. 8.62. assume R = 1 Q. C = 2 Fandi(O) = 10 V. 
R FIGURE 8.62 Calculate rat (a)r = bse (Dr = D sior = Ssd = 10s. 

19. Use R = 1 kQ and C = 4 mF im the circuit of Fig. 8.61. If e(0) = 5 V, 
calculate (a) vats =] msi (b) i aty = 2 ms: (c) the energy remaining in the 
capacitor at? = 4 ms. 

. For the RC circuit shown in Fig. 8.62, C is known to be 100 pF. (a) If 
e(O) = L5 Vand ril ns) = 100 mV. determine the value of the resistor R, 
(b) Verify vour solution with a PSpice simulation, 











21. A stereo receiver has a power supply that includes two large parallel- 
connected 50 mF capacitors. When the power to the receiver is turned off, 
you notice that the amber LED used as a “power-on” indicator fades out 
slowly over a period of a few seconds. With nothing good on television, you. 
decide to perform an experiment using a 35 mm camera with a variable shut- 
ter speed and some cheap film. Four shutter speeds are used: 150 ms, Is, 

1.5 s. and 2.0 s. As the shutter speed is increased from 150 ms to 1.5 s. the 
image appearing on the developed film increases in brightness. No significant 
difference is discernable between images taken with shutter speeds of 1.5 s 
and 2.0 s. and for a shutter speed of 150 ms, the image appears to be about 

14 percent of the intensity obtained at the slowest setting. Estimate the 
Thévenin equivalent resistance of the circuitry connected to the receiver's 
power supply. 

22. (a) Find ve (2) for all time in the circuit of Fig. 8.63. (b) At what time is 
ve = Ore (0)? 


20 Q 24Q 





@ FIGURE 8.63 


23. A 4 A current source, a 20 Q resistor. and a 5 uF capacitor are all in parallel. 
The amplitude of the current source drops suddenly to zero (becoming a 0 A 
current source) at? = 0. At what time has (a) the capacitor voltage dropped to 
one-half of its initial value. and (b) the energy stored in the capacitor dropped 
to one-half of its inttial value? 








EXERCISES 


24. Determine vc (t) and i¢-(f) for the circuit of Fig. 8.64 and sketch both curves 
on the same time axis, -0.1 <f < 0.15. 





E FIGURE 8.64 


25. For the circuit of Fig. 8.65, determine the value of the current labeled i and 
the voltage labeled v at ¢ = O*,¢ = 1.5 ms. andr = 3.0 ms. 


50 2D 
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8.4 A More General Perspective 


26. The switch in Fig. 8.66 opens at ¢ = 0 after having been closed for an inter- 
minably long time. Find i, and i, at (a) t = 07; (b) t = Ot; (c) t = 300 ns. 


t=0 
100 0 


60 mA Q 300.0 3 50 mH 


M FIGURE 8.66 


27. A 0.2 H inductor is in parallel with a 100 & resistor. The inductor current is 
4Aatt = 0. (a) Find i; (t) att = 0.8 ms. (b) If another 100 Q resistor is 
connected in parallel with the inductor att = | ms, calculate iz at t = 2 ms. 


28. A 20 mH inductor is in parallel with a 1 kQ resistor. Let the value of the loop 
current be 40 mA at ¢ = 0. (a) At what time wili the current be 10 mA” 
(b) What series resistance should be switched into the circuit at ¢ = 10 ys 
so that the current is 10 mA att = 15 us? 


29. In the network of Fig. 8.67, initial values are i;(0) = 20 mA and 
i2({(0) = 15 mA. (a) Determine v(0). (b) Find v(15 us). (c) At what time 
is v(t) = O.1 (0)? 


40 mH O 30mH 


@ FIGURE 8.67 
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10 Q 





4.5 H 
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30. Select values for R and R> in the circuit of Fig. 8.68 so that ug(0+) = 10 V 


and vre{l ms) =5 V. 


= 20 mH 





E FIGURE 8.68 


31. The switch in the circuit shown in Fig. 8.69 has been open for a long time 


before it closes at tf = 0. (a) Find i; (t) fort > 0. (b) Sketch v, (r) for 
-4 < t< 4ms. 


30N 





@ FIGURE 8.69 


32. If i (0) = 10 Ain the circuit of Fig. 8.70, find iz (£) fort > Q. 
33. Refer to the circuit of Fig. 8.7! and determine i; at £ = —0.1, 0.03, and 0.1 s. 


Prepare a sketch of 7, versus £, —0.] <i < Is. 





@ FIGURE 8.71 


34. A circuit consists of a 0.5 H inductor, a 10 Q resistor, and a 40 Q resistor in 


series. The inductor current is 4 A at t = 0. (a) Calculate i,(15 ms). (b) The 
40 $2 resistor is short-circuited at £ = 15 ms. Calculate iz (30 ms). 


35. The circuit shown in Fig. 8.72 contains two inductors in parallel, thus provid- 


ing the opportunity of a trapped current circulating around the inductive loop. 
Let ¿1 (07) = 10 A and i2(07) = 20 A. (a) Find i; (07), i2(0*), and i(0*). 

(b) Determine the time constant t for i(t). (c) Find i(t), t > 0. (d) Find v(t). 
(e) Find i; (t) and i2(t) from v(t) and the initial values. (f) Show that the 
stored energy at t = 0 is equal to the sum of the energy dissipated in the 
resistive network between f = 0 and t = 00, plus the energy stored in 

the inductors at t = oo. 





M FIGURE 8.72 





EXERCISES 





36. The circuit of Fig. 8.73 has been in the form shown since noon yesterday. 
The switch is opened at exactly 10:00 a.m. Find 7; and vc at (a) 9:59 a.m.: 
(b) 10:05 a.m. (c) Determine i, (f) at t = 1.27. (d) Verify your solution with 
PSpice. 


2 KQO l kQ 2 kQ 
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37. After being in the configuration shown for a long time, the switch in Fig. 8.74 
is opened at ¢ = 0. Determine values for (a) i; (07): (b) ix (07); (c) ix (07): 
(d) is(0™); (e) ix (0.4 s$). 


t0 mF 





E FIGURE 8.74 


38. After being closed for a long time, the switch in the circuit of Fig. 8.75 
is opened at t = 0. (a) Find uc (t) fort > 0. (b) Calculate values for 
i4(—100 yes) and 74(100 ys). (c) Verify your solution with PSpice. 


r=0 





R FIGURE 8.75 


39. Many moons after the circuit of Fig. 8.76 was first assembled, its switch 
is closed at ¢ = Q. (a) Find i, (t) fort < 0. (b) Find i, (t) for t > 0. 


5 uF 





M FIGURE 8.76 
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40. A long time after the circuit of Fig. 8.77 was assembled, both switches are 
opened simultaneously at ¢ = 0. as indicated. (a) Obtain an expression for 
Vout for? > 0. (b) Obtain values for voy, att = OT, I yas, and 5 ps. 


0.4 uF 0.01 uF 


= 100 V 





@ FIGURE 8.77 


41. (a} Assume that the circuit shown in Fig. 8.78 has been in the form shown for 
a very long time. Find vc (t) for all t after the switch opens. (b} Compute 
vc(f) at: = 3 us. (c) Verify your solution with PSpice. 








E FIGURE 8.78 


42. Determine values for Ro and R; in the circuit of Fig. 8.79 so that uc = 50 V at 
t = 0.5 ms and ve = 25 V att = 2 ms. 





@ FIGURE 8.79 


43. For the circuit shown in Fig. 8.80. determine vc (t) for (a) t < 0; (b) t > 0. 


| kQ 





E FIGURE 8.80 








EXERCISES 


44, Find i, (t) fort < O andr > O in the circuit of Fig. 8.81. 


10 kQ 10 kQ 





2 nF 


E FIGURE 8.81 


45. The switch in Fig. 8.82 is moved from A to B at t = 0 after being at A fora 
long time. This places the two capacitors in series, thus allowing equal and 
opposite dc voltages to be trapped on the capacitors. (a) Determine v; (07), 
v2(07), and vg(07). (b) Find vi (07), v2(0*), and vg(0*). (c) Determine the 
time constant of vr(rt). (d) Find ue(t), t > 0. (e) Find i(t). (f) Find v(t) and 
v(t) from i(t) and the initial values. (g) Show that the stored energy at t = œ 
plus the total energy dissipated in the 20 k&2 resistor is equal to the energy 
stored in the capacitors atr = 0. 


5kQ a, p 20k 





@ FIGURE 8.82 


46. The value of i, in the circuit of Fig. 8.83 is 1 mA fort < 0, and zero for 
t > 0. Find v, (t) for (a) t < 0; (b}t > Q. 


20 nF 





E FIGURE 8.83 


47. The value of v, in the circuit of Fig. 8.84 is 20 V fort < 0, and zero for 
t > 0. Find i, (t) for (a) t < 0; (b) t > 0. 


48. The switch in Fig. 8.85 has been closed for several hours, maybe longer. The 
fuse is a special type of resistor that overheats and melts if the current through 
it exceeds 1 A for more than 100 ms (other types of fuses are also available). 
The resistance of the fuse is 3 mQ. If the switch is opened at ¢ = 0, will the 
fuse blow? Verify your answer with PSpice. 


0.909 Q 





@ FIGURE 8.85 





E FIGURE 8.84 
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8.5 The Unit-Step Function 


49. Using unit-step functions, create an expression that describes the waveform 
shown in Fig. 8.86. 

50. Create an expression using unit-step functions that describes the waveform 
shown in Fig. 8.87. 


ae TK) 


51}. Given the function f(t) = 64(—1) + 6H + 1) — 3ult + 2) evaluate fU} a 


- 4 = (a) —1: (6) 002 (6) O73 (ad) ES: Ce) 3. 
E FIGURE 8.86 52. Given the function g(r) = u(r) — Out + 10) + Sucre + 12), evaluate g(r) at 
r= (a) —1: (6b) 07+ (6) 5: (a) 11: Ce) 30. 
ut) A , 53. The source values in the circuit of Fig. 8.88 are va = 300u(t — 1) V., 
| vp = —120u(t + l) V. andic = 3u(—t) A. Find i att = —1.5, —0.5, 0.5, 
and }.4 s. 
UR 
LOO 82 


"A C) (+) 200 Q 


E FIGURE 8.88 





@ FIGURE 8.87 


54. Source values for Fig. 8.88 are ra = O00ru(t + 1) V, vg = 6000r + Dult) V 
and ig = 61 — Duit — 1) A. ta) Find j att = ~1.5, —0.5, 0.5, and 1.55. 
(b) Sketch f; versus 4 -2.5 <1 < 25s, 

55. Att = 2. find the value of (a) 2u(1 — t) — 3u{t — 1) — dur + 1): 

(h) [5 — u(r) [2 + #3 — OW ud h (ce) pe Pu t). 


56. Find i, fort < Q and forr > O in the circuit of Fig. 8.89 if the unknown 
branch contains: (a) a normally open switch that closes at z = 0, in series 
with a 60 V battery, + reference at top; (b) a voltage source, 60u (t) V, 

+ reference at top. 


20 Q 





E FIGURE 8.89 


57. Find i, in the circuit of Fig. 8.90 at 1 s intervals from t = —0.5 s tort = 3.5 s, 





im 


(*) tOut ~ i) V 


m FIGURE 8.90 
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58. The switch in Fig. 8.91 is at position A fort < 0. Att = Q it moves to B, 
and then it moves to C att = 4s and onto D at t = 6 s, where it remains. 
Sketch u(r) as a function of time and express it as a sum of step forcing 
functions. 





E FIGURE 8.91 


59. A voltage waveform appearing across an unknown element is given as 
Tu(t) — 0.2u(t) + 8u(t — 2) + 3 V. (a) Determine the voltage att = | s. 
(b) If the corresponding current through the element is 3.5u(t) — O.1u(t) + 
4u(t — 2) + 1.5 A, what type of element is it, and what is its value? 


8.6 Driven RL Circuits 12V 


60. For the circuit of Fig. 8.92, (a) find an expression for u(t) valid for all 
time; (b) compute vp at t = 2 ms; (c) verify your solution to part (b) 
using PSpice. M FIGURE 8.92 


61. Refer to the circuit shown in Fig. 8.93 and (a) find iz (t); (b) use the expres- 
sion for i; (t) to find vz (t). 





5 Q 






i, 
2H% 


2u(t) ACH) — 10V 


E FIGURE 8.93 M FIGURE 8.94 





62. Find i; in the circuit of Fig. 8.94 at t equal to (a) —0.5 s; (b) 0.5 s; (c) 1.5 s. 


63. With reference to the circuit shown in Fig. 8.95, obtain an algebraic expres- 
sion for and also sketch: (a) iz (t); (b) vı (t). 


12 kQ 


25 Q 4 mH 
pi [io 
100u(t) V 0.02 H 2KO sou) V (+) 10 mH 


M FIGURE 8.95 E FIGURE 8.96 





64. With reference to the circuit of Fig. 8.96, (a) compute the power absorbed by 
the 2 KQ resistor at t = 1 ms; (b) determine the value of i(t) at 3 us; (c) de- 
termine the peak current through the 12 k&2 resistor. (d) Verify your answers 
with PSpice. 
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PRY so 8.7 Natural and Forced Response 
i Sis 65. For the circuit depicted in Fig. 8.97, (a) find an expression for /(1) valid tor 
yes all time: (b) calculate in at? = 1.5 yes: (©) verify your result with an appro- 
30 uH priate PSpice simulation. 


C+ 66. For the RE circuit of Fig. 8.98. («) find an expression for ug (/) valid for all 
time: (b) calculate vg) ati = 2 ms: (c) verify your result with an appropri- 


ate PSpice simulation, 
@ FIGURE 8.97 o, 
67. Referring to the circuit of Fig. 8.99, compute nr) at? = 27 us, 


HN V 


10 Q 5 mH 


ig atr) V load 000 





E FIGURE 8.98 E FIGURE 8.99 


68. The switch shown in Fig. 8.100 has been closed for a long time. (a) Find i; 
fort < 0. (b) Find /; (t) for all 7 after the switch opens at 1 = 0. 


f= 





@ FIGURE 8.100 


69. The switch in Fig. 8.101 has been open for a long time. (a) Find i; fort < 0. 
_ (b) Find i; (t) for all t after the switch closes at r = 0. 


S018 





@ FIGURE 8.101 


70. For the circuit shown in Fig. 8.102, find values for i; and vi at ż equal to 
(a) 07; (b) 0%: (© œ; (d 0.2 ms. 


100 Q 





@ FIGURE 8.102 





EXERCISES 





71., Equation [33] in Sec. 8.7 represents the general solution of the driven RL 
series circuit, where Q is a function of time in general and A and P are 
constants. Let R = 125 8&2 and L = 5 H, and find i(t) for t > O if the 
voltage forcing function L Q(t) is (a) 10 V; (b) 1Ou(t) V; (© 10 + 10u(1) V; 
(d) 10u(t) cos 50r V. 

72. The switch shown in Fig. 8.103 has been closed for a very long time. (a) Find 
i fort < Q. (b) Just after the switch is opened. find 7, (OT). (c) Find i; (00). 
(d) Derive an expression for 7; (t) fort >Q. 





R FIGURE 8.103 @ FIGURE 8.104 


73. Find i; for all ¢ in the circuit of Fig. 8.104. 


74. Assume that the switch in Fig. 8.105 has been closed for a iong time and then 
opens at t = 0. Find i, at z equal to (a) 07; (b) OT; (c) 40 ms. 


10 Q 





@ FIGURE 8.105 


75. Assume that the switch in Fig. 8.105 has been open for a long time and then 
closes at t = Q. Find i, at t equal to (a) 07; (b) Ot ; (c) 40 ms. 


76. Find v(t) for all ¢ in the circuit of Fig. 8.106. E FIGURE 8.106 
77. With reference to the circuit shown in Fig. 8.107, find (a) iz (£t); (b) i, (2). 


"190 202 


@ FIGURE 8.107 
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78. Find an expression for eco) ip the circuit of Fig. 8.108 valid for ali time 


79, Find an expression fer cis) in the circuit of Fig. 8.109 valid for all time. 


400 inf} 


a aana tT OW 








| 
| FIGURE 8.108 2 cos 4 Hs) A C) 47 (} 2 F T 
| l 
i : 
4 — 
# FIGURE 8.109 
Driven RC Circuits 
„a Find te inthe cret shown in Fis. 5. HlO at? = -2 yes ands =o 2ye 





(b) Verib vour solution with PSpice. 


= kO ERE 


pO | 






SV OMN mA OY | nk -o 
L i 
@ FIGURE 8.110 
100 O 81. Referring to the RC circuit of Fig, 8.111. find an expression for vot valid fe 


all time. 





82. After being closed for a jong time. the switch shown in Fig. 8.112 opensa 


Own V r=). Find f, for all ume. 





i kQ2 ERG 


€ FIGURE 8.111 


HO V 





W FIGURE 8.112 


83. After being open for a long time. the switch shown in Fig. 8.112 closes at 
t = 0. Find ¢, for all time. 

84. The switch in the circuit of Fig. 8.113 has been open for a long time, Ht close. 
suddenly at? = 0. Find i, at ¢ equal to (a) —1.5 s:()) L5 s. 

8S, Leto, = = luli) + 24u) V in the circuit of Fig. 8.114. Over the time ip 
terval —5 ms < ¢ < 5 ms, find an algebraic expression for and sketch the 
quantity (a) ve (2): (by intr). 


10820 Qk 





LO kQ 
W FIGURE 8.113 








Mm FIGURE 8.114 
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86. Find vc fort > 0 in the circuit of Fig. 8.115. 








100 Q 
3V¥V — 0.01», 


m FIGURE 8.115 


87. Find the value of vc (t) att = 0.4 and 0.8 s in the circuit of Fig. 8.116. 


1Ou(t) V 





€ FIGURE 8.116 


88. In the circuit of Fig. 8.117: (a) find vc (t) for all time, and (b) sketch ve (t) for 
—] < t < 2s, Verify your solution with PSpice. 


10 kQQ 






40)u(t) V (+) 0.) mF (*) 100uQ@-— 1) Y 


E FIGURE 8.117 


89. In the circuit of Fig. 8.118, find vg(t) for (a) t < 0; (b) t > 0. Now assume 
that the switch has been closed for a very long time and opens at t = 0. Find 
vrt) for (c) t < 0; (d) t > 0. 


90. The switch in Fig. 8.119 has been at A for a long time. Ít is moved to B at 
t = 0, and back to A att = 1 ms. Find R; and R; so that vc(1 ms) = 8 V E FIGURE 8.118 
and ve (2 ms) = 1 V. 








m FIGURE 8.119 








316 -ANAN rr ee 


Julh mA 


@ FIGURE 8.123 








0.5 uF 
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9| 


LS 


93, 


94. 
95. 


-Find the first instant of ume atter? = 0 at which v, = 0 in the circuit of 


Fig. 8. 120. 


100 &2 


HDA 200 2 lOO) V 








#@ FIGURE 8.120 


2. In the circuit of Fig. 8.121. one switch is opened at f = 0, while the other 


switch is sunultaneously closed. Sketch the power absorbed by the 1 kQ 
resistor over the interval —! ms < ¢ < 7 ms. Atr = 0. the | mA source is 
also turned off. 





TMA 900 O 


& FIGURE 8.121 








H the switch in Fig. 8.122 has been closed for several days, (a) determine v at 
t= 3.45 ms: (b) determine the power dissipated by the 4.7 KQ resistor at 

l = |.7 ms: (c) determine the total energy that will eventually be converted to 
heat by the 4.7 KQ resistor after the switch is opened. 


l kO 









9y 7kO 2 uF r 


@ FIGURE 8.122 
Assume that the op-amp shown in Fig. 8.123 is ideal, and find v, (t) for all z. 
Assume that the op-amp shown in Fig. 8.124 is ideal, and (a) find volt} for all 


t. (b) Verity your solution with PSpice. Hint: You can plot functions in Probe 
by entering the expression into the Trace Expression box. 


| 
i 

Snl) mA (*) 2509 Š i kG 5 7 
| . 


@ FIGURE 8.124 
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96. (a) Find i, (0) for the RL circuit of Fig. 8.125. (b) Using PSpice and the initial 
value found in part a, determine i; at t = 50 ms. 


O.1 MF 1 kQ 


+ 
. Design a circuit to allow a room light to remain on for 5 seconds after the 


switch has been turned off. Assume a 40 W light bulb and a 115 V ac supply. v, = 4e 79 OM u(t) V 


_ A motion detector installed as part of a security system appears to be a little W FIGURE 8.126 
too sensitive to electrical power fluctuations. One solution is to insert a delay 
circuit between the sensor and the alarm circuit, so that false triggers are min- 
imized. Assuming the Thévenin equivalent of the motion sensor is a 2.37 kQ 
resistance in series with a 1.5 V source, and the Thévenin equivalent resis- 
tance of the alarm circuit is 1 MQ, design a circuit that can be inserted be- 
tween the sensor and the circuit that will require a signal from the sensor to 
last at least 1 full second. The motion sensor/alarm circuit works as follows: 
The sensor supplies a small current to the alarm circuit continuously unless 
motion is detected, in which case the current is interrupted. 


Predicting the Response of Sequentially Switched Circuits 


. (a) Construct a pulse waveform in PSpice to model the voltage waveform vg 
of Exer. 53 and plot it using Probe. (Hint: Connect the source to a resistor to 
perform a simulation.) (b) Construct a pulse waveform in PSpice to model the 
current waveform ic of Exer. 53 and plot it using Probe. 





@ FIGURE 8.125 


.(a) Assume that the op-amp shown in Fig. 8.126 is ideal, and that vc (0) = 0. 
Find v,(t) for all t. (b) Verify your solution with PSpice. Hint: You can plot 
functions in Probe by entering the expression into the Trace Expression box. 


- „m 








; 100 mH 





. (a) Sketch the resistor voltage vp of the circuit in Fig. 8.127 in response to a 
pulsed waveform vs(t). The minimum value of vs(f) is O V, its maximum is 
3 V, the pulse width is 2 s, and the period is 5 s. Confine your sketch to 
0 <t < 20s. (b) Verify your sketch by performing an appropriate PSpice 
simulation. 








102. (a) Sketch the inductor current i of the circuit in Fig. 8.128 in response to a 
pulsed waveform us(t). The minimum value of vs(¢) is 0 V, its maximum is 
5 V, the pulse width is 5 s, and the period is 5.5 s. Confine your sketch to 
0 <1 < 20s. (b) Verify your sketch by performing an appropriate PSpice 
simulation. 


103. The voltage source vs of Fig. 8.129 is a pulsed source having a minimum 
value of 2 V, a maximum value of 10 V, and a pulse width of 4 RC. Sketch 





the capacitor voltage if the time between pulses of vs is (a) 0.1 RC; (6) RC; E FIGURE 8.128 
(c) 10 RC. 
R 
+ 
Ys Cam te 


@ FIGURE 8.129 





mV oe CHAPTER 8 BASIC RI AND RC CIRCUITS 


104. Referring to the circuit of Fig. 8.130, sketch í; (7) over the period 0 < 1 < ty 
if i) as as shown in Fig. 8.131. 


(a) h = 4ns ib) t) = 150 ns (c) 7, = 150 ns 
f= 160 ns fo = 300 ns tr = 200 ns 
R = 164 ns fy = 450 ns fy = 350 ns 
fy = 200 ns fy = SOO ns fy = 400 ns 
IO k£? 





@ FIGURE 8.130 


KE) 


10 mA 





@ FIGURE 8.131 
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The RLC Circutt 


KEY CONCEPTS 


Resonant Frequency and 


INTRODUCTION Damping Factor of Series and 
Our discussions in Chap. 8 focused exclusively on resistive circuits Parallel RLC Circuits 

with either capacitors or inductors, but not both. The presence of in- ee— 
ductance and capacitance in the same circuit produces at least a Overdamped Response 
second-order system, which is characterized by one linear differen- o_____——_- 
tial equation that includes a second-order derivative, or by two Critically Damped Response 
simultaneous linear first-order differential equations. This increase o_—_————_- 
in order will make it necessary to evaluate two arbitrary constants. Underdamped Response 
Furthermore, it becomes necessary to determine initial conditions e_______——_- 

for derivatives. We will find that such circuits, often referred to as Complete (Natural + Forced) 
RLC circuits, not only appear fairly often in practice, but also do Response of RLC Circuits 
very well as models for other types of systems. For example, an SSS 
RLC circuit can be used to model the suspension system of an auto- Representing Differential 
mobile, the behavior of a temperature controller used in growing Equations Using Op Amp 


f i Circuits 
semiconductor crystals, and even the response of an airplane to 


elevator and aileron controls. 


9.1 THE SOURCE-FREE PARALLEL CIRCUIT 


J-l Te aaa 
Our first task is the determination of the natural response, which 
again is most conveniently done by considering the source-free cir- 
cuit. We may then include dc sources, switches, or step sources in the 
circuit, representing the total response once again as the sum of the 
natural response and the forced response. 

We begin with the determination of the natural response of a sim- 
ple circuit formed by connecting R, L, and C in parallel. This particu- 
lar combination of ideal elements is a suitable model for portions of 
many communications networks. It represents, for example, an im- 
portant part of some of the electronic amplifiers found in every radio 


319 














E FIGURE 9.1 The source-free parallel REC circuit. 
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receiver, and it enables the amplifiers to produce a large voltage amplification 
over a narrow band of signal frequencies with nearly zero amplification out- 
side this band. Frequency selectivity of this kind enables us to listen to the 
transmission of one station while rejecting the transmission of any other sta- 
tion. Other applications include the use of parallel RLC circuits in frequency 
multiplexing and harmonic-suppression filters. However, even a simple dis- 
cussion of these principles requires an understanding of such terms as reso- 
nance, frequency response, and impedance, which we have not yet discussed. 
Let it suffice to say. therefore, that an understanding of the natural behavior 
of the parallel RLC circuit is fundamentally important to future studies of 
communications networks and filter design, as well as many other applica- 
tions. 

When a physical capacitor is connected in parallel with an inductor and 
the capacitor has associated with it a finite resistance. the resulting network 
can be shown to have an equivalent circuit model like that shown in Fig. 9.1. 
The presence of this resistance can be used to model energy loss in the 
capacitor; over time, all real capacitors will eventually discharge, even if dis- 
connected from a circuit. Energy losses in the physical inductor can also be 
taken into account by adding an ideal resistor (in series with the ideal 
inductor). For simplicity, however, we restrict our discussion to the case of an 
essentially ideal inductor in parallel with a “leaky” capacitor. 


Obtaining the Differential Equation 
for a Parallel RLC Circuit 


In the following analysis we will assume that energy may be stored initially 
in both the inductor and the capacitor; in other words, nonzero initial values 
of both inductor current and capacitor voltage may be present. With reference 
to the circuit of Fig. 9.1, we may then write the single nodal equation 


U I f' dv 
— + — it —i(t)i+C— =0 i 
Rtr» i (to) + Ti [1] 


Note that the minus sign is a consequence of the assumed direction for /. 
We must solve Eq. [1] subject to the initial conditions 
(07) = Ip [2] 
and 
v(07) = Vo [3] 


When both sides of Eq. [1] are differentiated once with respect to time, the re- 
sult 1s the linear second-order homogeneous differential equation 


— + v= [4] 


whose solution v(t) is the desired natural response. 


Solution of the Differential Equation 


There are a number of interesting ways to solve Eq. [4]. Most of these methods 
we will leave to a course in differential equations, selecting only the quickest 
and simplest method to use now. We will assume a solution, relying upon our 
intuition and modest experience to select one of the several possible forms that 
are suitable. Our experience with first-order equations might suggest that we 
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at least try the exponential form once more. Thus, we assume 
v= Ae” [5] 


being as general as possible by allowing A and s to be complex numbers if 
necessary. Substituting Eq. [5] in Eq. [4], we obtain 


CAs*e" + Ase" + Ae" = 0 
OT 
Ae” (cs: + i, + >) =0 
R L 


In order for this equation to be satisfied for all time, at least one of the 
three factors must be zero. If either of the first two factors is set equal to zero, 
then v(t) = 0. This is a trivial solution of the differential equation which 
cannot satisfy our given initial conditions. We therefore equate the remaining 
factor to zero: 

Cs? +- l o 6 
s“ + R’ + 7 [6] 
This equation is usually called the auxiliary equation or the characteristic 
equation, as we discussed in Sec. 8.1. If it can be satisfied, then our assumed 
solution is correct. Since Eq. [6} is a quadratic equation, there are two solu- 
tions, identified as sı and sz: 


--1.4/(1)- 7 
5i = ORO 2RC LC 
and 
1 1\? 1 
7 = ORC (sxc) TIC [8] 


If either of these two values is used for s in the assumed solution, then that so- 
lution satisfies the given differential equation; it thus becomes a valid 
solution of the differential equation. 
Let us assume that we replace s by s; in Eq. [5], obtaining 
v; = A l e°" 
and, similarly, 
D = Axe! 


The former satisfies the differential equation 


dv ldai l -0 
d? Rd L 





C 


and the latter satisfies 


dv. ldu | 
C2 + 2 + =0 


Adding these two differential equations and combining similar terms, we have 


chi + v2) + 1 d(vy + v7) 


l 
— = 00 
dt Rd + pt) 
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Linearity triumphs, and it is seen that the swn of the two solutions is also a se- 
lution. We thus have the general form of the natural response 


ray Ape! + Ane e] 


where s; and s> are given by Eqs. {7] and [8]; A; and A> are two arbi- 
trary constants which are to be selected to satisfy the two specified initial con- 
ditions. 


Definition of Frequency Terms 

The form of the natural response as given in Eq. [9] offers little insight into 
the nature of the curve we might obtain if v(t) were plotted as a function 
of time. The relative amplitudes of A; and A>. for example, will certainly be 
important in determining the shape of the response curve. Furthermore, the 
constants s; and s> can be real numbers or conjugate complex numbers, 
depending upon the values of R. L. and C in the given network. These two 
cases will produce fundamentally ditferent response forms. Therefore, it wiil 
be helpful to make some simplifying substitutions in Eq. [9]. 

Since the exponents s;f and sof must be dimensionless, s; and s+ must 
have the unit of some dimensionless quantity “per second.” From Eqs. |7] 
and [8] we therefore see that the units of 1/2 RC and 1//LC must also be s 
(i.e.. seconds ”'), Units of this type are called frequencies. 

Let us define a new term, wy (ome ga-sub-zero, or just omega-Zero): 

l 
(Oy = ——— pil 
VLC 
and reserve the term resonant frequency for it. On the other hand, we will cail 
1/2RC the neper frequency, or the exponential damping coefficient, and 
represent it by the symbol a (alpha): 


= 1] 
“= TRE i 





This latter descriptive expression is used because @ is a measure of how 
rapidly the natural response decays or damps out to its steady, final value 
(usually zero). Finally, s, s;, and s2. which are quantities that will form the ba- 
sis for some of our later work, are called complex frequencies. 

We should note that s4. s2, œ, and wp are merely symbols used to simplify 
the discussion of RLC circuits; they are not mysterious new properties of any 
kind. It is easier, for example. to say “alpha” than it is to say “the reciproce! 
of 2RC.” 

Let us collect these results. The natural response of the parallel REC 
circuit is 


u(t) = Aye’ + Are [c] 


where 
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a = =—— [11] 


oy = — [10] 
VLC 
and A; and A> must be found by applying the given initial conditions. 

We note two basic scenarios possible with Eqs. [12] and [13] depending 
on the relative sizes of œ and wọ (dictated by the values of R, L, and C). If 
& > Wo, Sı and s? will both be real numbers, leading to what is referred to as 
an overdamped response. In the opposite case, where @ < wo, both sı and s2 
will have nonzero imaginary components, leading to what is known as an 
underdamped response. Both of these situations are considered separately in 
the following sections, along with the special case of @ = wo, which leads to 
what is called a critically damped response. We should also note that the gen- 
eral response comprised by Eqs. [9] through [13] describes not only the volt- 
age but all three branch currents in the parallel RLC circuit; the constants A 
and A> will be different for each, of course. 


ww (a) 


The ratio of a to wy is called the damping ratio by 
control system engineers and is designated by ¢ (zeta). 


EXAMPLE 9.1 


Consider a parallel RLC circuit having an inductance of 10 mH and 
a capacitance of 100 uF. Determine the resistor values that would 
lead to overdamped and underdamped responses. 


We first calculate the resonant frequency of the circuit: 


= — = | ——__.—_—_—_ = 10’ rad/ 
% =V LC T y (10 x 10-3)(100 x 106) or 


An overdamped response will result if @ > œ; an underdamped 
response will result if ~ < wo. Thus, 





l 3 
J0 
ZRC 
and so 
l 
R e — 
(2000)(100 x 10-6) 
or 


R<5Q 


leads to an overdamped response; R > 5 Q leads to an underdamped 
response. 


PRACTICE 


—— aaa 
9.1 A parallel RLC circuit contains a 100 Q resistor and has the 
parameter values a = 1000 s~! and œw = 800 rad/s. Find: (a) C; (b) L; 
(c) s1; (d) s2. 


Ans: 5 uF; 312.5 mH; —400 s~'; —1600 s~!. 





60 





M@ FIGURE 9.2 A parallel RLC circuit used as a numer- 
ical example. The circuit is overdamped. 
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9.2 THE OVERDAMPED PARALLEL RLC CIRCUIT 


A comparison of Eqs. [10] and | i1] shows that œ will be greater than wo if 
LC > 4R-C-. Inthis case the radical used in calculating sı and sə will be real. 
and both s; and s> will be real. Moreover, the following inequalities, 


ley ae 


~~ ee T k 7 Oa 
(~u — yor — o) < (-« + ya — w) < 0 


may be applied to Eqs. [12] and |13] to show that both sı and s2 are negative 
real numbers. Thus, the response u(r) can be expressed as the (algebraic) sum 
of two decreasing exponential terms, both of which approach zero as time in- 
creases. In fact, since the absolute value of s> is larger than that of 5,, the term 
containing sz has the more rapid rate of decrease and. for large values of time, 
we may write the limiting expression 

v(t) > Aye! > O asf — OO 


The next step is to determine the arbitrary constants A, and A; in confor- 
mance with the initial conditions. We select a parallel RLC circuit with 
R = 6 82. L = 7 H, and, for ease of computation, C = $ F. The initial energy 
storage is specified by choosing an initial voltage across the circuit v(0) = 0 
and an initial inductor current i(0) = 10 A, where v and i are defined in Fig. 9.2. 

We may easily determine the values of the several parameters 


a = 3.5 wy = 16 


I 
s= l] sx = ~6 alls") 


and immediately write the general form of the natural response 


v(t) = Aye! + Are! [14] 


Finding Values for A, and A, 


Only the evaluation of the two constants A; and A> remains. If we knew the 
response v(t) at two different values of time, these two values could be sub- 
stituted in Eq. [14] and A, and A> easily found. However, we know only one 
instantaneous value of u(r). 


v(0) = 0 
and, therefore, 


0=A +A [15] 


~ 


We can obtain a second equation relating A, and A by taking the deriva- 
tive of u(t) with respect to time in Eq. [14], determining the initial value of 
this derivative through the use of the remaining initial condition i(0) = 10, 
and equating the results. So, taking the derivative of both sides of Eq. {14}, 


du 
-— = Åe“ — bA | 
dt € 
and evaluating the derivative atr = Q. 
dv] 
—; =Å; — 6A- 
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we obtain a second equation. Although this may appear to be helpful, we do 
not have a numerical value for the initial value of the derivative, so we do not 
yet have two equations in two unknowns ... Or do we? The expression 
dv/dt suggests a capacitor current, since 


Kirchhoff’s current law must hold at any instant in time, as it is based on 
conservation of electrons. Thus, we may write 


—tc(O) + 10) + ip) = 0 





Substituting our expression for capacitor current and dividing by C, For the remainder of our discussions concerning RLC 
dv ic (0) i(O) + ip(O) i(0) circuits, we will always require two initial conditions in 
— = Se SS VS order to completely specify the response. One condition 
dt | _o C Sk G 


will usually be very easy to apply—either a voltage or 
current at t = 0. It is the second condition that usually 
gives us a little trouble. Although we will often have 
420 = —A, — 6A; [16] both an initial current and an initial voltage at our dis- 
posal, one of these will need to be applied indirectly 
through the derivative of our assumed solution. 


since zero initial voltage across the resistor requires zero initial current 
through it. We thus have our second equation, 


and simultaneous solution of Eqs. [15] and [16] provides the two amplitudes 


A, = 84 and A> = —84. Therefore, the final numerical solution for the nat- 
ural response of this circuit is 
u(t) = 8e t =e y [17] 





oe gee eee NN TNO ‘ EXAMPLE 9.2 
Find an expression for vc(t) valid for ¢ > 0 in the circuit of Fig. 9.3a. 
300 2 3 





(a) (b) 
@ FIGURE 9.3 (a) An RLC circuit that becomes source-free at t = 0; (b) The circuit for t > 0, in 


which the 150 V source and the 300 Q resistor have been shorted out by the switch, and so are of 
no further relevance to vc. 


Identify the goal of the problem. 

We are asked to find the capacitor voltage after the switch is 
thrown. This action leads to no sources remaining connected to 
either the inductor or the capacitor; we therefore expect uc to decay 
with time. 


(Continued on next page) 
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Collect the known information. 
After the switch is thrown, the capacitor is left in parallel with a 


~ 50,000 s`! and s: = ~a — a? — æg = —200,000 s`! 


V 
Devise a plan. 

Since œ > wo, the circuit is overdamped and so we expect a capacitor 
voltage of the form 


vet) = Ae’ + Are 


We know s; and so: we need to obtain and invoke two initial condi- 
tions to determine A; and A>. To do this, we will analyze the circuit at 
t = 07 (Fig. 9.42) to find ¿7 (07) and ve (07). We will then analyze 
the circuit at ¢ = O% with the assumption that neither value changes. 


Construct an appropriate set of equations. 
From Fig. 9.4a, in which the inductor has been replaced with a short 
circuit and the capacitor with an open circuit, we see that 








B 150 
i0) = 390 4 300 + 300 = —300 mA 
and 
_ 200 
uc(O°) = E 500 $ 300 = 60 V 
300 Q 
200.0 ri) 
(aa) 
pretn) 


i(O*) = i0) 
= -0.3 A 


vc(0*) = u(O) 
= 60V 


iD) 


@ FIGURE 9.4 (a) The equivalent circuit at t = 07; (b) Equivalent circuit at 
t = 07, drawn using idea} sources to represent the initial inductor current and initial 
capacitor voltage. 
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In Fig. 9.4b, we draw the circuit at £ = 07, representing the inductor 
current and capacitor voltage by ideal sources for simplicity. Since 
neither can change in zero time, we know that vc (07) = 60 V. 


Determine if additional information is required. 

We have an equation for the capacitor voltage: uc(t) = A e770. 0008 4. 
Are 7709" We now know uc (0) = 60 V, but a third equation is still 
required, Differentiating our capacitor voltage equation, 


dvc , 
=S = ~50,000A ,e™™® 000 — 200,0004 2677.0 


which can be related to the capacitor current as ic = C(dvc/dt). 
Returning to Fig. 9.4b, KCL yields that ic (07) = —i (07) — igR(0t) = 
0.3 — {ve (07)/200} = 0. 


Attempt a solution. 
Application of our first initial condition yields 


vc (O) = A; + Ar = 60 
and application of our second initial condition yields 
i¢ (0) = ~20 x 1077(50,000A; + 200,000A2) = 0 


Solving, A = 80) V and A> = ~ 20 V, SO that Uc (ft) —_ RQe ~ 30.0001 — 
He 200.0001 V: >0. l 


Verify the solution. Is it reasonable or expected? 

At the very least, we can check our solution at t = 0, verifying that 
vc (0) = 60 V. Differentiating and multiplying by 20 x 107°. we can 
also verify that ic (QO) = 0. 


PRACTICE 





9.2 After being open for a long time, the switch in Fig. 9.5 closes at 
t = 0. Find (a) i, (07); (b) vc (07); (c) ig(O*); (d) ic (07); (e) ve (0.2). 


240 





E FIGURE 9.5 


Ans: | A: 48 V; 2 A: —3 A: —17.54 V. 
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As noted previously, the form of the overdamped response applies to any 
voltage or current quantity, as we explore in the following example. 


EXAMPLE 9.3 





The circuit of Fig. 9.6a reduces to a simple parallel RLC circuit 
after ¢ = 0. Determine an expression for the resistor current ig valid 
for all time. 


2 kQ 12 mH 





2 kQ 


-e 


30 KQ vc(0 ) 








(c) 


@ FIGURE 9.6 (a) Circuit for which je is required. (b) Equivalent 
circuit for t = 0”. (c) Equivalent circuit for t = 0*. 


If the circuit after t > 0 is overdamped, we expect a response of the form 
ig(t) = Aye’ + Are”, t>0 [18] 


. For t > 0, we have a parallel RLC circuit with R = 30 kQ, L = 12 mH, 
and C = 2 pF. Thus, a = 8.333 x 10° s7! and wp = 6.455 x 10° rad/s. 
We do therefore expect an overdamped response, with s; = —3.063 x 
10° s—! and s2 = —13.60 x 10° s7}. 

To determine numerical values for A; and Ao, we first analyze the 
circuit at t = 0~, as drawn in Fig. 9.6b. We-see that iz (07) = ir(O") = 
4/32 x 10° = 125 uA, and vc (0~) = 4 x 30/32 = 3.75 V. 

In drawing the circuit at t = 0* (Fig. 9.6c), we only know that 
i, (0+) = 125 pA and vc (0*) = 3.75 V. However, by Ohm’s law we 
can calculate that ig (0+) = 3.75/30 x 10° = 125 wA, our first initial 
condition. Thus, 


ip(O) = Ay + A> = 125 x 107° [19] 
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How do we obtain a second initial condition? If we multiply Eq. [18] 
by 30 x 10°, we obtain an expression for uc (t). Taking the derivative 
and multiplying by 2 pF yields an expression for ic (t): 


d 
ic = co = (2 x 107130 x 10)(Ais1e"" + Azsze”) 


By KCL, 
ic (0+) = i, (07) — ig(OT) = 0 
Thus, 
—(2 x 107!7)(30 x 10°)(3.063 x 106A, + 13.60 x 10°A.)=0 [20] 


Solving Eqs. [19] and [20], we find that A, = 161.3 p A and 
A» = ~36.34 uA. Thus, 


`. _ [125 uA, t<0 
R= 161 .3e73-063 x 10° _ 36.34e 713.6% 10% uA, t>0 





iL (07) = 6 A and vc (0+) = 0 V. The configuration of the circuit prior 
to f= Q is not known. 


. 0 
Ans: ikt) = 6.008 (e-8:328% 10! _ 9-6.003x 1071) Ap > Q), 


Graphical Representation of the 
Overdamped Response 


Now let us return to Eq. [17] and see what additional information we can de- 
termine about this circuit. We may interpret the first exponential term as hav- 
ing a time constant of | s and the other exponential, a time constant of 1 S. 


Each starts with unity amplitude, but the latter decays more rapidly; v(t) is 


never negative. As time becomes infinite, each term approaches zero, and the 
response itself dies out as it should. We therefore have a response curve 
which is zero at t = 0, is zero at t = oo, and is never negative; since it is not 
everywhere zero, it must possess at least one maximum, and this is not a 
difficult point to determine exactly. We differentiate the response 

dv . 
— = 84(-e7' + 667") 
dt 
set the derivative equal to zero to determine the time tn at which the voltage 
becomes maximum, 


0 = —e~™ + 6e7 om 


manipulate once, 


and obtain 





@ FIGURE 9.7 Circuit for Practice Problem 9.3. 
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and 
U(t,) = 48.9 V 


A reasonable sketch of the response may be made by plotting the two 
exponential terms 84e ‘ and 84e~° and then taking their difference. The use- 
fulness of this technique is indicated by the curves of Fig. 9.8; the two expo- 
nentials are shown lightly, and their difference, the total response v(t), iS 
drawn as a colored line. The curves also verify our previous prediction that 
the functional behavior of u(t) for very large t is 84e ‘, the exponential term 
containing the smaller magnitude of sı and s2. 


v(t) (V) 









i(O)=10A 
80 v(0) =0 
a= 3:5 
60 wg = V6 
Overdamped 


t (S) 


E FIGURE 9.8 The response v(t) = 84(e~' — e™®) of the network shown in Fig. 9.2. 


A frequently asked question is the length of time it actually takes for the 
transient part of the response to disappear (or “damp out”). In practice, it is 
often desirable to have this transient response approach zero as rapidly as 
possible, that is, to minimize the settling time ts. Theoretically, of course, ts 
is infinite, because v(t) never settles to zero in a finite time. However, a neg- 
ligible response is present after the magnitude of v(t) has settled to values 
that remain less than 1 percent of its maximum absolute value |v,,|. The 
time that is required for this to occur we define as the settling time. Since 
\Um| = Um = 48.9 V for our example, the settling time is the time required 
for the response to drop to 0.489 V. Substituting this value for v(t) in 
Eq. [17] and neglecting the second exponential term, known to be negligi- 
ble here, the settling time is found to be 5.15 s. 





For t > 0, the capacitor current of a 
pala ose rea dag et Sheteh the current 
in the range 0 < ¢ < 5 s, and determine the settling time. 


We first sketch the two terms as shown in Fig. 9.9, then subtract them 
to find ic(t). The maximum value is clearly |—2| = 2 A. We therefore 
need to find the time at which |ic| has decreased to 20 mA, or 


Qe 7 — des = —0.02 [21] 
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ich (A) 


t (sf 





@ FIGURE 9.9 The current response c(t) = 2e7% — 4e A, sketched 
alongside its two components. 


This equation can be solved using an iterative solver routine on a sci- 
entific calculator, which returns the solution ft, = 5.296 s. If such an op- 
tion is not available, however, we can approximate Eq. [21] fort > t; as 


—4e~* = —0.02 [22] 


0.02 
t, = —in (7) = 5.298 s [23] 


which is reasonably close (better than 0.1% accuracy) to the exact 
solution. 


Solving, 


PRACTICE | 


9.4 (a) Sketch the voltage ur(t) = 2e~' — 4e7*' V in the range 
0 < t < 5s; (b) Estimate the settling time; (c) Calculate the maximum 
positive value and the time at which it occurs.. 


Ans: (a) See Fig. 9.10; (b) 4.605 s; (c) 544 mV, 896 ms. 


Up(t) (V) 





t(s) 


0.5 10 1.5 20 25 30 35 40 45 50 


E FIGURE 9.10 Response sketched for Practice Problem 9.40. 








Ow 


“Impossible” Is a pretty strong term. We make this 
statement because in practice it is unusual to obtain 
components that are closer than | percent of their 
specified values. Thus, obtaining ¢ precisely equal to 
4R?C is theoretically possible, but not very likely, even 
if we're willing to measure a drawer full of components 
until we find the right ones. 
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9.3 CRITICAL DAMPING 
The overdamped case is characterized by 
Aa > w 
or 
LC > 4R°C 


and leads to negative real values for s; and s- and to a response expressed as 
the algebraic sum of two negative exponentials. 

Now let us adjust the element values until œ and wo are equal. This 1s a 
very special case which is termed critical damping. If we were to attempt to 
construct a parallel RLC circuit that is critically damped, we would be at- 
tempting an essentially impossible task, for we could never make & exactly 
equal to wy. For completeness. however. we will discuss the critically 
damped circuit here, because it shows an interesting transition between over- 
damping and underdamping. 

Critical damping ts achieved when 


Q = Wy 
or LC = 4R°C? } critical damping 
L=4R°C 


We can produce critical damping by changing the value of any of the three 
elements in the numerical example discussed at the end of Sec. 9.1. We will 
select R, increasing its value until critical damping is obtained, and thus leave 
ax unchanged. The necessary value of R is 7\/6/2 Q; L is still 7 H, and C re- 
mains 35 F, We thus find 


a= w= VO s~! 
S =s = Vos. 


and recall the initial conditions that were specified, v(O) = O and i(0) = 
IOA. 


Form of a Critically Damped Response 


We proceed to attempt to construct a response as the sum of two exponentials, 
u(t) ~ Aje“ + Are ¥® 
which may be written as 
wit) = Aye Vv" 


At this point, some of us might be feeling that we have lost our way. We 
have a response that contains only one arbitrary constant, but there are two 
initial conditions, v(O0) = 0 and i(0) = 10 amperes, both of which must be 
satisfied by this single constant. If we select Az = 0, then v(t) = 0, which is 
consistent with our initial capacitor voltage. However, although there is no 
energy stored in the capacitor at r = 07, we have 350 J of energy initially 
stored in the inductor. This energy will lead to a transient current flowing out 
of the inductor, giving rise to a nonzero voltage across all three elements. This 
seems to be in direct conflict with our proposed solution. 
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Our mathematics and our electricity have been unimpeachable; therefore, 
if a mistake has not led to our difficulties. we must have begun with an 
incorrect assumption, and only one assumption has been made. We originally 
hypothesized that the differential equation could be solved by assuming an 
exponential solution, and this turns out to be incorrect for this single special 
case of critical damping. When œ = wọ, the differential equation, Eq. [4], 
becomes 


av $208 +02 =0 
— + 2a—-+a°v= 
dt? at 
The solution of this equation is not a tremendously difficult process, but 
we will avoid developing it here, since the equation is a standard type found 
in the usual differential-equation texts. The solution is 


v =e “(At + A>) [24] 


It should be noted that the solution is still expressed as the sum of two 
terms, where one term is the familiar negative exponential and the second is 
t times a negative exponential. We should also note that the solution contains 
the two expected arbitrary constants. 


Finding Values for A, and A2 


Let us now complete our numerical example. After we substitute the known 
value of a in Eq. [24], obtaining 


v= Ate + Ane" 


we establish the values of A; and A; by first imposing the initial condition on 
v(t) itself, v(0) = 0. Thus, A2 = 0. This simple result occurs because the ini- 
tial value of the response v(t) was selected as zero; the more general case wil! 
require the solution of two equations simultaneously. The second initial con- 
dition must be applied to the derivative dv/dt just as in the overdamped case. 
We therefore differentiate, remembering that A, = 0: 


an = Ait( -VOe ~" + Aye Ve 


evaluate att = 0: 


d 
qv) A 
dt 


t=0 





and express the derivative in terms of the initial capacitor current: 


do|) _ ic) _ in® , iO 
dt 











oC Cc "OC 

where reference directions for ic, ig, and i are defined in Fig. 9.2. Thus, 
A; =420V 

The response is, therefore, 


v(t) = 42W0te 77 V [25] 
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Graphical Representation of the Critically 

Damped Response 

Before plotting this response in detail. let us again try to anticipate tts form by 
qualitative reasoning. The specified initial value is zero, and Eq. [25] con- 
curs. It is not immediately apparent that the response also approaches zero as 
t becomes infinitely large. because te~-" is an indeterminate form. How - 
ever, this obstacle 1s easily overcome by use of L’Héspital’s rule. which 
yields 





. , l , , | 
lim vit) = 420 lim -g = 420 lim ~- = = 0 
37% pon eo poe 2 5 enor 

and once again we have a response that begins and ends at zero and has posi- 
tive values at all other times. A maximum value v, again occurs at time f for 
our example, 


ty = 0.408 s and Uy, = 63.1 V 


This maximum ts larger than that obtained in the overdamped case, and 1s 
a result of the smaller losses that occur in the larger resistor; the time of the 
maximum response is slightly later than it was with overdamping. The set- 
tling time may also be determined by solving 


Upi : — 7 44 
= 420t,e7 


100 
for ¢, (by trial-and-error methods or a calculator’s SOLVE routine): 
i, = 3.128 


which is a considerably smaller value than that which arose in the over- 
damped case (5.15 s). As a matter of fact, it can be shown that, for given val- 
ues of L and C, the selection of that value of R which provides critical damp- 
ing will always give a shorter settling time than any choice of R that produces 
an overdamped response. However, a slight improvement (reduction) in set- 
tling time may be obtained by a further slight increase in resistance; a slightly 
underdamped response that will undershoot the zero axis before it dies out 
will yield the shortest settling time. 


rin (Vv) 





tis) 





E FIGURE 9.11 The response vif) = 420te~<°~ of the network shown in 
Fig. 9.2 with & changed to provide critical damping. 
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The response curve for critical damping is drawn in Fig. 9.11; it may be 
compared with the overdamped (and underdamped) case by reference to 
Fig. 9.16. 





Select a value for R; such that the circuit of Fig. 9.12 will be char- 
acterized by a critically damped response for ¢ > 0, and a value for 
R, such that v(0) = 2 V. 





E FIGURE 9.12 A circuit that reduces to a parallel RLC circuit after 
the switch is thrown. 


We note that at t = 07, the current source is on, and the inductor can be 
treated as a short circuit. Thus, v(07) appears across R2, and is given by 


v0) = 3R; 


and a value of 400 mQ should be selected for R> to obtain v(0) = 2 V. 
After the switch is thrown, the current source has turned itself off 
and R3 is shorted. We are left with a parallel RLC circuit comprised of 
R,, a 4 H inductor, and a 1 nF capacitor. 
We may now calculate (for t > 0) 


1 
* = ORC 
= 1 
~ 2x 10-9R,; 
and 


l 
oO = —= 
J LE 
l 
~ 4x 10-9 
= 15,810 rad/s 


Therefore, to establish a critically damped response in the circuit 
for t > 0, we need to set R; = 31.63 KQ. (Note: since we have rounded 
to four significant figures, the pedantic can rightly argue that this is 
still not exactly a critically damped response—a difficult situation to 
create.) 
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Electrical engineers use “;” instead of “/” to represent 
v —1 to avoid confusion with currents. 


-PRACTICE 


9.5 (a) Choose R, in the circuit of Fig. 9.13 so that the response 
after t = 0 will be critically damped. (b) Now select R- to obtain 
v(0) = 100 V. (c) Find v(t) at? = | ms. 










O.S5u(-1) A (+) 


€ FIGURE 9.13 


Ans: 1 kQ: 250 922: —212 V., 


9.4, THE UNDERDAMPED PARALLEL RLC CIRCUIT __ 


Let us continue the process begun in Sec. 9.3 by increasing K once more to 
obtain what we will refer to as an underdamped response. Thus, the damping 
coefficient a decreases while wy remains constant, a? becomes smaller than 
w, and the radicand appearing in the expressions for sı and s} becomes neg- 
ative. This causes the response to take on a much different character, but it is 
fortunately not necessary to return to the basic differential equation again. By 
using complex numbers, the exponential response turns into a damped sinu- 
soidal response; this response is composed entirely of real quantities, the 
complex quantities being necessary only for the derivation. | 


The Form of the Underdamped Response 
We begin with the exponential form 


v(t) — Aje” + Aie™ 


s12 = at Jor -w 


3 7 3 = j I 
Ja? — w = V-I yo — a? = jy og a? 
where j = V—l. 


We now take the new radical, which is real for the underdamped case, and 
call it wy, the natural resonant frequency: 


where 


and then let 


— feg? 
oO, = y 2o a 
The response may now be written as 
v(t) =e (Aye + Age") [26] 


(1) A review of complex numbers is presented in Appendix $. 
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or, in the longer but equivalent form, 


. jJw@gt + ejoa! joat _ ,~jwgt 
v(t) = e™ lai + A) pem + j(Aı — A2) [|| 


Applying identities described in Appendix 5, the first square bracket in the 
preceding equation is identically equal to cos wyt, and the second is identi- 
cally sin wat. Hence, 


v(t) = e7” [(A; + Az) cos wat + j (A, — Ar) sin wat] 
and the multiplying factors may be assigned new symbols: 
v(t) =e ™ (B, cos wat + Br sinwyt) - [27] 


where Eqs. [26] and [27] are identical. 

It may seem a little odd that our expression originally appeared to have a 
complex component, and now is purely real. However, we should remember 
that we originally allowed for A; and Az to be complex as well as sı and sp. In 
any event, if we are dealing with the underdamped case, we have now left 
complex numbers behind. This must be true since a, wy, and t are real quan- 
tities, so that v(t) itself must be a real quantity (which might be presented on 
an oscilloscope, a voltmeter, or a sheet of graph paper). Equation [27] is the 
desired functional! form for the underdamped response, and its validity may 
be checked by direct substitution in the original differential equation; this 
exercise is left to the doubters. The two real constants B; and B2 are again 
selected to fit the given initial conditions. 

We return to our simple parallel RLC circuit of Fig. 9.2 with R = 6 Q, 
C = 1/42 F, and L = 7 H, but now increase the resistance further to 10.5 Q. 
Thus, 


= — = 2s 
2RC 
l 
oy = — = Vos"! 
VLC 


and 
wd = J W —a? = /2 rad/s 


Except for the evaluation of the arbitrary constants, the response is now 
known: 


u(t) = e`” (B; cos vt + B> sin /2t) 


Finding Values for B, and B, 


_ The determination of the two constants proceeds as before. If we still assume 
that v(0) = 0 and i(0) = 10, then B, must be zero. Hence 


v(t) = Boe~~ sin NOJ, 
The derivative is 


d 
— = VI Bre” cos V2t — 2B e~* sin V2t 
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and at f= 0 it becomes 
du 


ig (Q) 
dt = 


= V2B, = + = 420 
vee CO 


where iç is detined in Fig. 9.2. Therefore, 


4 7 + 
vt) = 21082677 sin Vf 


Graphical Representation of the Underdamped 
Response 


Notice that, as before. this response function has an initial value of zero 
because of the initial voltage condition we imposed, and a final value of zero 
because the exponential term vanishes for large values of ft. As t increases 
from zero through small positive values, v(7) increases as 21072 sin /21. 
because the exponential term remains essentially equal to unity. But at some 
time fm. the exponential function begins to decrease more rapidly than 
sin /2r is increasing; thus u(/) reaches a maximum v, and begins to de- 
crease. We should note that fa is not the value of ¢ for which sin Vt isa 
maximum, but must occur somewhat before sin /2r reaches its maximum. 

When ¢ = x / V2. v(t) is zero. Thus, in the interval 7//2 <1 < V27. 
the response is negative. becoming zero again att = \/27. Hence, v(t) is an 
oscillatory function of time and crosses the time axis an infinite number of 
times at ¢ = nz /J2, where n is any positive integer. In our example, how- 
ever, the response is only slightly underdamped, and the exponential term 
causes the function to die out so rapidly that most of the zero crossings will 
not be evident in a sketch. 

The oscillatory nature of the response becomes more noticeable as œ de- 
creases. If œ is zero, which corresponds to an infinitely large resistance, then 
v(t) 1s an undamped sinusoid that oscillates with constant amplitude. There 
is never a time at which v(t) drops and stays below | percent of its maximum 
value: the settling time ts therefore infinite. This is not perpetual motion; we 
have merely assumed an initial energy in the circuit and have not provided 
any means to dissipate this energy. It is transferred from its initial location in 
the inductor to the capacitor, then returns to the inductor. and so on, forever. 


The Role of Finite Resistance 


A finite R in the parallel RLC circuit acts as a kind of electrical transfer agent. 
Every time energy is transferred from L to C or from C to L. the agent exacts a 
commission. Before long, the agent has taken all the energy, wantonly disst- 
pating every last joule. The L and C are left without a joule of their own, with- 
out voltage and without current. Actual parallel RLC circuits can be made to 
have effective values of R so large that a natural undamped sinusoidal re- 
sponse can be maintained for years without supplying any additional energy. 

Returning to our specific numerical problem, differentiation locates the 
first maximum of v(t), 


Um, = 71.8 V at fnm, = 0.4355 
the succeeding minimum, 


Um = —0.845V at im = 2.668 
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and so on. The response curve is shown in Fig. 9.14. Additional response 
curves for increasingly more underdamped circuits are shown in Fig. 9.15. 


nt) (V) 






Fin | 


10.5 Q 


tis) 


@ FIGURE 9.14 The response v(f) = 210/2e~*' sin ¥/2¢ of the network 
shown in Fig. 9.2 with R increased to produce an underdamped response. 
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E FIGURE 9.15 Simulated underdamped voltage response of the network for three different 
resistance values, showing an increase in the oscillatory behavior as R is increased. 


The settling time may be obtained by a trial-and-error solution, and for 
R = 10.5, it turns out to be 2.92 s, somewhat smaller than for critical 
damping. Note that ¢, is greater than tm, because the magnitude of Vm, is 
greater than | percent of the magnitude of v,,,. This suggests that a slight de- 
crease in R would reduce the magnitude of the undershoot and permit t, to be 
less than fy,. 

The overdamped, critically damped, and underdamped responses for 
this network as simulated by PSpice are shown on the same graph in 
Fig. 9.16. A comparison of the three curves makes the following general 
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1 66U 






Underdamped (R = 10 5 ohms) | 


N „Critically Damped (R = 8.57 ohms) 


Overdamped (R = 6 ohms) 4 
) 





v U(C1:1) 


Time 
@ FIGURE 9.16 Simulated overdamped, critically damped, and underdamped voltage response 
for the example network, obtained by varying the value of the parallel resistance R. 


conclusions plausible: 


e When the damping is changed by increasing the size of the parallel 
resistance, the maximum magnitude of the response is greater and the 
amount of damping is smaller. 


e The response becomes oscillatory when underdamping is present, and 
the minimum settling time is obtained for slight underdamping. 










EXAMPLE 9.6 
Jetermine iz (£) for the circuit of Fig. 9.172, and plot the waveform. 


At t = 0, both the 3 A source and the 48 Q resistor are removed, 
leaving the circuit shown in Fig. 9.17b. Thus, a = 1.2 s~' and 
Wo = 4.899 rad/s. Since a < wọ, the circuit is underdamped, and 
we therefore expect a response of the form 


i(t) = e ™ (B; cos wat + B2 sin wat) [28] 


where wa = ,/@§ — a? = 4.750 rad/s. The only remaining step is to 


find B; and B2. 
Fig. 9.17c shows the circuit as it exists at t = 07. We may replace 
the inductor with a short circuit and the capacitor with an open circuit; 
the result is vc (07) = 97.30 V and iz (07) = 2.027 A. Since neither 
quantity can change in zero time, vc (0*) = 97.30 V and 
i, (0+) = 2.027 A. 
Substituting i, (0) = 2.027 into Eq. [28] yields B, = 2.027 A. To 
determine the other constant, we first differentiate Eq. [28]: 
di, 
dt 


=e ™ (— Biwa sin wat + Bowg COS wat) 


—al 


—ae (Bı cos wat + B2 sin wat) [29] 
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B FIGURE 9.17 (2) A parallel RLC circuit for which the current /,(0) is desired. 
(b) Circuit for t > 0. (c) Circuit for determining the initial conditions. 


and note that vz (t) = L(di,/dt). Referring to the circuit of Fig. 9.17b, 
we see that vz (0*) = uc (0t) = 97.3 V. Thus, multiplying Eq. [29] by 
L = 10H and setting t = 0, we find that 


vı (0) = 10(B2w4) — 10e B; = 97.3 
Solving, Bz = 2.561 A, so that 
i = e7'* (2.027 cos 4.75t + 2.561 sin4.75t) A 
which we have plotted in Fig. 9.18. 


iiO (A) 





t 
002 04 06 08 10 12 14 16 18 20° Č 
E FIGURE 9.18 Plot of; (0, showing obvious signs of being an underdamped response. 
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PRACTICE 





9.6 The switch in the circuit of Fig. 9.19 has been in the left position 
for a long time; it is moved to the right at t = 0. Find (a) dv/dt at 
t= 0°: (b) v att = | ms: (c) to. the first value of 7 greater than zero 
at which v = 0. 


50 k82 1=0 Su(—t) V 






100 kQ 500 Q 


@ FIGURE 9.19 


Ans: —1400 V/s: 0.695 V: 1.609 ms. 






COMPUTER-AIDED ANALYSIS. 


One useful feature in Probe is the ability to perform mathematical opera- 
tions on the voltages and currents that result from a simulation. In this 
example, we will make use of that ability to show the transfer of energy 
in a parallel RLC circuit from a capacitor that initially stores a specific 
amount of energy (1.25 uJ) to an inductor that initially stores no energy. 

We choose a 100 nF capacitor and a 7 uH inductor, which immedi- 
ately enables us to calculate wy = 1.195 x 10° s7! In order to consider 
overdamped, critically damped, and underdamped cases, we need to 
select the parallel resistance in such a way as to obtain a > wp (over- 
damped), & = wo (critically damped), and a < wo (underdamped). 
From our previous discussions, we know that for a parallel RLC circuit 
a = (2RC)~'. We select R = 4.1833 Q as a close approximation to the 
critically damped case; obtaining @ precisely equal to œo is effectively 
impossible. If we increase the resistance, the energy stored in the other 
two elements is dissipated more slowly, resulting in an underdamped re- 
sponse. We select R = 100 2 so that we are well into this regime, and 
use R = | Q (a very small resistance) to obtain an overdamped response. 

We therefore plan to run three separate simulations, varying only the 
resistance R between them. The 1.25 uJ of energy initially stored in the 
capacitor equates to an initial voltage of 5 V, and so we set the initial 
condition of our capacitor accordingly. 

Once Probe is launched, we select Add under the Trace menu. We 
wish to plot the energy stored in both the inductor and the capacitor as 
a function of time. For the capacitor, w = iC v, so we click in the 
Trace Expression window, type in “0.5*100E-9*” (without the 
quotes), click on V(C1:1), return to the Trace Expression window and 
enter “*”, click on V(C1I:!) once again and then select Ok. We repeat 
the sequence to obtain the energy stored in the inductor, using 7E-6 
instead of 100E-9, and clicking on I(L1:1) instead of V(C1:1). 
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The Probe output plots for three separate simulations are provided in 
Fig. 9.20. In Fig. 9.20a, we see that the energy remaining in the circuit is 
continuously transferred back and forth between the capacitor and the 
inductor until it is (eventually) completely dissipated by the resistor. De- 
creasing the resistance to 4.1833 Q yields a critically damped circuit, re- 
sulting in the energy plot of Fig. 9.20b. The oscillatory energy transfer 
between the capacitor and the inductor has been dramatically reduced. 
We see that the energy transferred to the inductor peaks at approxi- 
mately 0.8 us, and then drops to zero. The overdamped response is 
plotted in Fig. 9.20c. We note that the energy is dissipated much more 
quickly in the case of the overdamped response, and that very little en- 


ergy is transferred to the inductor, since most of it is now quickly dissi- 
pated in the resistor. 
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@ FIGURE 9.20 Energy transfer in a parallel RLC circuit with (a) R = 100 Q (underdamped); 
(b) R = 4.1833 Q (critically damped); and (c) R = 1 & (overdamped). 


9.5 THE SOURCE-FREE SERIES RLC CIRCUIT 


We now wish to determine the natural response of a circuit model composed 
of an ideal resistor, an ideal inductor, and an ideal capacitor connected in 
series. The ideal resistor may represent a physical resistor connected into a 
series LC or RLC circuit; it may represent the ohmic losses and the losses in 
the ferromagnetic core of the inductor; or it may be used to represent all these 
and other energy-absorbing devices. 








(a) 





E FIGURE 9.21 (a) The series RLC circuit which is the 
dual of (6) a parallel RLC circuit. Element values are, of 
course, not identical in the two circuits. 


CHAPTER 9 THE RLC CIRCUIT 


The series RLC circuit is the dual of the parallel RLC circuit, and this sin- 
gle fact is sufficient to make its analysis a trivial affair. Figure 9.21a shows 
the series circuit. The fundamental integrodifferential equation 1s 

LË £Ri- = f iar (fo) = 0 
"m= L+- i = V = 
7 C), c (o. 
and should be compared with the analogous equation for the parallel RLC cir- 
cuit, drawn again in Fig. 9.2 1b, 
dv | Lf a, oo 
CT RY + 7 | vdt ~—ir(to) = 0 


fo 


The respective second-order equations obtained by differentiating these two 
equations with respect to time are also duals: 





vig pti dg 30] 
nn — + jor k 
dt? dt C 

dv lL dv l 
CH pE gpa [31] 


d? Rdt L 


Our complete discussion of the parallel RLC circuit is directly applicable 
to the series RLC circuit; the initial conditions on capacitor voltage and in- 
ductor current are equivalent to the initial conditions on inductor current and 
capacitor voltage; the voltage response becomes a current response. Ít is 
therefore possible to reread the previous four sections using dual language 
and thereby obtain a complete description of the series RLC circuit. This 
process, however, is apt to induce a mild neurosis after the first few para- 
graphs and does not really seem to be necessary. 


A Brief Résumé of the Series Circuit Response 


A brief résumé of the series circuit response is easily put together. In terms of 
the circuit shown in Fig. 9.2 1a, the overdamped response is 


i(t) = A\e™! + Arve! 


where 
pa 
R RY l 3 a 
n=- +h) -7c 7 et an — Wy 
and thus 
R 
a= 
2L 
1 
Wo = ae 
° JLC 


The form of the critically damped response is 
i(t) = e "Ait + A>) 
and the underdamped response may be written 


i(t) =e" (B; cos @gt + Bz sin wagt) 
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TABLE . 9.1 Summary of Relevant Equations for Source-Free RLC Circuits 


Type Condition Criteria a Wo Response 
] 
Parallel — , 
ar 4 2RC l Aje*'’ + Are! where 
l ver ampe a> Wo R JLC naia Py de-a 
Series — 
ZL 
1 
Parallel oar i 
Critically damped a = wo P Tie e~* (Ait + A2) 
Series — LC 
ZL 
‘ 1 
Parallel 2RC l e~% (Bı cos wat + Bz sin wat), 
Underdamped a < w —. 7 
E a. 
Satine R VLC where wq = wj — a 
ZL 
where 





Wd = Vor = a? 

It is evident that if we work in terms of the parameters œ, wo, and wy, the 
mathematical forms of the responses for the dual situations are identical. An co 
increase in & in either the series or parallel circuit, while keeping wọ constant, ue 
tends toward an overdamped response. The only caution that we need exert is 
in the computation of œ, which is 1/2RC for the parallel circuit and R/2L for 
the series circuit; thus, œ is increased by increasing the series resistance or de- 
creasing the parallel resistance. The key equations for parallel and series RLC 
circuits are summarized in Table 9.1 for convenience. 


Given the series RLC circuit of Fig. 9.22 in which L = 1 H, 


R=2k2,C = 1/401 HLF, i(0) = 2 mA, and vc(0) = 2 V, find and 
sketch i(t), t > 0. 


We find that œ = R/2L = 1000 s~! and œ = 1/ VLC = 20,025 rad/s. 
This indicates an underdamped response; we therefore calculate the 
value of wg and obtain 20,000 rad/s. Except for the evaluation of the 
two arbitrary constants, the response is now known: 





(¢) — o—10001 20.000 in 20.000 Œ FIGURE 9.22 A simple source-free RLC circuit with 
g (B1 cos 20,0001 + By sin 20,0001) energy stored in both the inductor and the capacitor at 
Since we know that i(0) = 2 mA, we may substitute this value into f= 


our equation for i (t) to obtain 
and thus 


i(t) = e '"' (0.002 cos 20,000r + B> sin 20,0001) A 


(Continued on next page) 
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The remaining initial condition must be applied to the derivative; 
thus, 
li l 
= = e` 00—40 sin 20,0007 + 20,0008: cos 20,0001 
di 


— 2 cos 20,0007 — 10008- sin 20,0007) 








and 
di | 'z (0) 
“20,0008, — 2 = ZE 
dt |, OL 
E ve (QO) — Ri(Q) 
7 L 
2 — 2000(0.002 
- A = -2 A/s 
so that 


Bs = 0 


The desired response is therefore 
i(t) = 2e7'™" cos 20,0007 mA 


A good sketch may be made by first drawing in the two portions of 
the exponential envelope, 2e7 °% and —2e7! mA, as shown by the 
broken lines in Fig. 9.23. The location of the quarter-cycle points of the 
sinusoidal wave at 20,0007 = 0. 7/2. 7, etc., or t = 0.07854k ms, 

k =0,1,2...., by light marks on the time axis then permits the oscilla- 
tory curve to be sketched in quickly. 


rr) (mA) 


t (ms) 





@ FIGURE 9.23 The current response in an underdamped series RLC circuit 
for which œ = 100057! a» = 20,000 57! (0) = 2 mA, and vc(0) = 2 V. 
The graphical construction is simplified by drawing in the envelope, shown as 
a part of broken lines. 


The settling time can be determined easily here by using the upper 
portion of the envelope. That is, we set 2e~!* mA equal to 1 percent 
of its maximum value. 2 mA. Thus, e7!0° = 0.01, and t, = 4.61 ms is 
the approximate value that is usually used. 
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PRACTICE 


9.7 With reference to the circuit shown in Fig. 9.24, find (a) a; (b) wo; 
(c) i(0*); (d) di/dt|,=o+; (e) i(12 ms). 





100 Q 


0.5 H u(—t) A 





@ FIGURE 9.24 


Ans: 100 s~!: 224 rad/s: 1 A; 0; —0.1204 A. 


As a final example, we pause to consider situations where the circuit in- 
cludes a dependent source. If no controlling current or voltage associated with 
the dependent source is of interest, we may simply find the Thévenin equiva- 
lent connected to the inductor and capacitor. Otherwise, we are likely faced 
with having to write an appropriate integrodifferential equation, take the indi- 
cated derivative, and solve the resulting differential equation as best we can. 





EXAMPLE 9.8 


Find an expression for vc(¢) in the circuit of Fig. 9.25a, valid for 
t> 0. 





(a) 


(b) 


@ FIGURE 9.25 (a) An RLC circuit containing a dependent source. 
(b) Circuit for finding Reg. 


As we are interested only in u¢(t), it is perfectly acceptable to begin by 
finding the Thévenin equivalent resistance connected in series with the 


(Continued on next page) 
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inductor and capacitor at tf = O07. We do this by connecting a 1 A source 
as shown in Fig. 9.255. from which we deduce that 


Ven = IE 3i = 81 = BCL) HBV. 


Thus, Reg = 8 Q, so œ = R/2L =0.8 8"! and wy = I/V LC = 
10 rad/s, meaning that we expect an underdamped response with 
Wy = 9.968 rad/s and the form: 


velt) = e ®™ (B; cos 9.9681 + Bz sin 9.9687) [32] 


In considering the circuit at tf = O~. we note that 7; (07) = O due to 
the presence of the capacitor. By Ohm's law, (07) = 5 A, so 


rc(O") = ve (0°) = 10 — 3i = 10 — 15 = —5 V 
This last condition substituted into Eq. [32] yields B; = —5 V. Taking 
the derivative of Eq. [32] and evaluating at r = 0 yields 


= —0.88, + 9.9688- = 4 + 9.968 B, [33} 


We see from Fig. 9.25a that 


dve 
dt 


i= 
Thus, making use of the fact that i(0T) = iz (07) = 0 in Eq. [33] yields 
Bx = —0.4013 V., and we may write 
velt) = —e™®" (5 cos 9.9687 + 0.4013 sin 9.9681) V, 1 > 0 


The PSpice simulation of this circuit, shown in Fig. 9.26, confirms 
our analysis. 











c 5 6 T ¥ t TC T _ 4 TT 1 T TT t fot . i 
a , 
a $ 4 
c ` 
i ; 5 | 
t i $ TE 
f 4 :Y 
o } 4 i 3 4 et 4 
r £ H 4 7 4 cn’ a ie i 
; : i j H K 5 A, ra Oa gag tt a nen ec am e e y 
U f 5 i A f pS ; ra Saye” i 
rg 
o i 
1 i 
t : 
a 3 $ 
g 
e 
-5. E O S S O A C A EE E CEN ON E C O po ft. a 
gs 1.85 2.05 3.05s 4. 0s 5.05 6.85 


U(C1:4)- Y(E1:2) 
-exp(-@.8*Time}*(S*cos(¥.968* line) + 6.4619 "sin 968 Time }) 
Time 
M FIGURE 9.26 PSpice simulation of the circuit shown in Fig. 9.250. The analytical result is plotted 
using a dashed red line. 
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9.8 Find an expression for i(t) in the circuit of Fig. 9.27, valid for 

t > 0, if vc (07) = 10 V andi; (07) = 0. Note that although it is not 
helpful to apply Thévenin techniques in this instance, the action of the 
dependent source links uc and i; such that a first-order linear 
differential equation results. 





@ FIGURE 9.27 Circuit for Practice Problem 9.8. 


Ans: iz (t) = —30e7 A, t > 0. 


9.6 THE COMPLETE RESPONSE OF THE RLC CIRCUIT 


We now consider those RLC circuits in which dc sources are switched into the 
network and produce forced responses that do not necessarily vanish as time 
becomes infinite. The general solution is obtained by the same procedure that 
was followed for RL and RC circuits: the forced response is determined com- 
pletely; the natural response is obtained as a suitable functional form con- 
taining the appropriate number of arbitrary constants, the complete response 
is written as the sum of the forced and the natural responses; and the initial 
conditions are then determined and applied to the complete response to find 
the values of the constants. It is this last step which is quite frequently the 
most troublesome to students. Consequently, although the determination of 
the initial conditions is basically no different for a circuit containing dc 
sources from what it is for the source-free circuits that we have already cov- 
ered in some detail, this topic will receive particular emphasis in the exam- 
pies that follow. 

Most of the confusion in determining and applying the initial conditions 
arises for the simple reason that we do not have a rigorous set of rules laid 
down for us to follow. At some point in each analysis, a situation usually 
arises in which some thinking is involved that is more or less unique to that 
particular problem. This is almost always the source of the difficulty. 


The Easy Part 


The complete response (arbitrarily assumed to be a voltage response) of a 
second-order system consists of a forced response, 


Uf (t) = Vy 
which is a constant for dc excitation, and a natural response, 


vnlt) = Ae + Be” 
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Thus. 


vi t) II Vy + Ae } Be! 


We assume that s;. s2, and V; have already been determined from the cir- 
cuit and the given forcing functions; A and B remain to be found. The last 
equation shows the functional interdependence of A. B, v, and ¢, and substitu- 
tion of the known value of vatz = O° thus provides us with a single equation 
relating A and B. v(0") = V; + A + B. This is the easy part. 


The Other Part 
Another relationship between A and B is necessary, unfortunately, and this ts 
normally obtained by taking the derivative of the response, 

at = 0+ s,4e! + 59 Be 

dt 
and inserting the known value of dv/dt att = O*. We thus have two equa- 
tions relating A and 8, and these may be solved simultaneously to evaluate 
the two constants. 

The only remaining problem ts that of determining the values of v and 
dv/dt at t = 0%. Let us suppose that v is a capacitor voltage, ve. Since 
ic = Cdve/dt, we should recognize the relationship between the initial 
value of dv/dt and the initial value of some capacitor current. If we can es- 
tablish a value for this initial capacitor current, then we will automatically es- 
tablish the value of dv/dt. Students are usually able to get v(OT) very easily, 
but are inclined to stumble a bit in finding the initial value of dv/dt. If we had 
selected an inductor current i; as our response, then the initial value of di, /dt 
would be intimately related to the initial value of some inductor voltage. Vari- 
ables other than capacitor voltages and inductor currents are determined by 
expressing their initial values and the initial values of their derivatives in 
terms of the corresponding values for ve and iz. 

We will illustrate the procedure and find all these values by the careful 
analysis of the circuit shown in Fig. 9.28. To simplify the analysis, an unreal- 
istically large capacitance is used again. 





(a} (b) 





E FIGURE 9.28 (2) An RLC arcuit that 1s used to illustrate several procedures by which the initial 
conditions may be obtained. The desired response 1s nominally taken to be vd”), (b) t = 07, (Q t > 0. 


SECTION 9.6 THE COMPLETE RESPONSE OF THE RLC CIRCUIT wr) 


EXAMPLE 9.9 


There are three passive elements in the circuit shown in Fig. 9.28a, 
and a voltage and a current are defined for each. Find the values of 
these six quantities at both ¢ = 07 and ¢ = 0*. 


Our object is to find the value of each current and voltage at both 

t = O~ andr = 0°. Once these quantities are known, the initial values 
of the derivatives may be found easily. We will employ a logical step- 
by-step method first. 


1. ¢=0- Att =O , only the right-hand current source is active as 
depicted in Fig. 9.285. The circuit is assumed to have been in this state 
forever, so all currents and voltages are constant. Thus, a dc current 
through the inductor requires zero voltage across it: 


vj, (0 )=0 


and a de voltage across the capacitor (—vpg ) requires zero current 
through it: 


ic(0) =0 
We next apply Kirchhoff’s current law to the right-hand node to obtain 
ign(O)=-—SA 
which also yields 
vr(0~ ) = —150 V 


We may now use Kirchhoff’s voltage law around the left-hand mesh, 


finding 
vel(0 ) = 150 V 
while KCL enables us to find the inductor current, 
OVEJA 


2. t = 0+ During the interval from t = 07 tot = 0°, the left-hand 
current source becomes active and many of the voltage and current 
values att = 0” will change abruptly. The corresponding circuit is 
shown in Fig. 9.28c. However, we should begin by focusing our 
attention on those quantities which cannot change, namely, the 
inductor current and the capacitor voltage. Both of these must remain 
constant during the switching interval. Thus, 


in(O°)=5A and vc(0*) = 150 V 
Since two currents are now known at the left node, we next obtain 
irg(OT) = —1 A and vr(0*) = —30 V 
so that 
ic(*)=4A and v,(0T)=120V 


and we have our six initial values at t = O~ and six more at t = 0°. 
Among these last six values, only the capacitor voltage and the inductor 
current are unchanged from the t = 07 values. 
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We could have employed a slightly different method to evaluate these 
currents and voltages at f= 0 and 4 =0*. Prior to the switching 
operation, only direct currents and voltages exist m the circuit. The inductor 
may therefore be replaced by a short circuit. its de equivalent. while the ca- 
pacitor is replaced by an open circuit. Redrawn in this manner, the circuit 
of Fig. 9.284 appears as shown in Fig. 9.294. Only the current source at the 
right is active. and tts 5 A flow through the resistor and the inductor. We 
therefore have rr(O) = -S A and ve(O >) = —150 Vir; (0 ) = 5 A and 
v (O07) == D. and 7, (07) == O and vo (O07) = 150 V. as before. 


OA 





(h) 


@ FIGURE 9.29 (2) Asimple circuit equivalent to the arcurt of Fig. 9.280 fort = 0 . (b) Equivalerit 
circuit with labeled voltages and currents valid at the instant defined by ¢ = 0°. 


We now turn to the problem of drawing an equivalent circuit that will 
assist us in determining the several voltages and currents at t = 0°. Each 
capacttor voltage and each inductor current must remain constant during 
the switching interval. These conditions are ensured by replacing the induc- 
tor with a current source and the capacitor with a voltage source. Each 
source serves to maintain a constant response during the discontinuity. The 
equivalent circuit of Fig. 9.294 results. It should be noted that the circuit 
shown in Fig. 9.29b is valid only for the interval between O~ and 0*. 

The voltages and currents at f = O% are obtained by analyzing this dc 
circuit. The solution is not difficult. but the relatively large number of 
sources present in the network does produce a somewhat strange sight. 
However, problems of this type were solved in Chap. 3. and nothing new is 
involved. Attacking the currents first, we begin at the upper left node and 
see that ip(Q") = 4 -5 = —1 A. Moving to the upper right node, we find 
that i- (07) = ~t+5=4A. And. of course. i, (07) = 5 A. 

Next we consider the voltages. Using Ohm’s law, we see that ve(Q*) = 
30(—1) = —30 V. For the inductor, KVL gives us v; (07) = —30 + 150 = 
120 V. Finally. including v-(Q*) = 150 V, we have all the values at / == 0" 





\ 
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PRACTICE 


9.9 Let i; = 10u(—t) — 20u (t) Ain Fig. 9.30. Find (a) iz (07); 
(b) vc (OT); (c) vr (0+); (d) in (ac); (e) iL (0.1 ms). 








E FIGURE 9.30 


Ans: 10 A; 200 V; 200 V; —20 A; 2.07 A. 


EXAMPLE 9.10 


Complete the determination of the initial conditions in the circuit 
of Fig. 9.28, repeated in Fig. 9.31, by finding values at t = 0* for the 
first derivatives of the three voltage and three current variables 
defined on the circuit diagram. 








@ FIGURE 9.31 Circuit of Fig. 9.28, repeated for Example 9.10. 


We begin with the two energy-storage elements. For the inductor, 














di, 
vp = L— 
i dt 
and, specifically, 
di 
vL (0+) = L— 
d t=0* 
Thus, 
d Or 120 
| aa ea 
dt bagi L 3 
Similarly, 
lv g” 4 
— 2 = 108 V/s 
dt |o C 1/27 





(Continued on next page) 
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The other four derivatives may be determined by realizing that KCL 
and KVL are both satisfied by the derivatives also. For example, at the 
left-hand node in Fig. 9.31, 


å — i; — iR =0, t>0 











and thus. 
i di 
_ Sth O URLo t>0 
dt dt 
and therefore, 
di 
Ok) 40 Als 
dt | y 
The three remaining initial values of the derivatives are found to be 
/ 
CUR) = _1200 V/s 
dt |o 
dv 
TLI = 1092 V/s 
dt | o 
and 
dig 
— —40 A/s 
di f=07 





Before leaving this problem of the determination of the necessary initial 
values, it should be pointed out that at least one other powerful method of 
determining them has been omitted: we could have written general nodal or 
loop equations for the original circuit. Then, the substitution of the known 
zero values of inductor voltage and capacitor current at t = 07 would un- 
cover several other response values at f = O~ and enable the remainder to be 
found easily. A similar analysis at £ = 0* must then be made. This is an im- 
portant method, and it becomes a necessary one in more complicated cir- 
cuits which cannot be analyzed by our simpler step-by-step procedures. 

Now let us briefly complete the determination of the response uc (f) for 
the original circuit of Fig. 9.31. With both sources dead, the circuit appears as 
a series RLC circuit and s; and sz are easily found to be —1 and —9, respec- 
tively. The forced response may be found by inspection or, if necessary, by 
drawing the dc equivalent, which is similar to Fig. 9.29a, with the addition of 
a 4 A current source. The forced response is 150 V. Thus, 


vc(t) = 150+ Ae’ + Be! 


and 
vc (OT) = 150 = 150+ A+B 
or 
A+B=0 
Then, 
ave = ~Ae! -9Be~” 


dt 
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and 
ae a = 108 = —A — 9B 
Finally, 
A= 13.5 B = —13.5 
and 


vct(t) = 150 + 13.5(e ~" —e™)V 


A Quick Summary of the Solution Process 


In summary then, whenever we wish to determine the transient behavior of a 
simple three-element RLC circuit, we must first decide whether we are con- 
fronted with a series or a parallel circuit, so that we may use the correct rela- 
tionship for a. The two equations are: 


l 
= — IR 
a = SRE (parallel RLC) 
R (series RLC) 
1) = > 
N ries 


Our second decision is made after comparing @ with wp, which is given for ei- 
ther circuit by 


l 
w = -F 
VLC 


If æ > wp, the circuit is overdamped, and the natural response has the form: 


fat) = Aye + Ae 


532 = —at Ja? — wf 


If æ = wo, then the circuit is critically damped and 
falt) =e (Ait + Ad) 
And finally, ifa@ < wo, then we are faced with the underdamped response, 


where 


falt) = e~ (A; COS wat + Az Sin wat) 
where 


wa = wE — a 
Our last decision depends on the independent sources. If there are none 
acting in the circuit after the switching or discontinuity is completed, then 
the circuit is source-free and the natural response accounts for the complete 
response. If independent sources are still present, then the circuit is driven 
and a forced response must be determined. The complete response is then 
the sum 


FO = fD H AW 








nh 
iit 
jii 

VARI | 
|} 
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(PRACTICAL APPLICATION = 


Modeling Automotive Suspension Systems 


In the introductory paragraph, we alluded to the fact that 
the concepts investigated in this chapter actually extend 
beyond the analysis of electric circuits. In fact, the gen- 
eral form of the differential equations we have been 
working with appear in many fields—we need only learn 
how to “translate” new parameter terminology. For ex- 
ample, consider a simple automotive suspension, as 
shown in Fig. 9.32. The piston is not attached to the 
cylinder, but is attached to both the spring and the wheel. 
The moving parts therefore are the spring, the piston, 
and the wheel. 

We will model this physical system by first determin- 
ing the forces in play. Defining a position function p(t) 
which describes where the piston lies within the cylin- 
der, we may write Fs, the force on the spring, as 


Fs = K p(t) 
where K is known as the spring constant and has units of 


lb/ft. The force on the wheel Fw is equal to the mass of 
the wheel times its acceleration, or 


d* p(t) 

dt? 
where m is measured in lb - s?/ft. Last but not least is the 
force of friction Fy acting on the piston 


dp(t) 


Fw = m 





Pr = puf 


dt 





@ FIGURE 9.32 Typical automotive suspension system. 
© Transtock Inc/Alamy 


where up is the coefficient of friction, with units of 
lb - s/ft. 

From our basic physics courses we know that all 
forces acting in our system must sum to zero, so that 


PY) Koay =0 BA] 
dt Pr = ` 


d?’ p(t) 


m 
dt? 








+ py 


This equation most likely had the potential to give us 
nightmares at one point in our academic career, but no 
longer. We compare Eq. [32] to Eqs. [30] and [31] and 
immediately see a distinct resemblance, at least in the 
general form. Choosing Eq. [30], the differential equa- 
tion describing the inductor current of a series-connected 
RLC circuit, we observe the following correspondences: 


Mass m  — inductance L 

Coefficient of friction yy, — resistance R 

Spring constant K — inverseofthe C7 
capacitance 


Position variable p(t) — current variable i(t) 


So, if we are willing to talk about feet instead of am- 
peres, Ib - s”/ft instead of H, ft/lb instead of F, and Ib - s/ft 
instead of Q, we can apply our newly found skills at 
modeling RLC circuits to the task of evaluating automo- 
tive shock absorbers. 

Take a typical car wheel of 70 Ib. The mass is found 
by dividing the weight by the earth’s gravitational accel- 
eration (32.17 ft/s), resulting in m = 2.176 lb - s*/ft. The 
curb weight of our car is 1985 Ib, and the static displace- 
ment of the spring is 4 inches (no passengers). The 
spring constant is obtained by dividing the weight on 
each shock absorber by the static displacement, so that 
we have K = (4)(1985)(3 ft!) = 1489 lb/ft. We are 
also told that the coefficient of friction for our 
piston/cylinder assembly is 65 lb - s/ft. Thus, we can 
simulate our shock absorber by modeling it with a series 
RLC circuit having R=65Q2, L = 2.176 H, and 
C =K- = 611.6 pF. 

The resonant frequency of our shock absorber is 
wp = (LC)~'/? = 26.16 rad/s, and the damping coeffi- 
cientisæ = R/2L = 14.94 s~!. Since æ < wọ, our shock 
absorber represents an underdamped system; this means 
that we expect a bounce or two after we run over a pot- 
hole. A stiffer shock (larger coefficient of friction, or a 
larger resistance in our circuit model) is typically desir- 
able when curves are taken at high speeds—at some 
point this corresponds to an overdamped response. How- 
ever, if most of our driving is over unpaved roads, a 
slightly underdamped response is preferable. 
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This is applicable to any current or voltage in the circuit. Our final step is to 
solve for unknown constants given the initial conditions. 


“PRACTICE 


nents nine ern A RL I 


9.10 Letv, = 10+ 20u(r) V in the circuit of Fig. 9.33. Find (a) iz (0): 
(b) vc (0); (c) th. ps (D1, (0.1 s). 


Ans: 0.2 A: 10 V; 0.6 A; 0.319 A. 


9.7 THE LOSSLESS LC CIRCUIT 


If the value of the resistance in a parallel RLC circuit becomes infinite. or zero 
in the case of a series RLC circuit, we have a simple LC loop in which an os- 
cillatory response can be maintained forever. Let us look briefly at an exam- 
ple of such a circuit, and then discuss another means of obtaining an identical 
response without the need of supplying any inductance. 

Consider the source-free circuit of Fig. 9.34, in which the large values 
L =4HandC = z F are used so that the calculations will be simple. We let 
i(0) = —¿ A and v(0) = 0. We find thata = Oand w5 = 9 s~*. so that wy = 
3 rad/s. In the absence of exponential damping, the voltage v is simply 





v= Acos3t+ Bsin3t 


Since v(0) = 0, we see that A = 0. Next, 





doj _ yp 4) 
dt | o 1/36 
Buti (0) = -} amperes, and therefore dv/dt = 6 V/s att = 0. We must have 
B = 2 V and so 
v = 2sin3t V 


which is an undamped sinusoidal response; in other words, our voltage re- 
sponse does not decay. 

Now let us see how we might obtain this voltage without using an LC cir- 
cuit. Our intentions are to write the differential equation that v satisfies and 
then to develop a configuration of op amps that will yield the solution of the 
equation. Although we are working with a specific example, the technique is 
a general one that can be used to solve any linear homogeneous differential 
equation. 

For the LC circuit of Fig. 9.34, we select v as our variable and set the sum 
of the downward inductor and capacitor currents equal to zero: 


Ifo, bod dv 
-~ | vd'~=-+—-~-=0 
4 Jr, | 


Differentiating once, we have 





ty + 1 dv = 0 
4 36 dt? 
or 
dv 
= —9v 





15.625 H 







SOQ « 





@ FIGURE 9.33 





M FIGURE 9.34 This circuit is lossless, and it provides 
the undamped response y = 2 sin 4t V, if vio) = 0 
and i(Q) = —}A. 
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@ FIGURE 9.35 The inverting operational amplifier 
provides à gain v,/v, = —R./R;, assuming an ideal 
op amp. 
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In order to solve this equation. we plan to make use of the operational 
amplifier as an integrator. We assume that the highest-order derivative ap- 
pearing in the differential equation here, d-v/dt-, is available in our config- 
uration of op amps at an arbitrary point A. We now make use of the integrator, 
with RC = 1. as discussed in Sec. 7.5. The input is d7v/dr-, and the output 
must be ~du/dt, where the sign change results from using an inverting op- 
amp configuration for the integrator. The initial value of dv/dt is 6 V/s, as we 
showed when we first analyzed the circuit, and thus an initial value of —6 V 
must be set in the integrator. The negative of the first derivative now forms the 
input to a second integrator. Its output is therefore u(r). and the initial value is 
v(Q) = 0. Now it only remains to multiply v by —9 10 obtain the second de- 
rivative we assumed at point A. This is amplification by 9 with a sign change, 
and it is easily accomplished by using the op amp as an inverting amplifier. 

Figure 9.35 shows the circuit of an inverting amplifier. For an ideal op 
amp. both the input current and the input voltage are zero, Thus, the current 
going “east” through Ri is v,/Rı. while that traveling west through Ky is 
vu / Ry. Since their sum is zero, we have 


Uy R, 


Thus, we can design for a gain of —9 by setting Ry = 90kQand R; = 10kKQ, 
for example. 
It we let R be 1 MQ and C be | uF in each of the integrators. then 


I 
t = — | v, dt +1,(0) 
vO 
in each case. The output of the inverting amplifier now forms the assumed in- 
put at point A, leading to the configuration of op amps shown in Fig. 9.36. If 
the left switch is closed at f = 0 while the two initial-condition switches are 
opened at the same time, the output of the second integrator will be the un- 
damped sine wave v = 2 sin 37 V. 


p=0 &vy 
| 


| uF 


r=0 | uF 


+ IMQ 
“4 I MQ 
dp 
| a _ dv ts gin br 





ij 


-a 


10 kQ 


@ FIGURE 9.36 Two integrators and an inverting amplifier are connected to provide the solution 
of the differential equation d*v/dt? = --9 v. 





SUMMARY AND REVIEW 


Note that both the LC circuit of Fig. 9.34 and the op-amp circuit of 
Fig. 9.36 have the same output, but the op-amp circuit does not contain a sin- 
gle inductor. It simply acts as though it contained an inductor, providing the 
appropriate sinusoidal voltage between its output terminal and ground. This 
can be a considerable practical or economic advantage in circuit design, as in- 
ductors are typically bulky, more costly than capacitors, and have more 
losses associated with them (and therefore are not as well approximated by 
the “ideal’’ mode]). 


_PRACTICE 


9.11 Give new values for Ry and the two initial voltages in the circuit 
of Fig. 9.36 if the output represents the voltage v(t) in the circuit of 
Fig. 9.37. 





u(t) 





R FIGURE 9.37 


Ans: 250 kQ: 400 V; 10 V. 


SUMMARY AND REVIEW 


Q Circuits that contain two energy storage devices that cannot be com- 
bined using series/parallel combination techniques are described by a 
second-order differential equation. 


ü Series and paralle! RLC circuits fall into one of three categories, depend- 
ing on the relative values of R, L, and C: 


Overdamped (a > wo) 
Critically damped (a = œ) 
Underdamped (œ < wp) 


a For series RLC circuits, œ = R/2L and œw = I/V LC. 

Q For parallel RLC circuits, œ = 1/2RC and œw = 1/ VLC. 

a The typical form of an overdamped response is the sum of two exponen- 
tial terms, one of which decays more quickly than the other: e.g., 
Aye + Ase. 

Q The typical form of a critically damped response is e~% (At + A2). 


Q The typical form of an underdamped response is an exponentially 
damped sinusoid: e7% (B; cos wat + B2 sin wat). 





@ FIGURE 9.38 
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_ During the transient response of an ALC circuit, energy ts transferred Dv- 
tween energy storage clements to the extent allowed by the resistive 
component of the circuit, which acts to dissipate the energy initially 
stored. 

a The complete response is the sum of the forced and natural responses. In 
this case the total response must be determined before solving for the 
constants, 


READING FURTHER _ 


An excellent discussion of employing PSpice in the modeling of automotive 
suspension systems can be found in 








R.W. Goody. MicroSim PSpice for Windows, vol 1 2" ed. Englewood 
Clitts. N.J.: Prentice-Hall. 199%, 

Many detailed descriptions of analogous networks can be found tn Chap. 3 of 
E. Weber. Linear Transient Analysis Volume L New York: Wiley. 1954. 
(Out of print. but in many untyersity libraries.) 








L. A certain circuit is constructed with four elements im parallel: a 4 Q resistor, 
a 10 92 resister a | ge capacitor, and a 2 mH inductor. (a) Compute @. 

(6) Compute cop. te) Is the circun underdamped, critically damped. or 
overdamped? Explain. 

2. A parallel RLC circuit is constructed with a 2 H inductor and a | pF 
capacitor. What value of resistance should be added tn parallel to ensure 
(a) an underdamped response: (b) a critically damped response? 

3. Asource-free REC circuit has R = | Q.C= i nF and L = I pH. 

(a) Calculate a and wy. (9) Calculate s; and s+. (0) What is the form of the 
inductor current response for z > 0? 

4. A 22 aF capacitance is connected in parallel with a 1 fH inductance. What 
value of resistance connected in parallel will lead to (a) an underdamped 
response: (b) a critically damped response; (c) an overdamped response? 

5. A source-free parallel RLC circuit contains an inductor for which the product 
ew L is 10 Q. Ifs; = -6 s7! and ss = —& si, find R. L. and C. 


6. The capacitor current in the circuit of Fig. 9.38 is i¢ = 4007!" — 30e 70™ 
mA. If C = | mF and t( = —0.5 V, find (a) vah (by ie) CE) 11), 

7. A parallel XLC circuit ts tound to have a natural resonant frequency of 
wo = 70.71 x 10% rad/s. It is known that the inductance L = 2? pH. 

(a) Compute C: (b) determine the value of resistance R that will lead to an 
exponential damping coefficient of 5 Gs~!: (c) determine the neper frequency 
of the circuit: (d) compute sı and sx: (e) calculate the damping ratio of the 
circuit. 

8. Show that if L = 4R°C. the equation u(t) =e (Ayt + A>) is a solution to 
Eq. [4] IE c = 16 V and dv/dti,—9 = 4. find A, and A>. 

9. A 5 m length of 18 AWG solid copper wire ts substituted for the resistor in 
Practice Problem 9.1. (a) Compute the resonant frequency of the new circuit, 
(b) Compute the new neper frequency of the circuit. (©) Calculate the percent 
change in the damping rato. 





EXERCISES 


9.2 The Overdamped Parallel RLC Circuit 


10. In the circuit of Fig. 9.39, let L = 5 H, R = 8 Q, C = 12.5 mF. and v(0*) = 
40 V. Find (a) v(t) if (007) = 8 A; (b) i(t) if ic (OT) = 8A. 


Il. In the circuit of Fig. 9.39, L = 1 mH and C = 100 aF. (a) Choose R = 0.1 Re. 
where Rç is the value required to achieve critical damping. (b) Tf (07) = 4 A 
and v(O~) = 10 V., find i(2) for t > 0. 

. The circuit shown schematically in Fig. 9.39 is constructed using R = 20 mQ, = FIGURE 9.39 
C = 50 mF, and L = 2 mH. (a) Find an expression for g(t) valid for t > O 
if v(O*) = 0 and (07 ) = 2 mA. (b) Sketch your solution over the range of 
0 < ¢ < 500 ms. (c) Simulate the circuit using PSpice. Submit a properly 
labeled schematic with your plot. Does the simulation agree with your 
analytical result? 

13. With reference to the circuit of Fig. 9.39, let ((0) = 40 A and v(O) = 40 V. If 

L = 12.5 mH, R = 0,1 $2, and C = 0.2 F: (a) find v(t), and (b) sketch ï for 
O<1<O03s. 


14. The values R = 15 uQ. C = 50 uF, and L = 2 uH are used in the circuit of 
Fig. 9.39, (a) Find an expression for ic(t) valid for z > 0 if v(0*) = 2 and 
i(0~) = 0. (b) Sketch your solution over the range of 0 < t < 5 ns. (c) Simu- 
late the circuit using PSpice. Submit a properly labeled schematic with your 
plot. Does the simulation agree with your analytical result? 


15. For the circuit of Fig. 9.39, R = 1 Q, C= 4 F. and L = 20H. The initial con- 
ditions are (0) = 8 A and v(0) = 0. (a) Find an expression for v(t), t > 0. 
(b) Determine the peak value and the time at which it occurs. (c) Verify your 
analysis with a PSpice simulation. Be sure to submit a properly labeled 
schematic with your plot. 









16. Obtain an expression for i; (f) in the circuit of Fig. 9.40 that is valid for all 7. 
17. Find i, (t) fort > O in the circuit shown in Fig. 9.41. @ FIGURE 9.40 


2 mF 





E FIGURE 9.41 


18. The circuit of Fig. 9.42 has been in the condition shown for a long time. After 
the switch closes at £ = 0, find (a) v(t); (b) i(t); (c) the settling time for v(t). 


IOH ji) 









E FIGURE 9.42 


19. For the circuit of Fig. 9.42, the value of the inductance is 1250 mH. Determine 
v(t) if it is known that the capacitor initially stores 390 J of energy and the 


inductor initially stores zero energy. 620 


20. Referring to the circuit of Fig. 9.43. (a) what value of L wiil result in a transient 
response of the form v = Ae~! + Be~®? (b) Find A and B if ig(0*) = 10A 
and ic (0t) = 15 A. E FIGURE 9.43 
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2l. 


+ 


Pony 


The switch in the circuit of Fig. 9.44 has been open since Alaska achieved 
statehood. Determine ta) vet bs (bie (O07 1s Ce) ve Ot). id} Sketch ve (tf). 
(e) Determine ¢ when vet) = 0. (70 Fund the settling time. 


r=0 


July A 





#@ FIGURE 9.44 


The switch in Fig, 9.45 was closed by the last crew aboard Mir before (at 

t = (it returned to earth, (a) Find 74(0 3). (6) Find 7.4(07 ). (c) Find uc (00). 
uD Find the equivalent resistance in parallel with L and C for? > 0. 

te) Find ilh. 


x 4444H 





E FIGURE 9.45 


. Two dimes are separated by a | mm-thick layer of ice at a temperature of 80 K 


A coil of superconducting (and hence zero resistance) yttrium barium copper 
oxide wire having an inductance of 4 uH is carelessly blown off a nearby lab 
bench, falling so that each end is in contact with a different dime. The ice con- 
tains ionic impurities which cause it to be conducting. What resistance is needed 
tor this bizarre structure to behave as an overdamped paralle! RLC circuit? 


9.3 Critical Damping 


24. 





A parallel RLC circuit is constructed using a | mH inductor and a 12 uF 
capacitor. (a) Select R such that the circuit response is critically damped. (b) If 
vc(07) = 12 V and i; (07) = 0, find an expression for ve (t) valid for t > Q. 


. A parallel RLC circuit is constructed using a 10 nH inductor and a 1 mF capac- 


itor. (a) Select R such that the circuit response is critically damped. (b) If 

vc (O°) = 0 V andi; (07) = 10 V. find an expression for i (H valid for t > 0. 
(d) Sketch your solution, and verify with a PSpice simulation. Include a prop- 
erly labeled schematic with your plot. Do the two solutions agree? 


. Explain why it is unlikely one would encounter a circuit exhibiting a critically 


damped response 1n practice. 


. Change the inductance value in the circuit of Fig. 9.41 until the circuit is criti- 


cally damped. (a) What is the new inductance? (b) Find 7; att = 5 ms. (c) Find 
the settling time. 


. (a) What new value of resistance should be used in the circuit of Fig. 9.40 to 


achieve critical damping? (6) Using this value of resistance, find vc (r) for? > 0. 


29. In the situation described in Exer. 23, what value of resistance must the ice 


have to result in a eritically damped RLC circuit? 


In the circuit of Fig. 9.39. let n0) = —400 V and 7(Q) = 0.1 A. If L = 5 mH, 


C = 10 nF, and the circuit ts critically damped: (a) find R; (b) find Hj max: 
(c) find imax. 
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31. A parallel RLC circuit has æ = 1 ms™!, R = 1 MQ., and is known to be 
critically damped. Assume the value of the inductor can be computed using the 
expression L = u N7A/s where u = 4a x 10-7 H/m. N = the number of 
complete turns of the coil, A = the cross-sectional area of the coil. and s = the 
axial length of the entire coil. The cross section of the inductor is | cm’, there 
are 50 turns of wire per cm, and the coil is fabricated from a newly discovered 
element gluonium, which is superconducting up to temperatures of 100°F. How 
long is the coil? 


9.4 The Underdamped Parallel RLC Circuit 


32. For the circuit shown in Fig. 9.46, find (a) ip (07): (b) ve (O*): (O diz fdtha0-: 
(d) duc /dt\|,.0: ite) vc (t). (f) Sketch ve (t), -O.1 < t < 25. 





E FIGURE 9.46 


33. Find ic (1) fort > Q in the circuit shown in Fig. 9.47. 





E FIGURE 9.47 


34. Let wy = 6 rad/s in the circuit of Fig. 9.48. (a) Find L. (b) Obtain an expres- 
sion for i; (t) valid for all t. (c) Sketch 7; (1), —0.1 < t < 0.65. 


0.01 F 





@ FIGURE 9.48 


35. After being open for a long time, the switch in the circuit of Fig. 9.49 is closed 
att = Q. Fort > 0, find (a) vc (t); (b) isw(t). 


1.6H 





E FIGURE 9.49 
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36. (a) Find viz) fort > O for the circuit shown in Fig. 9.50. (b) Make a quick 
sketch of u(t) over the time interval 0 < 7 < O.I s. 


Hi- MA 1Ou(-1) V 








@ FIGURE 9.50 


37. Find (0) fori > Q in the cireunt of Fig, 9.51. 


, OKO 


Hu H V OkO 





@ FIGURE 9.51 





8. What minimum value of resistance should replace the 25 Q resistor in the cir- 
cuit of Fig. 9.44 if an underdamped response v(t) is desired? Multiply your 
specified resistance by 1000 and piot the response. Use PSpice to determine 
the settling time. and include a properly labeled schematic with your piot. 


39. Determine the value of R for the underdamped circuit of Fig. 9.14 [L = 7 H, 
C = 5 F.7(0) = 10 A, v(O) = 0j that will lead to a minimum value of the set- 
tling time f,. What is the value of t,? 

LJ} 40. (a) Replace the 2 Q resistor of Fig. 9.46 with a 5 Q resistor. Obtain an expres- 
sion for 7; (z) and solve for t = 2.5 s. (b) Replace the 2 Q resistor of Fig. 9.46 
with a 0.5 Q resistor. Obtain an expression for i; (t) and solve for t = 250 ms. 
(c) Simulate the circuits of parts (a) and (b). and plot the inductor current of 
each circuit on the same graph. Submit both the piot and a suitably labeled 
schematic. 





. (a) Model the circuit of Fig. 9.46 using PSpice. Instead of a 4u(—r) A current 
source, obtain an equivalent source-free circuit by specifying the appropriate 
initial conditions for the inductor and capacitor. Submit a properly labeled 
schematic. (b) Plot the current i; (t) using Probe, and compare to the solution 
obtained by hand. Use Probe to determine the settling time. 


9.5 The Source-Free Series RLC Circuit 
42. Find vc, vg. and v; att = 40 ms in the circuit shown in Fig. 9.52. 
43. Find i; (1) fort > Q in the circuit of Fig. 9.53. 





SOu(- D V 





@ FIGURE 9.52 1Out-1) A 





@ FIGURE 9.53 











EXERCISES 


44. In the circuit of Fig. 9.21a, let R = 300 Q and C = | uF with the circuit 
critically damped. If vc (0) = —10 V and i (0) = ~— 150 mA, find (a) vc (t); 
(b) |ve | max: (C) Ve max- 


45. Write the dual of Exer. 16, including the dual of the circuit shown in Fig. 9.40. 
Solve the dual problem. 


46. (a) Find i; (f) for ¢ > Q in the circuit shown in Fig. 9.54. (b) Find |72 imax and 


EL max» 


Su(—t) A 





@ FIGURE 9.54 


47. For the circuit of Fig. 9.55, ¢ > 0, find (a) i, (t); (b) uc). 


50 Q2 200 Q 





@ FIGURE 9.55 


48. Determine the energy stored in the inductor of Fig. 9.56 at = 2 s. Verify your 
answer with PSpice. 


49. The switch in Fig. 9.57 has been closed an interminably jong time. Determine 


the peak magnitude of the voltage that develops across the 500 mH inductor, 
and verify your answer with PSpice. 


1=0 
10 uF 
LA 4.7 KO 500 mH 
M FIGURE 9.57 


50. A very well built capacitor, once connected to a 12 V battery long enough to 
fully charge before the battery was put back in the snowmobile, is lying on the 
floor of a radio shack up in northern Canada. During a mild earthquake, an old 
coiled telephone cord falls off a shelf and onto the floor, with one end coming 
into contact with one terminal of the capacitor. The telephone cord has a resis- 
tance of 14 mQ and an inductance of 5 uH; the capacitor is initially storing 
144 mJ of energy. (a) What is the capacitor voltage just prior to the earthquake? 
(b) What is the capacitor voltage | s after the telephone cord hits the capacitor? 
(c) A soggy polar bear breaks into the shack looking for food and accidentally 
places one paw on the unconnected end of the telephone cord and another paw 
on the unconnected terminal of the capacitor. The polar bear’s body jerks for 
18 us before it roars and runs out of the shack. If it takes 100 mA to make a bear 
twitch that violently, what was the resistance of the soggy fur coat? 


5 


-_—! 


. Determine what resistance must replace the 2 2 resistor in the circuit of 
Fig. 9.56 so that the circuit is critically damped. Calculate the energy stored in 
the inductor at tf = 100 ms. 





E FIGURE 9.56 
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52. Find an expression tor 7; as mdicated in Fig. 9.58, valid for t > 0. 


OQ 





2 mH 


aie D A 107 





@ FIGURE 9.58 


53. Find an expression for vo as indicated in Fig. 9.58, valid for t > 0. 


5-4. Referring to the circuit depicted in Fig. 9.59. obtain an expression for z; valid 
for all ume if C = I F. 







Ot- V C) 


E FIGURE 9.59 


55. Referring to the circuit depicted in Fig. 9.59, obtain an expression for vc valid 
for all tme if C = | mF. 


Di H 100 Q 9.6 The Complete Response of the RLC Circuit 


56. (a) Find 7, (7) for all tin the circuit of Fig. 9.60. (b) At what instant of time 
afters = Q is i (£) = 0°? 


3l- 2u) A 


57. The source in the circuit shown in Fig. 9.53 is changed to 10u (7) A. Find i; (4). 


58. Replace the source in the circuit of Fig. 9.55 with z, = 0.511 — 2u) | A and 
find i; (£). 

59. Replace the source shown in Fig. 9.47 with i; = 2[1 + u(t)] A and find ic (7) 
fort >> 0. 


60. (a) Find vc (1) fort > Q in the circuit shown tn Fig. 9.61. (b) Sketch vce (1) 
versus t, —0.] <7 < 2 ms. 





R FIGURE 9.60 





@ FIGURE 9.61 
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61. The switch in the circuit of Fig. 9.62 has been closed for a very long time. It 
opens at? = 0. Find vc (t) fort > 0. 


iQ 0.5 H 





N FIGURE 9.62 "s 


‘na | Se 





62. Find igt) for t > 0 in the circuit of Fig. 9.63 if v, (t) equals (a) 10u(—1r) V: 
(b) 1Ou(t) V. 


63. Find i,(¢) for / > O in the circuit of Fig. 9.64 if v, (2) equals (a) 10u(—t) V: 
(b) tOu(t) V. 


@ FIGURE 9.63 


Q 
500 40 


1 uF 80 mF 
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es, 64. Replace the 2 Q resistor in the circuit of Fig. 9.65 with a 3 H inductor. 
pi Determine the energy stored in the capacitor at ¢ = 200 ms if the current 


source increases from 15 A to 22 A at t = 0. Verify your answer with a 
PSpice simulation. 


65. The current source in the circuit of Fig. 9.65 suddenly increases from 15 A to 
22 Aatt = 0. Find the voltage v, at (a) t = 07; (b) t = 0t; (c) t = 00; 


(d) t = 3.4 s. Verify your answers with the appropriate PSpice simulations. 


66. The current source in the circuit of Fig. 9.65 suddenly drops from 15 A to 0A 


at t = 0, then increases to 3 A at ¢ = 1 s. Plot the voltage v, (t). Verify your 
solution with a PSpice simulation. 








67. A 5 mH inductor, a 25 uF capacitor, and a 20 Q resistor are in series with a 
voltage source v,(t). The source voltage is zero prior to £ = 0. At t = 0, it 
jumps to 75 V, at ¢ = | ms it drops to zero, at ¢ = 2 ms it again Jumps to 75 V, 
and it continues in this periodic fashion thereafter. Find the source current at 
(a) t = 07; (b)t = 0*;(c)t = | ms; (d) t = 2 ms. 


a, © 68. Design a circuit that will produce a damped sinusoidal pulse with a peak 
o voltage of 5 V, and at feast three additional peaks with voltage magnitude 
greater than | V. Verify your design using PSpice. 


69. A 12 V battery is sitting in a hut on a deserted island somewhere in the Pacific. 
The positive terminal of the battery is connected to one end of a 314.2 pF 
capacitor in series with a 869.1 uH inductor. An earthquake in the Bonin 
Islands of Japan triggers a tsunami that crashes into the hut, spilling salt water 
onto a rag that connects the other end of the inductor/capacitor combination to 
the negative terminal of the battery so that a series RLC circuit is formed. The 
resulting oscillation is detected by a nearby ship monitoring a radio beacon 
signal at 290.5 kHz (1.825 Mrad/s). What is the resistance of the damp rag? 
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70, Find the voltage vets) across the capacitor of Fig. 9.66 at? = } ms. Verify 
your answer with a PSpice simulation. 











@ FIGURE 9.66 


9.7 The Lossless LC Circuit 


© 71. Design an op-amp circuit to model the voltage response of the LC circuit 
lO pH a, bite . „À . are 
=o shown in Fig. 9.67. Verity vour design by simulating both the circuit of 
Fig. 9.67 and your circuit using an LF 411 op amp, assuming v(0) = 0 and 
(0) = 1 mA. 


®© 72. Refer to Fig. 9.68. and design an op-amp circuit whose output will be /(1) 
fort > 0. 





E FIGURE 9.67 


] mF 





S FIGURE 9.68 


@® 73. A source-free RC circuit is constructed using a 1 kS? resistor and a 3.3 mF 
capacitor. The initial voltage across the capacitor is 1.2 V. (a) Write the differ- 
ential equation for v, the voltage across the capacitor, for t > 0. (b) Design an 
op-amp circuit that provides v(t) as the output. 

[ J} 74. Replace the capacitor in the circuit of Fig. 9.67 with a 20 H inductor in parallel 

| with a 5 aF capacitor. Design an op-amp circuit whose output will be i(t) for 
t > 0. Verify your design by simulating both the capacitor-inductor circuit and 
your op-amp circuit. Use an LM111 op amp in the PSpice simulation. 


75. A source-tree RL circuit contains a 20 Q resistor and a 5 H inductor. If the 
initial value of the inductor current is 2 A: (a) write the differential equation 
fori fort > 0, and (b) design an op-amp integrator to provide i(t) as the 
output, using R; = | MQ and Cp = | uF. 
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Sinusoidal 


Steady-State Analysis 


INTRODUCTION 

The complete response of a linear electric circuit is composed of 
two parts, the natural response and the forced response. The 
natural response is the short-lived transient response of a circuit to 
a sudden change in its condition. The forced response is the long- 
term steady-state response of a circuit to any independent sources 
present. Up to this point, the only forced response we have consid- 
ered is that due to dc sources. Another very common forcing 
function is the sinusoidal waveform. This function describes the 
voltage available at household electrical sockets as well as the volt- 
age of power lines connected to residential and industrial areas. 

In this chapter, we assume that the transient response is of little 
interest, and the steady-state response of a circuit (a television set, 
a toaster, or a power distribution network) to a sinusoidal voltage 
or current is needed. We will analyze such circuits using a 
powerful technique that transforms integrodifferential equations 


into algebraic equations. 


10.1 _ CHARACTERISTICS OF SINUSOIDS 


Consider a sinusoidally varying voltage 
v(t) = Vm sin æt 


shown graphically in Figs. 10.la and b. The amplitude of the sine 
wave is V, , and the argument is wt. The radian frequency, or angular 


frequency, is w. In Fig. 10.la, Vm sin œt is plotted as a function of 


the argument wt, and the periodic nature of the sine wave is evident. 
The function repeats itself every 27 radians, and its period is there- 
fore 27 radians. In Fig. 10.1b, Vm sin wt is plotted as a function of f 
and the period is now T. A sine wave having a period T must execute 
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Recall that to convert radians to degrees, we simply 
multiply the angle by 180/7. 
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E FIGURE 10.1 The sinusoidal function v(f) = Va Sin et 1s plotted (@) versus wt and (b) versus t. 


1/T periods each second: its frequency f is L/T hertz, abbreviated Hz. Thus, 


T 
and since 


oT = 27 


we obtain the common relationship between frequency and radian frequency, 





Lagging and Leading 


A more general form of the sinusoid, 
v(Q) = Vm sin{wt + @) [1] 


includes a phase angle @ in its argument. Equation (1] is plotted in Fig. 10.2 
as a function of wt, and the phase angle appears as the number of radians by 
which the orginal sine wave (shown in green color in the sketch) is shifted 
to the left, or earlier in time. Since corresponding points on the sinusoid 
Vm sin{wt +8) occur © rad, or @/w seconds, earlier, we say that 
Vm sin(wt + 6) leads Vm sin wt by @ rad. Therefore, it is correct to describe 
sin wt as lagging sin(wt + @) by 8 rad, as leading sin(wt + 80) by —8 rad, 
or as leading sin(wt — 0) by 8 rad. 

In either case, leading or lagging, we say that the sinusoids are out of 
phase. If the phase angles are equal, the sinusoids are said to be in phase. 

In electrical engineering, the phase angle is commonly given in degrees, 
rather than radians; to avoid confusion we should be sure to always use the 


Va SIn wt 
/ 
J 


Va Sin (wr + O) 


Lt 











wt 


@ FIGURE 10.2 The sine wave Vp sin(wt + 0) leads Vy sin wt by 8 rad. 





SECTION 10.1 CHARACTERISTICS OF SINUSOIDS 
degree symbol. Thus, instead of writing 


v = 100 sin( 2x 1000 — 5) 
we customarily use 
v = 100 sin(2x 1000: — 30°) 


In evaluating this expression at a specific instant of time, e.g., £ = 10 s, 
27 1000t becomes 0.22 radians, and this should be expressed as 36° before 
30° is subtracted from it. Don’t confuse your apples with your oranges. 


Two sinusoidal waves whose phases are to be compared must: 


Both be written as sine waves, or both as cosine waves. 


Both be written with positive amplitudes. 





Each have the same frequency. 


Converting Sines to Cosines 

The sine and cosine are essentially the same function, but with a 90° phase 
difference. Thus, sin wf = cos(wt — 90°). Multiples of 360° may be added 
to or subtracted from the argument of any sinusoidal function without 
changing the value of the function. Hence, we may say that 


vi = Vin, cos(St + 10°) 
= Vm, sin(St + 90° + 10°) 
= Vm, sin(5t + 100°) 
leads 
v = Vm, sin(St — 30°) 


by 130°. It is also correct to say that v; lags vz by 230°, since v; may be 
written as 


vi = Vm, sin(5¢ — 260°) 


We assume that Vm, and Vm, are both positive quantities. A graphical 
representation is provided in Fig. 10.3; note that the frequency of both sinu- 
soids (5 rad/s in this case) must be the same, or the comparison is meaning- 
less. Normally, the difference in phase between two sinusoids is expressed 
by that angle which is less than or equal to 180° in magnitude. 

The concept of a leading or lagging relationship between two sinusoids 
will be used extensively, and the relationship should be recognizable both 
mathematically and graphically. 


10.1 Find the angle by which i, lags v; if vı = 120 cos(i20n4 — 40°) V 
and i; equals (a) 2.5 cos(120mt + 20°) A; (b) 1.4 sin(i20xt — 70°) A; 
(c) —0.8 cos(1207t — 110°) A. i 
10.2 Find A, B, C, and œ if 40 cos(100r — 40°) — 20 sin(100¢ -+ 170°) = 
A cos 100z + B sin 100z = C cos(100t + ¢). 


Ans: 10.1: —60°: 120°; —1 10°. 10.2: 27.2; 45.4; 52.9; —59.1°. 








Note that: 


-sinat = sin(et + 180°) 
—cosat = coS(wt + 180°) 
FSin wt = cos(at + 90°) 
+casat = snot + 90°) 





W FIGURE 10.3 A graphical representation of the 


two sinusoids v, and vz. The magnitude of each 

sine function is represented by the length of the 
corresponding arrow, and the phase angle by the 
orientation with respect to the positive x axis. In this 
diagram, v; leads vz by 100° + 30° = 130°, although 
it could also be argued that v; leads v; by 230°. It is 
customary, however, to express the phase difference 
by an angle less than or equal to 180° in magnitude. 








oo a 


(ft) = Va cos wt 


M FIGURE 10.4 A senes RL circuit for which the 
forced response is desired. 
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10.2 _ FORCED RESPONSE TO SINUSOIDAL 
TUE | FRE KEST IINE IU ONO 
FUNCTIONS 


Now that we are familiar with the mathematical characteristics of sinusoids. 
we are ready to apply a sinusoidal forcing function to a simple circuit and 
obtain the forced response. We will first write the differential equation that 
applies to the given circuit. The complete solution of this equation is com- 
posed of two parts. the complementary solution (which we call the natural 
response) and the particular integral (or forced response). The methods we 
plan to develop in this chapter assume that we are not interested in the short- 
lived transient or natural response of our circuit. but only in the long-term 
or “steady-state” response. 


The Steady-State Response 


The term steady-state response is used synonymously with forced response. 
and the circuits we are about to analyze are commonly said to be in the 
“sinusoidal steady state.” Unfortunately, steady state carries the connota- 
tion of “not changing with time” in the minds of many students. This is true 
for de forcing functions, but the sinusoidal steady-state response is defi- 
nitely changing with time. The steady state simply refers to the condition 
that is reached after the transient or natural response has died out. 

The forced response has the mathematical form of the forcing function. 
plus all its derivatives and its first integral. With this knowledge, one of the 
methods by which the forced response may be found is to assume a solution 
composed of a sum of such functions, where each function has an unknown 
amplitude to be determined by direct substitution in the differential equa- 
tion. As we are about to see, this can be a lengthy process, so we will be 
sufficiently motivated to seek out a simpler alternative. 

Consider the series RL circuit shown in Fig. 10.4. The sinusoidal source 
voltage vy = Vi, cos@t has been switched into the circuit at some remote 
time in the past, and the natural response has died out completely. We seek 
the forced (or “steady-state”) response, which must satisfy the differential 
equation 


LË + Ri = Vm cos wt 
dt 

obtained by applying KVL around the simple loop. At any instant where the 
derivative is equal to zero, we see that the current must have the form 
i x cosa. Similarly, at an instant where the current is equal to zero, the 
derivative must be proportional to cos wt, implying a current of the form 
sincwt. We might expect, therefore, that the forced response will have the 
general form 


i(t) = 1, coswt + bh sinwt 


where /; and J are real constants whose values depend upon Vm, R. L. and 
w. No constant or exponential function can be present. Substituting the as- 
sumed form for the solution in the differential equation yields 


L(—fwsinet + hwcoswt) + RU, cos wt + hh sinwt) = Vm cos wt 
If we collect the cosine and sine terms. we obtain 


(-Lijw+ Rh)sinewt + (Lhbw+ Rh — V,,) cos wt = 0 
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This equation must be true for all values of 4, which can be achieved 
only if the factors multiplying cos wt and sin wt are each zero. Thus, 
—wh l + Rl, =0 and wL hb + RI; — Vn = 0 
and simultaneous solution for 7; and A leads to 


i _ RV,, E wL V,m 
IZ R +L? TT RFPL 


Thus, the forced response is obtained: 


i(t) = ——~-— cos wt + ———— sinw 2 
R? + aL? R? +a L? 


A More Compact and User-Friendly Form 


This expression is slightly cumbersome, however, and a clearer picture of 
the response can be obtained by expressing the response as a single sinusoid 
or cosinusoid with a phase angle. We choose to express the response as a 
cosine function: 





i(t) = Acos(wt — 8) [3] 
At least two methods of obtaining the values of A and 0 suggest them- 
selves. We might substitute Eq. [3] directly in the original differential Several useful trigonometric identities are provided 
equation, or we could simply equate the two solutions, Eqs. {2] and [3]. on the inside cover of the book. 
Selecting the latter method, and expanding the function cos(wt — 0): 
A cosé t+ Asin@ sinwt RVin t + OLVm _ s t 
COS 7 COS w sin@ sinew? = ——— a Cos wt + ———~ 5 SNH 
R? +o L? R- + o-L- 
Next, we collect the coefficients of cos wt and sin wt, and find 
RV, LVin 
Acos@ = ~~. and Asing = ——~—"— 
R? +a? L? R? + a L? 
To determine A and 8, we divide one equation by the other: 
Asing 9 L 
. = {an =o 
A cos R 
and also square both equations and add the results: 
A’ cos’ 6 + A’ sin? @ = A? Rvs + oL Va 
~ COS” “sine 8 = A* = CHL EO 
(R? + w? L?)2 (R? + w L2)? 
2 
pa o m 
R? + w? L? 
Hence, 
9 = tan`! ot 
7 R 
and 
A Yr 
SRP 4&1 


The alternative form of the forced response therefore becomes 


m 


wb 
(no=——_-: c05( — tan! ) [4] 
J R? + WL? R 
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We see that the amplitude of the response is proportional to the ampli- 
tude of the forcing function; if not, the linearity concept would have to be 
discarded. The amplitude of the response also decreases as R, L, or w is in- 
creased, but not proportionately. The current is seen to lag the applied volt- 
age by tan”! (wL/R), an angle between 0 and 90°. When w = 0 or L = 0. 
the current must be in phase with the voltage; since the former situation is 
direct current and the latter provides a resistive circuit, the result agrees 
with our previous experience. If R = 0, the current lags the voltage by 90°. 
In an inductor, then, if the passive sign convention is satisfied, the current 
lags the voltage by exactly 90°. In a similar manner! we can show that the 
current through a capacitor /eads the voltage across it by 90°. 

The phase difference between the current and voltage depends upon the 
ratio of the quantity wL to R. We call wL the inductive reactance of the in- 
ductor: it is measured in ohms, and it is a measure of the opposition that is 
offered by the inductor to the passage of a sinusoidal current. 

Let us see how we can apply the results of this general analysis to a spe- 
cific circuit that is not just a simple series loop. Note that we are implicitly 
ignoring the transient response now; the assumption is that we are con- 
cerned only with the steady-state or forced response of the circuit, so that 
any and all transients have long died out. 





Find the current i, in the circuit shown in Fig. 10.5a. 


25 © 







10 cos 10°4 V (~) 





{——— 


(b) (c) 


E FIGURE 10.5 (a) The circuit for Example 10.1, in which the current /, is desired. (b) The 
Thévenin equivalent is desired at terminals a and b. (c) The simplified circuit. 


(1) Once upon a time, the symbol £ (for electromotive force) was used to designate voltages. Then 
every student learned the phase “ELI the ICE man” as a reminder that voltage leads current in an 
inductive circuit, while current leads voltage in a capacitive circuit. Now that we use V instead, it just 
isn’t the same. 


SECTION 10.2 FORCED RESPONSE TO SINUSOIDAL FUNCTIONS wma) 


Although this circuit has a sinusoidal source and a single inductor, it 
contains two resistors and is not a single loop. In order to apply the 
results of the preceding analysis, we need to seek the Thévenin 
equivalent as viewed from terminals a and b in Fig. 10.5b. 

The open-circuit voltage Voc is 


Ue = mariae = 8 cos 10°t V 
100 +25 
Since there are no dependent sources in sight, we find R; by killing 
the independent source and calculating the resistance of the passive 
network, so R = (25 x 100)/(25 + 100) = 20 Q. 

Now we do have a series RL circuit, with L = 30 mH, Rin = 20 Q, 
and a source voltage of 8 cos 10°r V, as shown in Fig. 10.5c. Thus, 
applying Eq. [4], which was derived for a general RL series circuit, 

8 


3 _; 30 
$$ —————- COS 1077 — tan — 
J 202 + (108 x 30 x 10-3)? 20 
= 222 cos(10°t — 56.3°) mA 


The voltage and current waveforms are plotted in Fig. 10.6. 


i, = 


Figure No. 1: Current Voltage Plot Foi RL Circu 
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E FIGURE 10.6 Voltage and current waveforms on a dual axis plot, 
generated using MATLAB: 
EDU» t = linspace(0,8e-3,1000); 
EDU» v = 8*cos(1000*t); 
EDU» i = 0.222*cos(1000*t — 56.3*pi/180); 
EDU» plotyy(t,v,t,!); 
EDU» xlabel(‘time (s)’); 


Note that there is not a 90° phase difference between the current and 
voltage waveforms of the plot. This is because we are not plotting the 
inductor voltage, which is left as an exercise for the reader. 
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K a PRACTICE po o o 


10.3 Let v. = 40 cos 80004 V in the circuit of Fig. 10.7. Use 
Thévenin’s theorem where it will do the most good, and find the value 
100 mH at ¢ == 0 for (a) i (b) vri iR (a) Í. 






Ans: 18.7] mA: 15.97 V532? mA: 24.0 mA. 


W FIGURE 10.7 


10.3 „ THE COMPLEX FORCING FUNCTION _ 


The method by which we found the sinusoidal steady-state response for the 
general series RL circuit was not a trivial problem. We might think of the 
analytical complications as arising through the presence of the inductor: if 
both the passive elements had been resistors, the analysis would have been 
ridiculously easy, even with the sinusoidal forcing function present. The rea- 
son the analysis would be so easy results from the simple voltage-current 
relationship specified by Ohm’s law. The voltage-current relationship for an 
inductor is not as simple, however: instead of solving an algebraic equation. 
we were faced with a nonhomogeneous differential equation. It would be 
rather impractical to analyze every circuit by the method described in the 
example, and so we plan to develop a method to simplify the analysis. Our 
result will be an algebraic relationship between sinusoidal current and sinu- 
soidal voltage for inductors and capacitors as well as resistors, and we wil] 
be able to produce a set of algebraic equations for a circuit of any com- 
plexity. The constants and the variables in the equations will be complex 
numbers rather than real numbers, but the analysis of any circuit in the 
sinusoidal steady state becomes almost as easy as the analysis of a similar 
resistive circuit. 

We are now ready to think about applying a complex forcing function 
(that is, one that has both a real and an imaginary part) to an electrical net- 
work. This may seem like a strange idea, but we will find that the use of 
complex quantities in sinusoidal steady-state analysis leads to methods that 
are much simpler than those involving purely real quantities. We expect a 
complex forcing function to produce a complex response; the real part of 
the forcing function will produce the real part of the response, while the 
imaginary portion of the forcing function will result in the imaginary por- 
tion of the response. Hopefully this seems reasonable: it would be difficult 
to think of an example of a real voltage source leading to an imaginary 
response, and, by extension, the same is true for the reverse situation. 

In Fig. 10.8. a sinusoidal source 


V,,, COS (wt + 0) oy ; 


@ FIGURE 10.8 The sinusoidal forcing function Vy costet + 8) 
produces the steady-state sinusoidal response /. cos(wt + g). 





Vi, COS(wt +8) [>] 


iO SOS Con + ab} 
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is connected to a general network, which we will assume to contain only 
passive elements (i.e., nO independent sources) in order to avoid having to 
invoke the superposition principle. A current response in some other branch 
of the network is to be determined, and the parameters appearing in Eq. [5] 
are all real quantities. 


We have shown that we may represent the response by the general co- 
sine function 


Im COS(@t + ) [6] 


A sinusoidal forcing function always produces a sinusoidal forced response 
of the same frequency in a linear circuit. 

Now let us change our time reference by shifting the phase of the forc- 
ing function by 90°, or changing the instant that we call ¢ = 0. Thus, the 
forcing function 


V,, cos(wt + 6 — 90°) = Vn sin(wr + @) [7] 
when applied to the same network will produce a corresponding response 
Im cos(wt + @ — 90°) = Im sin(wt + d) [8] 


We next depart from physical reality by applying an imaginary forcing 
function, one that cannot be applied in the laboratory but can be applied 
mathematically. 


imaginary Sources Lead to... Imaginary Responses 
We construct an imaginary source very simply; it is only necessary to mul- 
tiply Eq. [7] by j, the imaginary operator. We thus apply 

j Vm sin(@t + 0) [9] 
What is the response? If we had doubled the source, then the principle of 
linearity would require that we double the response; multiplication of the 
forcing function by a constant k would result in the multiplication of the 
response by the same constant k. The fact that our constant is v —1 does not 
destroy this relationship. The response to the imaginary source of Eq. [9] is 
thus 

Jim sin(ewt + $) {10} 


The imaginary source and response are indicated in Fig. 10.9. 


iV Sin (eat +8) E E 


@ FIGURE 10.9 The imaginary sinusoidal forcing function jVm sin(wt + 8) produces 
the imaginary sinusoidal response jim sin(awt + ) in the network of Fig. 10.8. 


| in sin (wi + db) 








Applying a Complex Forcing Function 

We have applied a real source and obtained a real response; we have also 
applied an imaginary source and obtained an imaginary response. Since we 
are dealing with a linear circuit, we may use the superposition theorem to 


Electrical engineers use “j” instead of “:” to represent 
/ —1 to avoid confusion with currents. 








Appendix 5 defines the complex number and related 
terms, reviews complex arithmetic, and develops Euler's 
identity and the relationship between exponential and 
polar forms. 


r= Vi cos wt L 


@ FIGURE 10.11 A simple circuit in the sinusoidal 
steady state 1s to be analyzed by the application of a 
complex forcing function. 
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find the response to a complex forcing function which is the sum of the real 
and imaginary forcing functions. Thus. the sum of the forcing functions of 


Eqs. [5] and [9]. 

Vin costat +0) + FV, snot + 6) [it] 
must therefore produce a response that is the sum of Eqs. [6] and [10]. 

Ly, costeot +O) + Ff, sinfwt +e) p12} 


The complex source and response may be represented more simply by ap- 

P P ) P pty P 
plying Euler's identity, which states that cos(œt + 90} + j sin(wt + 4) = 
eit Thus, the source of Eq. |11} may be written as 


Viper 13] 
and the response of Eq. [12] is 
Ipe A [4 


The complex source and response are illustrated in Fig. 10.10. 


7 Fiw + f ooa > 
Vine JER T tt 


@ FIGURE 10.10 The compiex forang function Vme! >% produces 
the complex response / me! (“t =® in the network of Fig. 10.8. 


A real. an imaginary. or a complex forcing function will produce a real, 
an imaginary. or a complex response, respectively. Furthermore, through 
Euler's identity and the superposition theorem, a complex forcing function 
may be considered as the sum of a real and an imaginary forcing function: 
the real part of the complex response is produced by the real part of the 
complex forcing function, while the imaginary part of the response is 
caused by the imaginary part of the complex forcing function. 

Our plan is that instead of applying a real forcing function to obtain the 
desired real response. we will substitute a complex forcing function whose 
real part is the given real forcing function; we expect to obtain a complex 
response whose real part is the desired real response. The advantage of this 
procedure is that the integrodifferential equations describing the steady- 
state response of a circuit will now become simple algebraic equations. 


An Algebraic Alternative to Differential Equations 


Let us try out this idea on the simple RL series circuit shown in Fig. 10.11. 
The real source V,, Cos wt is applied; the real response i(t) is desired. Since 


cos wt = Refe/“} 
the necessary complex source is 
Vn pie! 


We express the complex response that results in terms of an unknown 
amplitude /,, and an unknown phase angle @: 


I el twt +e) 
m 
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Writing the differential equation for this particular circuit, 


di 
Ri+L— = v, 
at 


we insert our complex expressions for v, and i: 
jit tp) d Jotto J7 „jœ 
Rine + be Ume j= Vine 


take the indicated derivative: 
Rt, ged +) 4 jolly eletto — Vei” 


and obtain an algebraic equation. In order to determine the value of /,, and 
$. we divide throughout by the common factor e/“": 


Rl pet? + jaLl,e!® = Vy, 
factor the left side: 
Imet (R + Jol) = Vy, 
rearrange: 
lL elt = Oom 
R+ Job 


and identify /,, and @ by expressing the right side of the equation in expo- 
nential or polar form: 


Vin 


Inet? ~~ - ejt tan toL R) [15] 
VR? + wl? 
Thus, 
Vin 
Tin = Sr 
VR? + 0? L? 
and 
L 
ġ = —=tan — 


In polar notation, this may be written as 


In [ 


OF 
V/V R? + o2L?/—tan™! wL/R 


The complex response is given by Eq. [15]. Since /,, and @ are readily iden- 
tified, we can write the expression for i (t) immediately. However, if we feel 
like using a more rigorous approach, we may obtain the real response i(t) 
by reinserting the e/” factor on both sides of Eq. [15] and taking the real 
part. Either way. we find that 


m 


V | _, wh 
i(t) = Im cos(wt + @) = —— Cos | wt ~ tan — 
R- + wL- R 


which agrees with the response obtained in Eq. [4] for the same circuit. 








Pies 


P 
(380) wv eaaa CHAPTER 10 SINUSOIDAL STEADY-STATE ANALYSIS 









EXAMPLE 10.2 


Find the complex voltage across the series combination of a 500 Q 
resistor and a 95 mH inductor if the complex current 8¢e/ mA 
flows through the two elements in series. 


The unknown complex voltage will have an amplitude V, and phase 
angle @, both of which must be determined. However, the voltage must 
have the same frequency as the current (3000 rad/s), so we may express 
this voltage as 

Vine PODO +p) 
Equating it to the sum of the resistor and inductor voltages 
d(0,008¢/300"') 


Vp et ROMEO) = (500)0.008e/ 70" + (0.095 7 
ti 


and taking the indicated derivative. we find that 
Vi, ei CODE gej 59 98/3000) 
Factoring out the exponential term e/*", we are left with 
Vel? = 4+ 72.28 
Expressing the right-hand side in polar form yields 
4+ j2.28 = 4.600/°77 


from which we see that Vp = 4.60 V and @ = 29.7", so that the desired 
voltage 1s 


4 60 e/ F000 +29.7 ) V 


If anyone asks us to find the real response. we need only take the real 
part of the complex response: 


Re{4.60e/ 29-7) = 4.60 cos(3000f + 29.7°) V 


Thus, we are able to determine the forced response of a circuit contain- 


ing an energy-storage element without resorting to solving differential 
equations! 


PRACTICE 


a | 10.4 Evaluate and express the result in rectangular form: 
(If you have trouble working this practice problem, 


turn to Appendix 5.) (a) [(2/30° )(5/—110°)]C1 + 72); (b) (5/—200°) + 4/20”. Evaluate and 
express the result in polar form: (¢) (2 — j D/B — j); (d) 8 — j4 + 
[(5 £80") /(2/20°)]. 


10.5 If the use of the passive sign convention is specified, find the 

(a) complex voltage that results when the complex current 4e/8" A is 
applied to the series combination of a 1 mF capacitor and a 2 Q 
resistor; (6) complex current that results when the complex voltage 


100e/20 V is applied to the parallel combination of a 10 mH inductor 
and a 50 Q? resistor. 


Ans: 10.4: 21.4 — j6.38; —0.940 + 3.08: 2.30/—55.6°: 9.43/—11.22-. 
10.5: 9 43g 1 8008 32.0" } V: 5 3}Qet (20001 -68.2 } A. T —— 
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10.4 THE PHASOR 


A sinusoidal current or voltage at a given frequency is characterized by only 
two parameters, an amplitude and a phase angle. The complex representa- 
tion of the voltage or current is also characterized by these same two param- 
eters. For example. assume a sinusoidal current response given by 





1, cos(@t + o) 


where the corresponding representation of this current in complex form is 


Ln el (ort) 

Once /,, and @ are specified. the current is exactly defined. Throughout 
any linear circuit operating in the sinusoidal steady state at a single fre- 
quency w. every current or voltage may be characterized completely by a 
knowledge of its amplitude and phase angle. Moreover, the complex repre- 
sentation of every voltage and current will contain the same factor ei”, 
Since it is the same for every quantity, it contains no useful information. Of 
course, the value of the frequency may be recognized by inspecting one of 
these factors, but it is a lot simpler to write down the value of the frequency 
near the circuit diagram once and for all and avoid carrying redundant in- 
formation throughout the solution. Thus, we could simplify the voltage 


source and the current response of Example 10.1 by representing them 
concisely as 


Vin or Vinee” 
and 
In el? 


These complex quantities are usually written in polar form rather than 
exponential form in order to achieve a slight additional saving of time and 
effort. Thus, the source voltage 


v(t) = Va cos ar = Vm cos(wt + 0°) 
we now represent in complex form as 
Vin [O° 
and the current response 
i(t) = Ip cos(wt + d) 
becomes 


Ino 


This abbreviated complex representation 1s called a phasor.” 

Let us review the steps by which a real sinusoidal voltage or current is 
transformed into a phasor, and then we will be able to define a phasor more 
meaningfully and to assign a symbol to represent it. 


(2) Not to be confused with the phaser. an interesting device featured in a popular television series. . . . 


[=o j 


Remember that none of the steady-state circuits we are 
considering will respond at a frequency other than that 
of the excitation source, so that the value of w is always 
known. 


i(t) = I„ cos (wt + p) 
i(t) = Re{I,,e/%'+ %} 










The process by which we change (t) into I is called a 
phasor transformation from the time domain to the 
frequency domain. 
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A real sinusoidal current 
i(t) = Im cos(wt + @) 


is expressed as the real part of a complex quantity by invoking Euler's 
identity 


i@) = Ro {Ine Ten 


We then represent the current as a complex quantity by dropping the in- 
struction Re{}, thus adding an imaginary component to the current without 
affecting the real component; further simplification is achieved by sup- 
pressing the factor e/": 


h 
i= le 


and writing the result in polar form: 


l= In [ 


This abbreviated complex representation is the phasor representation; 
phasors are complex quantities and hence are printed in boldface type. Cap- 
ital letters are used for the phasor representation of an electrical quantity 
because the phasor is not an instantaneous function of time; it contains 
only amplitude and phase information. We recognize this difference in view- 
point by referring to i(t) as a time-domain representation and terming the 
phasor I a frequency-domain representation. It should be noted that the 
frequency-domain expression of a current or voltage does not explicitly in- 
clude the frequency; however, we might think of the frequency as being so 
fundamental in the frequency domain that it is emphasized by its omission. 


EXAMPLE 10.3 


Several useful trigonometric identities are provided 
on the inside cover for convenience. 


Transform the time-domain voltage v(t) = 100 cos(400¢ — 30°) volts 
into the frequency domain. 


The time-domain expression is already in the form of a cosine wave 
with a phase angle. Thus, suppressing w = 400 rad/s, 


V = 100/—30" volts 


Note that we skipped several steps in writing this representation di- 
rectly. Occasionally, this is a source of confusion for students, as they 
may forget that the phasor representation is not equal to the time-domain 
voltage v(t). Rather, it is a simplified form of a complex function 
formed by adding an imaginary component to the real function v(t). 


PRACTICE 

10.6 Transform each of the following functions of time into phasor form: 
(a) —5 sin(S80t — 110°); (b) 3 cos 600r — 5 sin(600r + 110°); 

(c) 8cos(4t — 30°) + 4sin(4t — 100°). Hint: First convert each into 

a single cosine function with a positive magnitude. 


Ans: 5/—20°; 2.41/—134.8°; 4.46/—47.9°. 
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The process of returning to the time domain from the frequency domain is 
exactly the reverse of the previous sequence. Thus, given the phasor voltage 


V = 115/—45° volts 


and the knowledge that w = 500 rad/s. we can write the time-domain 
equivalent directly: 


v(t) = 115 cos(S00r — 45°) volts 
If desired as a sine wave, v(t) could also be written 
v(t) = 115 sin(S500r + 45°) volts 


PRACTICE 


penne pence rrr rr 
10.7 Let œ = 2000 rad/s and t = | ms. Find the instantaneous 
value of each of the currents given here in phasor form: (a) 710 A; 
(b) 20 + 710 A; (c) 20 + j (10/20°) A. 


Ans: ~9.09 A; — 17.42 A: —15.44 A. 


10.5  PHASOR RELATIONSHIPS FOR R, L, AND C 


The real power of the phasor-based analysis technique lies in the fact that it 
is possible to define algebraic relationships between the voltage and current 
for inductors and capacitors, just as we have always been able to do in the 
case of resistors. Now that we are able to transform into and out of the fre- 
quency domain, we can proceed to our simplification of sinusoidal steady- 
state analysis by establishing the relationship between the phasor voltage 
and phasor current for each of the three passive elements. 


The Resistor 


The resistor provides the simplest case. In the time domain, as indicated by 
Fig. 10.12a, the defining equation is 


v(t) = Rift) 

Now let us apply the complex voltage 

u(t) = Vy ett = Vp cos(wt +0) + j Vm sin(wt + @) [16] 
and assume the complex current response 

i(t) = Ipe? tO = Im cos(wt +o) + jlm sin(wt +e) [17] 
so that 

Veit = Ri(t) = R Ipe rr 
Dividing throughout by e% , we find 
Vp e?’ = RI,e2” 

or, in polar form, 


Vin LO = Rin [$ 








{a} tb) 


@ FIGURE 10.12 A resistor and its associated voltage 
and current in (a) the time domain, v = Ar and 
(b) the frequency domain, V = Ri. 





3 


$ Ohm's law holds true both in the time domain and 
f in the frequency domain. In other words, the voltage 
$ across a resistor is always given by the resistance times 





@ the current flowing through the element 





(ea) th} 


W FIGURE 10.13 An inductor and its associated 
voltage and current in (a) the time domain, v = £ difdt: 
and (b) the frequency domain, V = jet L 
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But V,,/@ and /,, / ġo merely represent the general voltage and current pha- 
sors V and I. Thus. 


V = RI [Ix] 


The voltage-current relationship in phasor form for a resistor has the 
same form as the relationship between the time-domain voltage and current. 
The defining equation in phasor form is illustrated in Fig. 10.126. The an- 
gles @ and @ are equal, so that the current and voltage are always in phase. 

As an example of the use of both the time-domain and frequency- 
domain relationships. let us assume that a voltage of 8 cos( 1007 — 50°) V ts 
across a4 Q resistor. Working in the time domain. we find that the current 
must be 


u(t) , 
i) = a = 2 cos( 1007 — 50°) A 
The phasor form of the same voltage is 8/—50° V, and therefore 


y 
l= —=2/-50 A 
R ae 

If we transtorm this answer back to the ume domain, it is evident that the 
same expression for the current is obtained. We conclude that there is no 
saving in time or effort when a resistive circuit is analyzed in the frequency 
domain. 


The Inductor 


Let us now turn to the inductor. The time-domain representation is shown in 
Fig. 10.13a, and the defining equation, a time-domain expression, is 
di(t) 


typo L 
e dt 





[19] 


After substituting the complex voltage equation [16] and complex current 
equation | i7] in Eq. [19]. we have 


a d , 
f+) t ) 
V,,e/ = L _— Ipe? (w +o 


Taking the indicated derivative: 


7 {cot +4} (witd) 
Vine! ? 


= jwLl,e! 
and dividing through by e7% : 
Vye” — Jol Ly elf 


we obtain the desired phasor relationship 





pree 
1 


V= joll | [20] 


The time-domain differential equation [19] has become the algebraic 
equation |20] in the frequency domain. The phasor relationship is indicated 
in Fig. 10.136. Note that the angle of the factor jwL is exactly +90° and 
that E must therefore lag V by 90° in an inductor. 
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EXAMPLE 10.4 


Apply the voltage 8/— -50° Vata frequency o = 100 rad/s toa á H 
inductor and determine the phasor current and the time-domain 
current. i 


We make use of the expression we just obtained for the inductor, 


= = S22) = _ j0.02/—50° = (1/—90°)(0.02/—50°) 
“eL jl00(4) 2 7 | 
or 
I= 0.02/— 140° À 


If we express this current in the time domain, it becomes 
i(t) = 0.02 cos( 100z — 140°) A = 20cos(100r — 140°) mA 


The Capacitor 


The final element to consider is the capacitor. The time-domain current- 
voltage relationship is 


dv(t) 
dt 
The equivalent expression in the frequency domain is obtained once more 
by letting v(t) and i(t) be the complex quantities of Eqs. [16] and {17}, tak- 


ing the indicated derivative, suppressing e/“”, and recognizing the phasors V 
and I. Doing this, we find 





it) =C 


I= joCV [21] = => 
+ 
Thus, I leads V by 90° in a capacitor. This, of course, does not mean that a | 
current response is present one-quarter of a period earlier than the voltage r C V C 
that caused it! We are studying steady-state response, and we find that the 7 | p 


current maximum is caused by the increasing voltage that occurs 90° earlier 
than the voltage maximum. 


ta) (b) 
The time-domain and frequency-domain representations are compared Æ FIGURE 10.14 (a) The time-domain and (b) the 
in Fig. 10.14a and b. We have now obtained the V-I relationships for the frequency-domain relationships between capacitor 
three passive elements. These results are summarized in Table 10.1, where current and voltage. 


TABLE 10.1 Comparison of Time-Domain and Frequency-Domain 
Voltage-Current Expressions 





Time domain s E Frequency domain 
V V v= Ri | V= RI O ya 
t+ oe o> +V - 
i , l of, 
> m v=LË V=joLl | "A 
+ P > dt . + V - 


i C 
—> {——— v= z fia | V= —l os pe — 








(506) — N\A 





@ FIGURE 10.15 The senes RI circuit with a phasor 
voliage applied. 







(2) V, 10mH 


i, 
¥ 


E FIGURE 10.16 
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the time-domain v-i expressions and the frequency-domain V-E relation- 
ships are shown in adjacent columns for the three circuit elements. All the 
phasor equations are algebraic. Each is also linear, and the equations relat- 
ing to inductance and capacitance bear a great similarity to Ohm's law. In 
fact. we will indeed use them as we use Ohm's law. 


a F a 
Kirchhoff's Laws Using Phasors 
Kirchhoffs voltage law in the time domain ts 
rf) 4+ rosy eee Hey t) =O 
We now use Euler's identity to replace cach real voltage v; by a complex 
voltage having the same real part. suppress e/°” throughout, and obtain 
ViA Vs4---4+V, =0 
Thus, we see that Karchhott’s voltage law applies to phasor voltages just as 
it did in the time domain. Kirchhoff’s current law can be shown to hold for 
phasor currents by a similar argument. 

Now let us look briefly at the series RL circuit that we have considered 
several times before. The circuit is shown in Fig. 10.15. and a phasor cur- 
rent and several phasor voltages are indicated. We may obtain the desired 
response. a time-domain current. by first finding the phasor current. From 
Kirchhoffs voltage law, 


Ve+Vi=V, 
and using the recently obtained V-I relationships for the elements, we have 
RIL + jwLIl= V, 


The phasor current is then found in terms of the source voltage V,: 


I = _\s 
R+ joLl 
Let us select a source-voltage amplitude of V,, and phase angle of 0°. Thus. 
Vin LO” 
T R+ jol. 


The current may be transformed to the time domain by first writing it :n 
polar form: 


I 
Vin 


J = ————— /(~ tan "'(wL/R)) 
Fars ops eB 


and then following the familiar sequence of steps to obtain in a very simple 
manner the same result we obtained the “hard way” earlier in this chapter. 


PRACTICE 


10.8 In the circuit of Fig. 10.16, let @ = 1200 rad/s, Ie = 1.2/28° A. 
and I, = 3/53° A. Find (a) L: (b) V5: (©) ia (t). 
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10.6 | IMPEDANCE 


The current-voltage relationships for the three passive elements in the fre- 
quency domain are (assuming that the passive sign convention is satished) 


I 
V= RI V = joLI V = —- 
foc 





If these equations are written as phasor voltage/phasor current ratios 


Vip Yow Ye! 
— — = Jd — = 
i” I jwc 





we find that these ratios are simple quantities that depend on element values 
(and frequency also, in the case of inductance and capacitance). We treat 
these ratios in the same manner that we treat resistances, with the exception 
that they are complex quantities and all algebraic manipulations must be 
those appropriate for complex numbers. 

Let us define the ratio of the phasor voltage to the phasor current as 
impedance, symbolized by the letter Z. The impedance is a complex quan- 
tity having the dimensions of ohms. Impedance is not a phasor and cannot eu 
be transformed to the time domain by multiplying by e/' and taking the } 
real part. Instead, we think of an inductor as being represented ìn the time 
domain by its inductance L and in the frequency domain by its impedance 


jw, A capacitor in the time domain has a capacitance C; in the frequency Le = R 
domain, it has an impedance 1/jwC. Impedance is a part of the frequency Zi = jul 
domain and not a concept that is a part of the time domain. - on 
jw 
Series Impedance Combinations 
The validity of Kirchhoff ’s two laws in the frequency domain leads to the fact 
that impedances may be combined in series and parallel by the same rules we 
have already established for resistances. For example, atw = 10 x 10° rad/s, 
a 5 mH inductor in series with a 100 uF capacitor may be replaced by the 
single impedance which is the sum of the individual impedances. The im- 
pedance of the inductor is | 
Z = jæL = j0 
and the impedance of the capacitor is 
i o, 
Ze = -— = = =-jIQ 
fol al 
The impedance of the series combination is therefore Note that 4 = j 


Ze = Zi + Ze = j50 — jl = j49 Q 


The impedance of inductors and capacitors is a function of frequency, 
and this equivalent impedance is thus applicable only at the single frequency 
at which it was calculated, œ = 10,000 rad/s. If we change the frequency to 
w = 5000 rad/s, for example, Zeg = j23 2. 





Parallel Impedance Combinations 


The parallel combination of the 5 mH inductor and the 100 uF capacitor at 
w = 10,000 rad/s is calculated in exactly the same fashion in which we 
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calculated parallel resistances: 


j3 = jl ja9 
At w = 5000 rad/s, the parallel equivalent is —j2.17 Q. 

The complex number or quantity representing impedance may be ex- 
pressed in either polar or rectangular form. For example, the impedance 
50 — j86.6 Q is said to have a resistance of 50 Q and a reactance of 
—86.6 Q. So, the real part of an impedance is referred to as the resistance, 
and the imaginary component (including the sign but not the j) is termed the 
reactance, often symbolized with X. Both have units of ohms. In rectangular 
form, Z = R + jX, and in polar form, Z = |Z|/@. Thus, a resistor has zero 
reactance, whereas (ideal) capacitors and inductors have zero resistance. 
This can also be noted directly from the polar form of an impedance. Con- 
sider again Z = 50 — j86.6 Q, which may also be written as 100/—60° 2. 
Since the phase angle is not zero, we know that the impedance is not purely 
resistive at frequency w. Since it is not +90° we know it is not purely induc- 
tive, and likewise it is not purely capacitive or the phase angle would be 
—90°. Can a series or parallel combination include both a capacitor and an 
inductor, yet have zero reactance? Absolutely. Consider the simple situation 
where w = | rad/s, L = 1H, and C = 1F, all in series together with 
R = 1 Q. The equivalent impedance of this network is Z = 1 + j(1)(1) — 
j/(A)C) = 1 Q, as if (at a frequency of 1 rad/s) only a 1 {2 resistor were 
present. 


Determine the equivalent impedance of the network shown in 
Fig. 10.17a, given an operating frequency of 5 rad/s. 


200mF 2H 
100 60 500 mF 

(a) 

-jQ j100 
100 6NS -j040 

(b) 


@ FIGURE 10.17 (a) A network that is to be replaced 
by a single equivalent impedance. (b) The elements are 
replaced by their impedances at w = 5 rad/s. 
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We begin by converting the resistors, capacitors, and inductor into the 
corresponding impedances as shown in Fig. 10.175. 
Upon examining the resulting network, we observe that the 6 Q im- 


pedance is in parallel with — j0.4 82. This combination is equivalent to 
6)(-— 0.4 
(ONT IO) L 9.02655 — j0.3982 Q 

6 — j0.4 


which is in sertes with both the — j Q and 710 82 impedances, so that 
we have 


0.0265 — j0.3982 — j + j10 = 0.02655 + j8.602 2 


This new impedance is in parallel with 10 £2, so that the equivalent 
impedance of the network is 


10(0.02655 + j8.602) 
10 + 0.02655 + j8.602 
= 4.255 + j4.929 Q 


10 || (0.02655 + 8.602) = 


Alternatively, we can express the impedance in polar form as 
6.511 /49.20° Q. 


10.9 With reference to the network shown in Fig. 10.18, find the input 
impedance Zin that would be measured between terminals: (a) a and g; 
(b) b and g; (c) a and b. 





200 pF 
a b 
5 mH 100 100 uF 20 mH 
8 £ 
w = 1000 rad/s 


E FIGURE 10.18 


Ans: 2.81 + /4.49 Q; 1.798 — 1.124 Q; 0.1124 ~ j3.82 9. 


Itis important to note that the resistive component of the impedance is not 
necessarily equal to the resistance of the resistor that is present in the net- 
work. For example, a 10 Q resistor and a 5 H inductor in series at w = 4 rad/s 
have an equivalent impedance Z = 10+ j20&, or, in polar form, 
22.4/63.4° Q. In this case, the resistive component of the impedance is equal 
to the resistance of the series resistor because the network is a simple series 
network. However, if these same two elements are placed in parallel, the 
equivalent impedance is 10(/20)/(10 + 720) Q, or 8 + J4 Q. The resistive 
component of the impedance is now 8 Q. 








EXAMPLE 10.6 
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Find the current i(¢) in the circuit shown in Fig. 10.19a. 


t KO 





ie) 


~j2kO 





(Bb) 


@ FIGURE 10.19 (o) An RLC circuit for which the sinusoidal forced response (H 1 
desired. (b) The frequency-domain equivalent of the given circuit at « = 3000 rad/s 


Identify the goal of the problem. 
We need to find the sinusoidal steady-state current flowing through the 
1.5 kQ resistor due to the 3000 rad/s voltage source. 


Collect the known information. 

We begin by drawing a frequency-domain circuit. The source is trans- 
formed to the frequency-domain representation 40/—90° V, the fre- 
quency domain response is represented as I, and the impedances of 
the inductor and capacitor, determined at @ = 3000 rad/s, are j kKQ and 
— }2 KQ, respectively. The corresponding frequency-domain circuit ts 
shown in Fig. 10.195. 

Devise a plan. 

We will analyze the circuit of Fig. 10.196 to obtain F; combining im- 
pedances and invoking Ohm’s law is one possible approach. We will 


then make use of the fact that we know w = 3000 rad/s to convert I 
into a time-domain expression. 


Construct an appropriate set of equations. 








ry — 2j) 24 ij 

Za = 1.54 PEEP 2154 J 
Jti-2j a) 

B 2+ f14j 1+ j3 
7 I= jl+j 2 


= 2 + j1.5 = 2.5/30.87° kQ 
The phasor current is then simply 
V, 


Zo 


l 
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Determine if additional information is required. 
Substituting known values, we find that 


B 40/—90" —90° 
~ 2.5/36. 87 ™ 


which, along with the knowledge that w = 3000 rad/s, is sufficient to 
solve for i(t). 


Attempt a solution. 
This complex expression is easily simplified to a single complex 
number in polar form: 


40 
I= yz /—90° — 36.87 mA = 16.00/—126.9" mA 


Upon transforming the current to the time domain, the desired 
response is obtained: 


i(t) = 16cos(3000r — 126.9°) mA 


Verify the solution. Is it reasonable or expected? 

The effective impedance connected to the source has an angle of 
+36.87°, indicating that it has a net inductive character, or that the 
current will lag the voltage. Since the voltage source has a phase 
angle of —90° (once converted to a cosine source), we see that our 
answer is consistent. 


PRACTICE 


Ne nasa nent _.mmmmtat eaten em eentanneA 


10.10 In the frequency-domain circuit of Fig. 10.20, find (a) 1,; (b) Iz; 
(c) I}. 


Ans: 28.3/45° A; 20/90° A; 20/08 A. 


Before we begin to write great numbers of equations in the time domain 
or in the frequency domain, it is very important that we shun the construc- 
tion of equations that are partly in the time domain, partly in the frequency 
domain, and wholly incorrect. One clue that a faux pas of this type has been 
committed is the sight of both a complex number and a ż in the same equa- 
tion, except in the factor e/. And, since e/” plays a much bigger role in 
derivations than in applications, it is pretty safe to say that students who find 
they have just created an equation containing j and ¢, or /_ and t, have cre- 
ated a monster that the world would be better off without. 

For example, a few equations back we saw 


_ Ys _ 40/-90" -90° _ 16 
— Ze  2.5/36.9° 
Please do not try anything like the following: 


40 000 40 sin 3000 
i) — sin 30001 or i(t yy Bsa sin t 
2.5/36.9° 2+ 71.5 


{/—126.9° mA 





E FIGURE 10.20 
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10.7 | ADMITTANCE _ 


Occasionally we find that the reciprocal of impedance is a more convenient 
quantity. In this spirit, we define the admittance Y of a circuit element as 
the ratio of phasor current to phasor voltage (assuming that the passive sign 
convention ts satisfied): 





; I 
Y= — 
V 
and thus 
l 
Y= = 
Z 


The real part of the admittance is the conductance G, and the imaginary 
part of the admittance is the susceptance B. Thus, 


Y=G+jB-1-= l A 
| ZL R+ 7X 

Equation [22] should be scrutinized carefully; it does not state that the 
real part of the admittance is equal to the reciprocal of the real part of the 
impedance or that the imaginary part of the admittance is equal to the reci- 
procal of the imaginary part of the impedance! 

Admittance, conductance. and susceptance are all measured in siemens. 
An impedance 


Z=1— 722 
which might be represented, for example, by a 1 Q resistor in series with a 


Q.1 uF capacitor at œ = 5 Mrad/s. possesses an admittance 


i | l | 2 


Z 1l=-j2 1|—j2i4+ 2 





= 0.2 + j0.4S 


The equivalent admittance of a network consisting of a number of parallel 
branches is the sum of the admittances of the individual branches. Thus, the 
numerical value of the admittance just shown might be obtained from a 
conductance of 0.2 S in parallel with a positive susceptance of 0.4 S. The 
former could be represented by a 5 Q resistor and the latter by a 0.08 uF 
capacitor at @ = 5 Mrad/s. since the admittance of a capacitor is jwC. 

As a check on our analysis, let us compute the impedance of this latest 
network, a5 Q resistor in parallel with a 0.08 uF capacitor at w = 5 Mrad/s. 
The equivalent impedance is 

-SUO _ 5329) | ag 

~~ S541/joC 5-725 7 
as before. These two networks represent only two of an infinite number of 
different networks that possess this same impedance and admittance at this 
frequency. They do. however, represent the only two-element networks, and 
thus might be considered to be the two simplest networks having an imped- 
ance of | — j2 Q and an admittance of 0.2+ j0.4S at the frequency 
w = 5 x 10° rad/s. 

The term immittance, a combination of the words impedance and 
admittance. is sometimes used as a general term for both impedance and 
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admittance. For example, it is evident that a knowledge of the phasor volt- 
age across a known immittance enables the current through the immittance 
to be calculated. 


PRACTICE 


—_—$—$——— aaa 
10.11 Determine the admittance (in rectangular form) of (a) an 
impedance Z = 1000 + j400 &2; (b) a network consisting of the 
parallel combination of an 800 Q resistor, a 1 mH inductor, and a 2 nF 
capacitor, if @ = 1 Mrad/s; (c) a network consisting of the series com- 
bination of an 800 Q resistor, a 1 mH inductor, and a 2 nF capacitor, if 
w = | Mrad/s. 





Ans: 0.862 — j0.345 mS; 1.25 + j1 mS; 0.899 — j0.562 mS. 


10.8 _ NODAL AND MESH ANALYSIS 


E ae te LR ld E i a 
We previously achieved a great deal with nodal and mesh analysis tech- 
niques, and it’s reasonable to ask if a similar procedure might be valid in 
terms of phasors and impedances for the sinusoidal steady state. We already 
know that both of Kirchhoff’s laws are valid for phasors; also, we have an 
Ohm-like law for the passive elements V = ZI. In other words, the laws 
upon which nodal analysis rests are true for phasors, and we may proceed, 
therefore, to analyze circuits by nodal techniques in the sinusoidal steady 
state. Using similar arguments, we can establish that mesh analysis methods 
are valid (and often useful) as well. 





Find the time-domain node voltages v;(f) and v(t) in the circuit 
shown in Fig. 10.21. 


~j5 0 


1/0° A 





M FIGURE 10.21 A frequency-domain circuit for which node voltages V, and Vz are identified. 


Two current sources are given as phasors, and phasor node voltages V; 
and V; are indicated. At the left node we apply KCL, yielding: 
Vı Vi Vi-V2 Vi-V2 | , 
— +4 — 4+ —— ++ c = 1/0° = 1+ j0 
= Se” j10 8 : 


(Continued on next page) 
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At the right node, 


V-V -VW wA W 


- + — + — = —(0.5/—90") = 70.5 
mo ps 7 10 EO I 








— j5 
Combining terms, we have 
(0.2 + j0.2)V, — JO.IV: = 1 
and 
—J0.IV; + (0.1 — J0.1)}V> = j0.5 


These equations are easily solved on most scientific calculators, result- 
ingin V; = l — J2 V and V: = —2 + j4 V. 

The time-domain solutions are obtained by expressing V; and V> in 
polar form: 


V; = 2.24/-63.4 
V> = 4.47 /116.6° 
and passing to the time domain: 
vilt) = 2.24 cos(wt — 63.4 V 
va (r) = 4.47 cos(wr + 116.6%) V 


Note that the value of w would have to be known in order to compute 
the impedance values given on the circuit diagram. Also, both sources 
must be operating at the same frequency. 


PRACTICE 





10.12 Use nodal analysis on the circuit of Fig. 10.22 to find V; and V>. 
50 / -90° mA 





E FIGURE 10.22 


Ans: 1.062/23.3° V; 1.593/—50.0° V. 


Now let us look at an example of mesh analysis. keeping in mind again 
that all sources must be operating at the same frequency. Otherwise, it is im- 
possible to define a numerical value for any reactance in the circuit. As we 
see in the next section. the only way out of such a dilemma is to apply 
superposition. 
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| ; | . EXAMPLE 10.8 
Obtain expressions for the time-domain currents i, and iz in the 
circuit given as Fig. 10.23a. 


39! 500 pF 





10 cos 10% V © 


(a) 


(0/0° V 





(b) 


E FIGURE 10.23 (a) A time-domain circuit containing a 
dependent source. (6) The corresponding frequency-domain circuit. 


Noting from the left source that w = 10° rad/s, we draw the frequency- 
domain circuit of Fig. 10.235 and assign mesh currents I, and Ib. 
Around mesh 1, 


31, + j4CL, — Ib) = 10/0° 
or 
(3+ j4 1, — j4 = 10 
while mesh 2 leads to 


j4- fh) — 72h, + 20, = 0 





or 
(2 ~ jAh + j2h =0 
Solving, 
14+ 78 | 
= ~! = 1.24/29.7° A 
20 + j30 
h = a = 2.77/56.3° A 
Hence, 
i (t) = 1.24cos(10°t + 29.7°) A 
ia (t) = 2.77 cos(10°r + 56.3°) A 
PRACTICE | 


enter rr a 


10.13 Use mesh analysis on the circuit of Fig. 10.24 to find I; and Ip. 
Ans: 4.87/—164.6° A: 7.17/—144.9" A. 





@ FIGURE 10.24 





PRACTICAL APPLICATION 





Cutoff Frequency of a Transistor Amplifier 


Transistor-based amplifier circuits are an integral part 
of many modern electronic instruments. One common 
application is in mobile telephones (Fig. 10.25), where 
audio signals are superimposed on high-frequency car- 
rier waves. Unfortunately, transistors have built-in capac- 
itances that lead to limitations in the frequencies at 
which they can be used, and this fact must be considered 
when choosing a transistor for a particular application. 


@ FIGURE 10.25 Transistor amplifiers are used in many devices, including 
mobile phones. Linear circuit models are often used to analyze their performance 
as a function of frequency. 

Courtesy of Nokia. 


Base Collector 





Emitter 


(a) 


10.9 


Figure 10.26a shows what is commonly referred to 
as a high-frequency hybrid-1 model for a bipolar junc- 
tion transistor. In practice, although transistors are non- 
linear devices, we find that this simple linear circuit 
does a reasonably accurate job of modeling the actual 
device behavior. The two capacitors Cy and C, are used 
to represent internal capacitances that characterize the 
particular transistor being used; additional capacitors as 
well as resistors can be added to increase the accuracy of 
the model as needed. Figure 10.26b shows the transistor 
model inserted into an amplifier circuit known as a com- 
mon emitter amplifier. 

Assuming a sinusoidal steady-state signal repre- 
sented by its Thévenin equivalent V, and Rs, we are in- 
terested in the ratio of the output voltage Vou to the input 
voltage Vin. The presence of the internal transistor ca- 
pacitances leads to a reduction in amplification as the 
frequency of V, is increased; this ultimately limits the 
frequencies at which the circuit will operate properly. 
Writing a single nodal equation at the output yields 


Vout = Vin Vout 


hig = ea Ft 
(1/j@C,) (Re | Rx) 





(b) 
W FIGURE 10.26 (a) High-frequency hybrid-7 transistor model. (b) Common-emitter amplifier circuit using the hybrid-zr transistor model. 





SUPERPOSITION, SOURCE TRANSFORMATIONS, 


AND THEVENIN’S THEOREM 


After inductors and capacitors were introduced in Chap. 7, we found that 
circuits containing these elements were still linear, and that the benefits of 
linearity were again available. Included among these were the superposition 
principle, Thévenin’s and Norton’s theorems, and source transformations. 





nro amas 


Solving for Vou in terms of Vin, and noting that Yz = When characterizing amplifiers, it is common to ref- 
Vin. we obtain an expression for the amplifier gain erence the frequency at which the gain is reduced to 
1/./2 times its maximum value. From Fig. 10.27a, we 





Vou —8m( Re ||Ri)A/joC,) + (Rei Rv) see that the maximum gain magnitude is 30, and the 
Vin E (Rc\lRL) + A/s@C,) gain magnitude is reduced to 30//2 = 21 at a fre- 
—gm(Rc|\| RL) + jo(Rell Ri) Cy quency of approximately 30 MHz. This frequency is 
== a + jotRr\ RC, often called the cutoff or corner frequency of the ampli- 
fier. If operation at a higher frequency is required, either 
Given the typical values gm = 30 mS, Rc = Rp = 2 KQ, the internal capacitances must be reduced (1.e., a differ- 
and C,, = 5 pF, we can plot the magnitude of the gain as a ent transistor must be used) or the circuit must be re- 
function of frequency (recalling that w = 2x f). The designed in some way. 
semilogarithmic plot is shown in Fig. 10.27a, and the We should note at this point that defining the gain 
MATLAB script used to generate the figure is given in relative to Vin does not present a complete picture of the 
Fig. 10.27b. Itis interesting, but maybe not totally surpris- frequency-dependent behavior of the amplifier. This may 
ing, to see that a characteristic such as the amplifier gain is be apparent if we briefly consider the capacitance Cx: as 
dependent on frequency. In fact, we might be able to con- w —> œ, Zc, > 0,80 Vin — 0. This effect does not man- 
template using such a circuit as a means of filtering out ifest itself in the simple equation we derived. A more 
frequencies we aren’t interested in. However, at least for comprehensive approach is to develop an equation for V out 
relatively low frequencies, we see that the gain is essen- in terms of V,, in which case both capacitances will appear 
tially independent of the frequency of our input source. in the expression; this requires a little bit more algebra. 
No longer 
amplifying EDU» frequency = logspace(3,9,100); 


effectively EDU» numerator = -30e-3*1000 + i*frequency*1000*5e-12; 


EDU» denominator = 1 + i*frequency*1000*5e-12; 
EDU» for k = 1:100 

gain(k) = abs(numerator(k)/denominator(k)); 

end 

EDU» semilogx(frequency/2/pi,gain); 

EDU» xlabel(‘Frequency (Hz)’); 

EDU» ylabel(‘Gain’); 

EDU» axis([100 1e8 0 35)); 





(b) 
E FIGURE 10.27 (a) Amplifier gain as a function of frequency. (b) MATLAB script used to create plot. 


Thus. we know that these methods may be used on the circuits we are now 
considering; the fact that we happen to be applying sinusoidal sources and 
are seeking only the forced response is immaterial. The fact that we are an- 
alyzing the circuits in terms of phasors is also immaterial; they are still lin- 
ear circuits. We might also remember that linearity and superposition were 
invoked when we combined real and imaginary sources to obtain a complex 
source. 
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EXAMPLE 10.9 


Use superposition to find V, for the circuit of Fig. 10.21, repeated 
as Fig. 10.284 for convenience. 


-jQ 






OQ (+) 0.5/-90° A 


jns 


1/0" A 









1/0° A 


Qosa 


Ref. 
(b) 


E FIGURE 10.28 (c) Circuit of Fig. 10.21 for which V: 1s desired, (6) V; may be found by using 
superposition of the separate phasor responses. 


First we redraw the circuit as Fig. 10.286, where each pair of parallel 
impedances is replaced by a single equivalent impedance. That is, 

S|} —f10 Q is 4 — j2 Qs 710) — 75 Q is ~710 Q: and 10 |} 75 is equal 
to 2 + /4 2. To find Vj, we first activate only the left source and find 
the partial response, Vız. The 1/0° source is in parallel with an 
impedance of 


(4 — f2) Jio +2 + j4) 
so that 


(4— j2\—jl0 +24 j4) 





Vit = 1/0 
1 = Oa joe 2 jA 
-4 — j28 
= Ot 22 rv 
6 — j8 


With only the right source active, current division and Ohm's law yields 


i 2 
Vir = (-0.5/—90°) | —----—-- = —--_—__ J (4- j2) = -1V 
R= ( 1-90) (55 Tosca) J) 


Summing, then 
Vi=Virt+Vir=2-j2-!=1-— j2 V 


which agrees with our previous result from Example 10.7. 
As we will see, superposition is also extremely useful when dealing 
with a circuit in which not all sources operate at the same frequency. 
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PRACTICE 





10.14 If superposition is used on the circuit of Fig. 10.29, find V, with 
(a) only the 20/0°-mA source operating; (b) only the 50/—90°-mA 


source operating. 


50 /-90° mA 





E FIGURE 10.29 


Ans: 0.1951 — j0.556 V; 0.780 + j0.976 V. 





Determine the Thévenin equivalent seen by the —/10 Q impedance 
of Fig. 10.30a, and use this to compute V1. 


V) V, 










1/0° A 


1/0°A 





(b) 





(c) 


M FIGURE 10.30 (a) Circuit of Fig. 10.28b. The Thévenin equivalent seen by the 
—/10 Q impedance is desired. (b) Voc is defined. (C) Zin is defined. (d) The circuit is 
redrawn using the Thévenin equivalent. 


(Continued on next page) 
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The open-circuit voltage. defined in Fig. 10.306, ts 
=4-j242-jl=6-73V 


The impedance of the inactive circuit of Fig. 10.30¢ as viewed from the 
load terminals is simply the sum of the two remaining impedances. 
Hence. 


Zin =O4 J2L2 
Thus, when we reconnect the circuit as in Fig. 10.30d, the current di- 


rected fram node | toward node 2 through the — j 10 Q load is 


li> - = 0.6 + j0.3 A 





We now know the current flowing through the —j 10 © impedance 
of Fig. 10.30a. Note that we are unable to compute V; using the circuit 
of Fig. 10.30d as the reference node no longer exists. Returning to the 
original circuit, then. and subtracting the 0.6 + j0.3 A current from the 
left source current, the downward current through the (4 — 72) Q 
branch is found: 

I, = 1-0.6- j0.3 = 0.4 — j0.3 A 
and. thus. 
V, = (0.4 — j0.3)(4 — f2) = 1-)2 V 
as before. 

We might have been clever and used Norton’s theorem on the three 
elements on the right of Fig. 10.30a, assuming that our chief interest is 
in Vi. Source transformations can also be used repeatedly to simplify 
the circuit. Thus, all the shortcuts and tricks that arose in Chaps. 4 and 
5 are available for circuit analysis in the frequency domain. The slight 
additional complexity that is apparent now arises from the necessity of 


using complex numbers and not from any more involved theoretical 
considerations. 


PRACTICE. _ 


rire rR RRR 
10.15 For the circuit of Fig. 10.31, find the (a) open-circuit voltage Vap; 
(b) downward current in a short circuit between a and b; (c) Thévenin- 
equivalent impedance Z4, in parallel with the current source. 





E FIGURE 10.31 Ans: 16.77/—33.4° V; 2.60 + j1.SOO A; 2.5 — j5Q. 


One final comment is in order. Up to this point, we have restricted our- 
selves to considering either single-source circuits or multiple-source circuits 
in which every source operates at the exact same frequency. This is neces- 
sary in order to define specific impedance values for inductive and capac- 
itive elements. However. the concept of phasor analysis can be easily 

extended to circuits with multiple sources operating at different frequencies. 
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In such instances, we simply employ superposition to determine the volt- 
ages and currents due to each source, and then add the results in the time do- 
main. If several sources are operating at the same frequency, superposition 
will also allow us to consider those sources at the same time, and add the 
resulting response to the response(s) of any other source(s) operating at a 
different frequency. 


TN 
ernn) 
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EXAMPLE 10.11 





Determine the power dissipated by the 10 Q resistor in the circuit 
of Fig. 10.32a. 


on 





(a) 





(b) 





(c) 


@ FIGURE 10.32 (c) A simpie circuit having sources operating at different 
frequencies. (b) Circuit with the left source killed. (c) Circuit with the right source killed. 


After glancing at the circuit, we might be tempted to write two quick 
nodal equations, or perhaps perform two sets of source transformations 
and launch immediately into finding the voltage across the 10 Q resistor. 

Unfortunately, this is impossible, since we have two sources operat- 
ing at different frequencies. In such a situation, there is no way to com- 
pute the impedance of any capacitor or inductor in the circuit—which 
w would we use? 

The only way out of this dilemma is to employ superposition, group- 
ing all sources with the same frequency in the same subcircuit, as shown 
in Fig. 10.326 and c. 


(Continued on next page) 


In future studies of signal processing, we witi also be 
introduced to the method of Jean-Baptiste Joseph 
Fourier, a French mathematician who developed a 
technique for representing almost any arbitrary function 
by a combination of sinusoids. When working with lin- 
ear circuits, once we know the response of a particular 
circuit to a general sinusoidal forcing function, we can 
easily predict the response of the circuit to an arbitrary 
waveform represented by a Fourier series function, 
simply by using superposition. 
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In the subcircuit of Fig. 10.325. we quickly compute the current F 
using Current division: 


1 =2/0 ———_- T 
E l l0 — j- zal 


79.23/—82.03 mA 


ii 


so that 
i = 79.23 cos(5: — 82.03°) mA 
Likewise, we find that 


oe — j 1.667 
P= 3/0 | -—-——- os 
-| 10 — 70.6667 — j 1.667 





so that 
i = 8I1.7cos(3r — 76.867) mA 


RS It shouid be noted at this point that no matter how tempted we might 
Kauno be to add the two phasor currents F and 1”. in Fig. 10.32b and c. this 
‘ue would be incorrect. Our next step is to add the two time-domain currents. 
square the result, and multiply by 10 to obtain the power absorbed by the 
10 Q resistor in Fig. 10.32a: 
Po =i +i") x 10 
= 10{79.23 cos(Sr — 82.03") + 811.7 cos(3r — 76.86 )|° uW 


PRACTICE | 


10.16 Determine the current i through the 4 Q resistor of Fig. 10.33. 








3 cos 21 V (>) © 4 cos 51V 


m FIGURE 10.33 


Ans: i = 175.6 cos(2t — 20.55°) + 547.1 cos(St — 43.167) mA. 






COMPUTER-AIDED ANALYSIS 


We have several options in PSpice for the analysis of circuits in the sinu- 
soidal steady state. Perhaps the most straightforward approach is to make 
use of two specially designed sources: VAC and IAC. The magnitude 
and phase of either source is selected by double-clicking on the part. 
Let’s simulate the circuit of Fig. 10.19a, shown redrawn in Fig. 10.34. 
The frequency of the source is not selected through the Property 
Editor, but rather through the ac sweep analysis dialog box. This is 


SECTION 10.9 SUPERPOSITION, SOURCE TRANSFORMATIONS, AND THEVENIN’S THEOREM 


IPRINT 


ACMAG = 40Vac L1 
ACPHASE = -90 
OVoc 


0 


@ FIGURE 10.34 The circuit of Fig. 10.190, operating at œ = 3000 rad/s. The current 
through the 1.5 kQ resistor is desired. 


accomplished by choosing AC Sweep/Noise for Analysis when pre- 
sented with the Simulation Settings window. We select a Linear sweep 
and set Total Points to 1. Since we are only interested in the frequency 
of 3000 rad/s (477.5 Hz), we set both Start Frequency and End 
Frequency to 477.5 as shown in Fig. 10.35. 










Simulation Settings - Single AC Frequency Example 





General Analyas | Configuration Fies | Options | Data Colection | Probe Window | 











Anahytit type AL Sweep Type 

AC Sweep, Nowe X * Linear Start Frequency [4775 i | 
Options Loganithmic End Frequency. [4775 

Total Points f 





Monte Cado. Viorst Case 
Parametne Sweep 


É Notse Analysis | 
emperature (Sweep = = | 
Save Bias Pont Enabled 


Load Bias Port Se 









Output Fée Options 


— Ingude detailed bias point information for noninear 
controled sources and semiconductors (,0P} 





@ FIGURE 10.35 Dialog box for setting source frequency. 


Note that an additional “component” appears in the schematic. This 
component is called IPRINT, and allows a variety of current parameters 
to be printed. In this simulation, we are interested in the AC, MAG, 
and PHASE attributes. In order for PSpice to print these quantities, 
double-click on the IPRINT symbol in the schematic, and enter yes in 
each of the appropriate fields. 

The simulation results are obtained by choosing View Output File 
under PSpice in the Capture CIS window. 

FREQ [M(V_PRINT1) IP(V_PRINT1) 

SE+02 1.600E-02 -1.269E+02 


Thus, the current magnitude is 16 mA, and the phase angle is —126.9°, 
so that the current through the 1.5 kQ resistor is 


i = l6cos(3000t — 126.9°) mA 
= 16sin(3000r — 36.9°) mA 








bvaginary 
axis (V) 





Codie Real axis CV) 
0 


® FIGURE 10.36 A simple phasor diagram shows 
the single voltage phasor V; = 6 + /8 = 10/53. V. 








| fg 
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EN 
t 
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V, 
h= jDV > 1s. 
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(fr) 


@ FIGURE 10.37 (c) A phasor diagram showing the 
sum of V; = 6 + /8 Vand Vy =3-—-j4V,V,+V)= 
Y 4 j4V = 9.85/24.0" V. (b) The phasor diagram 
snows V; and h, where l = YV, and Y= l + /S = 
2/45. S. The current and voltage amplitude scales 
are different. 
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10.10 | PHASOR DIAGRAMS _ 


The phasor diagram is a name given to a sketch in the complex plane show - 
ing the relationships of the phasor voltages and phasor currents throughout 
a specific circuit. It also provides a graphical method for solving certain 
problems which may be used to check more exact analytical methods. tn 
Chap. 1I we encounter similar diagrams which display the complex power 
relationships in the sinusoidal steady state. 

We are already familiar with the use of the complex plane in the graphical 
identification of complex numbers and in their addition and subtraction. 
Since phasor voltages and currents are complex numbers, they may also he 
identified as points in a complex plane. For example, the phasor voltage 
V, = 64+ /8 = 10/53.] Visidentified on the complex voltage plane shown 
in Fig. 10.36. The x axis is the real voltage axis. and the y axis is the imaginary 
voltage axis: the voltage V; is located by an arrow drawn from the origin. 
Since addition and subtraction are particularly easy to perform and display on 
a complex plane, phasors may be easily added and subtracted in a phasor 
diagram. Multiplication and division result in the addition and subtraction of 
angles and a change of amplitude. Figure 10.37a shows the sum of V, and a 
second phasor voltage V: = 3 — J+ = 5/—53.1° V. and Fig. [0.376 shows 
the current [,, which is the product of V; and the admittance Y = 1 + /1 S. 

This last phasor diagram shows both current and voltage phasors on the 
same complex plane: it is understood that each will have its own amplitude 
scale. but a common angle scale. For example. a phasor voltage | cm long 
might represent 100 V. while a phasor current | cm long could indicate 3 mA. 
Plotting both phasors on the same diagram enables us to easily determine 
which waveform is leading and which is lagging. 

The phasor diagram also offers an interesting interpretation of the time- 
domain to frequency-domain transformation, since the diagram may be in- 
terpreted from either the time- or the frequency-domain viewpoint. Up to 
this point, we have been using the frequency-domain interpretation, as we 
have been showing phasors directly on the phasor diagram. However, let us 
proceed to a time-domain viewpoint by first showing the phasor voltage 
V = V,, /@ as sketched in Fig. 10.38. In order to transform V to the time 
domain, the next necessary step is the multiplication of the phasor by e“; 
thus we now have the complex voltage V,e/“e/@ = V,,/wt +a. This 
voltage may also be interpreted as a phasor, one which possesses a phase 
angle that increases linearly with time. On a phasor diagram it therefore 








m 


Vin Lot + a 





ta) (h) 


@ FIGURE 10.38 (c) The phasor voltage Vm /a. (b) The complex voltage V,, /wt +a 18 
shown as a phasor at a particular instant of time. This phasor leads Vm /æ by wt radians. 
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represents a rotating line segment, the instantaneous position being wt radi- 
ans ahead (counterclockwise) of V,,/a. Both V,,/a@ and V,,/@t-+qa are 
shown on the phasor diagram of Fig. 10.386. 

The passage to the time domain is now completed by taking the real part 
of V,,/wt +a. The real part of this complex quantity is the projection of 
V,, /@t +a onthe real axis: Vm cos(@t + a). 

In summary. then, the frequency-domain phasor appears on the phasor | 
diagram, and the transformation to the time domain is accomplished by al- (a) 
lowing the phasor to rotate in a counterclockwise direction at an angular ve- 
locity of œw rad/s and then visualizing the projection on the real axis. It is 
helpful to think of the arrow representing the phasor V on the phasor dia- 
gram as the photographic snapshot, taken at wt = 0, of a rotating arrow 
whose projection on the real axis is the instantaneous voltage v(t). 

Let us now construct the phasor diagrams for several simple circuits. The 
series RLC circuit shown in Fig. 10.39a has several different voltages associ- 
ated with it, but only asingle current. The phasor diagram is constructed most 
casily by employing the single current as the reference phasor. Let us arbi- 
trarily select I = /,, /O° and place it along the real axis of the phasor diagram, 
Fig. 10.39b. The resistor, capacitor, and inductor voltages may then be calcu- 
lated and placed on the diagram, where the 90° phase relationships stand out 
clearly. The sum of these three voltages is the source voltage, and for this 
circuit, which is in what we will define in a subsequent chapter as the “reso- 
nant condition” since Zc = — £, the source voltage and resistor voltage are 
equal. The total voltage across the resistor and inductor or resistor and capac- 
itor is obtained from the diagram by adding the appropriate phasors as shown. 

Figure 10.40qa is a simple parallel circuit in which it is logical to use the 
single voltage between the two nodes as a reference phasor. Suppose that 
V = 1/0° V. The resistor current, Ip = 0.2/0° A, is in phase with this volt- 
age, and the capacitor current, Iç = j0.1 A, leads the reference voltage 
by 90°. After these two currents are added to the phasor diagram, shown as 
Fig. 10.406, they may be summed to obtain the source current. The result is 
I, = 0.2 + jO.1 A. 








(b) 


W FIGURE 10.39 (2) A series RLC circuit. (b) The 
phasor diagram for this circuit; the current 1 is used as 
a convenient reference phasor. 


1=0.2+j0.1A 
w = 2000 rad/s 





(a) (b) 


E FIGURE 10.40 (c) A parallel RC circuit. (6) The phasor diagram for this circuit; the nade voltage V 
is used as a convenient reference phasor. . 


If the source current is specified initially as the convenient value of 
1/0° A and the node voltage is not initially known, it is still convenient to 
begin construction of the phasor diagram by assuming a node voltage (for 
example, V = 1/0° V once again) and using it as the reference phasor. The 
diagram is then completed as before, and the source current that flows as a 
result of the assumed node voltage is again found to be 0.2 + j0.1 A. The 
true source current is 1/0° A, however, and thus the true node voltage is 


PTN 


Co ns ii 








m FIGURE 10.41 A simple circuit for which several 
currents are required. 
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obtained by multiplying the assumed node voltage by 1/0°/(0.2 + j0.1): 
the true node voltage is therefore 4— j2 V = /20/—26.6 V. The as- 
sumed voltage leads to a phasor diagram which differs from the true phasor 
diagram by a change of scale (the assumed diagram is smaller by a factor 
of 1/./20) and an angular rotation (the assumed diagram is rotated coun- 
terclockwise through 26.6°). 

Phasor diagrams are usually very simple to construct, and most sinu- 
soidal steady-state analyses will be more meaningful if such diagrams are 
included. Additional examples of the use of phasor diagrams will appear 
frequently throughout the remainder of our study. 


Construct a phasor diagram showing Ig, Iz, and Ic for the circuit of 
Fig. 10.41. Combining these currents, determine the angle by which 
I, leads Ip, Ic, and L. 


We begin by choosing a suitable reference phasor. Upon examining the 
circuit and the variables to be determined, we see that once V is known, 
Ip, Iz, and Ic can be computed by simple application of Ohm’s law. 
Thus, we select V = 1/0° V for simplicity’s sake, and subsequently 
compute 


Ip = (0.2)1/0° =0.2/0°A 
I, = (—j0.1)1/0° = 0.1/—90° A 
Ic = (j0.3)1/0° =0.3/90° A 


The corresponding phasor diagram is shown in Fig. 10.42a. We also 
need to find the phasor currents I, and Iy. Figure 10.42b shows the de- 
termination of I, = I, + Ig = 0.2 — j0.1 = 0.224/—26.6° A, and 
Fig. 10.42c shows the determination of I, = Ic +1, = 0.283/45° A. 
From Fig. 10.42c, we ascertain that I, leads Ip by 45°, Ic by —45°, and 
I, by 45° + 26.6° = 71.6°. These angles are only relative, however; the 
exact numerical values will depend on I,, upon which the actual value 
of V (assumed here to be 1/0° V for convenience) also depends. 





(b) (c) 


E FIGURE 10.42 (a) Phasor diagram constructed using a reference value of V = 1/0°. 
(b) Graphical determination of ly = l; + Ig. (©) Graphical determination of l = Ic + h. 





READING FURTHER 


PRACTICE 


iim ieioea or A tN 
10.17 Select some convenient reference value for I¢ in the circuit of 
Fig. 10.43, draw a phasor diagram showing Vpr, V2, Vi, and V,, and 
measure the ratio of the lengths of (a) V, to Vi; (b) Vi to Va; (O) V, 
to Vp. 





Ans: 1.90: 1.00; 2.12 S FIGURE 10.43 


SUMMARY AND REVIEW 


If two sine waves (or two cosine waves) both have positive magnitudes 
and the same frequency, it is possible to determine which waveform 1s 
leading and which is lagging by comparing their phase angles. 

a The forced response of a linear circuit to a sinusoidal voltage or current 
source can always be written as a single sinusoid having the same 
frequency as the sinusoidal source. 

Q A phasor transform may be performed on any sinusoidal function, and 
vice-versa: Vp cos(wt + 6) < Vme. 

4 A phasor has both a magnitude and a phase angle; the frequency is 
understood to be that of the sinusoidal source driving the circuit. 

3 When transforming a time-domain circuit into the corresponding 

frequency-domain circuit, resistors, capacitors, and inductors are 

replaced by impedances (or, occasionally, by admittances). 

The impedance of a resistor is simply its resistance. 

The impedance of a capacitor is 1/jwC Q. 


The impedance of an inductor is joL Q. 


tc C C C 


impedances combine both in series and in parallel combinations in the 
same manner as resistors. 


3 All analysis techniques previously used on resistive circuits apply to 
circuits with capacitors and/or inductors once all elements are replaced 
by their frequency-domain equivalents. 


4 Phasor analysis can only be performed on single-frequency circuits. 
Otherwise, superposition must be invoked, and the time-domain partial 
responses added to obtain the complete response. 


4 The power behind phasor diagrams is evident when a convenient forcing 
function is used initially, and the final result scaled appropriately. 


READING FURTHER 


A good reference to phasor-based analysis techniques can be found in: 


R.A. DeCarlo and P.M. Lin, Linear Circuit Analysis, 2nd ed. New York: 
Oxford University Press, 2001. 


Frequency-dependent transistor models are discussed from a phasor perspec- 
tive in Chap. 7 of 


W.H. Hayt, Jr. and G.W. Neudeck, Electronic Circuit Analysis and Design, 
2nd ed. New York: Wiley, 1995. 
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l. A sine wave. FUG. is zero and increasing at! = 2.) ms, and the succeeding 
positive maximum of 8.5 occurs at? = 7.5 ms. Express the wave in the form 
ft) equals (a) Cy sinter +b). where @ is positive, as small as possible, and 
in degrees: (1) Cs costet + B). where 6 has the smallest possible magnitude 
and is in degrees: (c) Cs cos cot + Cy SiN wt. 

2 (a) Tt - tO cos cot + 4 sin ot = A costo + o). where A > O and 
-180 < © = TSO . find A and œ. (6) IE 200 cos(5t + 130°) = F cos 5t + 
G sin Sz. tind F and G. (o) Find three values of 4,0 <1 < 1s. at which if) = 
Seos {Or 3 sin 107 = 0. h In what time interval between ¢ = 0 and ¢ = 
10 mss fOecos POs? > 12 sin OOT? 


pd 


Given the two sinusoidal waveforms, (0 = —SO cos wt — 30 sin at and 
e(f) == SS cosa — Ls sina. find (a) the amplitude of each, and (b) the phase 
angle by which f (1) leads et). 

4. Substitute the assumed current response of Eq. [3]. 10) = A cos(wt — 8). 

directly in the differential equation Lidi jdi) + Ri = Vm cos wrt to show that 

values for A and 6 are obtained which agree with Eq. [4]. 


5. A certain power supply generates a voltage waveform that can be characterized 
as a cosine wave Va costat + @) having a frequency of 13.56 MHz. If the 
supply delivers a maximum power of 300 W to a5 Q load and the voltage 
reaches a minimum ats = 21.15 ms. what are Vp. œ. and œ? 


aram, 
-t 


. Compare the following pairs of waveforms. and determine which one is 
leading: (a) —33sin(87 - 9 ) and 12 cos¢&r -- 17). (b) 15cos(1000r + 66°) 
and —2 cos(1000r + 450 3. dc) sint? — 13°) and cosi ~ 90°). id) sint and 
cosit — 90 ). 


7. Determine which waveform in each pair is lagging: (a) 6cos(27 60t — 9°) and 
—6cos(27 601 +9 ). (by cosy — 100°) and -cost — 100°). (c) —sint and 
sin f. (af) 7000 cos(t — 7) and Yeasa — 3.14), 

8. Show that the voltage vi?) = Vi cos wr — V> sin œt can be written as a 
single cosine function V,, cos(wr + @). Derive appropriate expressions for 
V,, and @. 

9. The Fourier theorem is a common tool in both science and engineering. It 


shows that the periodic waveform shown in Fig. 10.44 is equal to the 
infinite sum 


8 ff. Lo. i, 1, 
vr) = = | sina = ~ sm 3nrr+ = sin5at — = sin7ar+.--- 
T“ 3- S- 7- , 


(a) Compute the exact value of v(t) at z = 0.4 s. Compute the approximate 
value of u(r) using the Fourier series above using (b) the first term only; 
ie) the first four terms only: (d) the first five terms only. 


HDV) 





@ FIGURE 10.44 


10. Household electrical voltages are typically quoted as either 110 V, 115 V, 
or 120 V. However, these values do not represent the peak ac voltage. Rather, 








EXERCISES 


they represent what is known as the root mean square of the voltage. defined as 


m 


] T 
Vims = zl V2 cos?(wt} dt 
T Jo 


where T = the period of the waveform, V is the peak voltage, and œw = the 
waveform frequency ( f = 60 Hz in North America). 


(a) Perform the indicated integration, and show that for a sinusoidal voltage. 


Vn 
v2 


(b) Compute the peak voltages corresponding to the rms voltages of 110, H5. 
and 120 V. 


Vims = 








10.2 Forced Response to Sinusoidal Functions 2 cos $t mV 


11. Find the steady-state voltage vc (t) as indicated in the circuit of Fig. 10.45. 


12. Determine the inductor voltage v; (t) for the circuit of Fig. 10.46, assuming 
R = 100 Q, L = 2 H, and all transients have long since died out. m FIGURE 10.45 


13. Let v, = 20 cos 500z V in the circuit of Fig. 10.47. After simplifying the circuit 
a little, find 7, (7). 


20 Q 50 





E FIGURE 10.46 @ FIGURE 10.47 


14. If i, = 0.4 cos 500r A in the circuit shown in Fig. 10.48, simplify the circuit 
until it is in the form of Fig. 10.4 and then find (a) i} (t); (b) i, (t). 





E FIGURE 10.49 
E FIGURE 10.48 
100 0 
15. A sinusoidal voltage source v, = 100 cos 10°r V, a 500 Q resistor, and an 8 mH 
inductor are in series. Determine those instants of time, 0 <1 < ST, at which 
zero power is being: (a) delivered to the resistor; (b) delivered to the inductor; 
(c) generated by the source. cas 500 V (2) 
16. In the circuit of Fig. 10.49, let v; = 3 cos 10°r V and i, = 0.1 cos 10°r. After 
making use of superposition and Thévenin’s theorem, find the instantaneous 
values of iz and v; att = 10 us. 


17. Find i;(t) in the circuit shown in Fig. 10.50. E FIGURE 10.50 





60 2) 1200 


oa 





$ FIGURE 10.51 


0.08 H 





@ FIGURE 10.53 





E FIGURE 10.54 





-— ANN f\ pre 
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18. Both voltage sources in the circuit of Fig. 10.51 are given by 120 cos 1207rt V. 
(a) Find an expression for the instantaneous energy stored in the inductor, and 
(b) use it to tind the average value of the stored energy. 


19. In the circuit of Fig. 10.51, the voltage sources are vı = 120 cos 200r V and 
voa = 180 cos 200r V. Find the downward inductor current, 

20. Assume that the op-amp in Fig. 10.52 ts ideal (R; = œ, Ra = 0. and A = œ). 
Note also that the integrator input has two signals applied to it, - Vm cos wt and 
Vout [f the product RC; is set equal to the ratio L/R in the circuit of Fig. 10.4. 
show that tou equals the voltage across R (+ reference on the left) in Fig. 10.4 


R, Ci 


Vn COS wi 





@ FIGURE 10.52 


. À voltage source Vp cos wf, a resistor R. and a capacitor C are all in series. 
(a) Write an integrodifferential equation in terms of the loop current 7 and then 
differentiate it to obtain the differential equation for the circuit. (b) Assume a 
suitable general form tor the forced response i(t), substitute tt in the differential 
equation, and determine the exact form of the forced response. 


10.3 The Complex Forcing Function 


22. Convert the following to rectangular form: (a) 7/90", (b)3 + f+ 7/-37 : 
(c) 14e/! ; id) 1/0. Convert the following to polar form: (e) —2(1 + j9); (7) 3. 
23. Perform the indicated operation(s), and express the answer as a single 
complex number in rectangular form: (a) 3 + 15/—23°: (b) 127(17/180°): 
I+D- jT 
(5 a LED J 5 
33/-9 
24. Perform the indicated operation(s). and express your answer as a single com: 
plex number in polar form: (a) 5/9° — 9/—17°; (b) (8 — f1S)(4 + j16) — j: 
(l4— j9 | 
c) + 1) 5 /—30°; (d) 17/—33° + 6/—21" + j3. 
(2 — 78) 
25. Express the following as a complex number tn polar form: 
14 ayn 68 — fb 5/30° el 
(aye! 4.9/3? — 2 (by) SS + M. 
jr 2/-I¥ 2- j2 
26. Convert these complex numbers to rectangular form: (a) 5/--110°: (b) 6e/!? ; 
(c) (3 + 76)(2/50"). Convert to polar form: (d) — 100 — j40; 
(e) 2/50: + 3/—120°. 
27. Carry out the indicated calculations, and express the result in polar form: 


2 2-75 
(a) 40/—50° — 18/25: (b) 34-4 ~ J Express in rectangular form: 
J 


1+ j2 
(e) (2.125 3: d) 0.70793, 
28. In the circuit of Fig. 10.53, let ic be expressed as the complex response 
20e 1439) A and express v, as a complex forcing function. 


29. In the circuit of Fig. 10.54. let the current i; be expressed as the complex 
a : 
response Welle) A and express the source current i,(f) as a complex 
forcing function. 























30. In a linear network. such as that shown in Fig. 10.8, a sinusoidal source 
voltage. v, = 80 cos(500r — 20°) V, produces the output current 





EXERCISES 


lou = S cos(500 + 12°) A. Find four If V; equals (a) 40 cos(500r + 10°) V: 
(b) 40 sin(S00r + 10°) V; (c) 402/510 V: (ay (50 + 720) e150" y 


10.4 The Phasor 


3t. 


33 


36. 


37. 


Express cach of the following currents as a phasor: (a) 12 sin(400¢ + 110°) A; 
(b) —7 sin 800¢ — 3 cos 800r A; (c) 4 cos(2007 — 30°) — 5 cos(200r + 20°) A. 
If @ = 600 rad/s, find the instantaneous value of each of these voltages at 1 = 

5 ms: (d) 70/30" V: (e) —60 + j40 V. 


>. Let w = 4 krad/s, and determine the instantaneous value of i, att = | msif I, 


equals (a) 3/80" A: (b) —4 + J1.5 A. Express in polar form the phasor voll- 
age V, if v, (7) equals (c) 50 sin(250r — 40°) V: (d)20cos 108r — 30 sin 1087 V; 
te) 33 cos(80r — 50°) + 41 cos(80r — 75°) V. 


. The phasor voltages V; = 10/90° mV at w = 500 rad/s and V2 = 8/90° mV 


at w == 1200 rad/s are added together in an op amp. If the op amp multiplies 
this input by a factor of —5, find the output at ¢ = 0.5 ms. 


34. If @ = 500 rad/s and 1, = 2.5/40° A in the circuit of Fig. 10.55, find v, (1). 


+ 25/309 V 





E FIGURE 10.55 


. Let w = 5 krad/s in the circuit of Fig. 10.56. Find (a) vilt); (b) v2(t); (e) v3(t). 


Q.1 mF 


10/0° A 





M FIGURE 10.56 


A phasor current of 1 /0° A is flowing through the series combination of | Q2, 
1 H, and 1 F. At what frequency is the amplitude of the voltage across the net- 
work twice the amplitude of the voltage across the resistor? 


Find v, in the circuit shown in Fig. 10.57. 


2 eos (4006 4+ AO A 
a 


3 cos 4007 A 


I mF 





E FIGURE 10.57 











300 N 


6 ne 


@ FIGURE 10.58 


3/-20 A 
w = 2 krad/s 


@ FIGURE 10.60 











0.6 H 
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38, A black box with yellow stripes contains two current sources, Fy and fo. The 
output voltage is identified as Voar HW; = 2/207 A and yo = 3/—30° A, then 
Vou = SOMO V. However fT, = ho = 4/40 A, then Vou = 90 - J30 Y 
Find Vig iE ty = 2.5/--60) A and Is = 2.560) A, 


10.6 impedance 

39, Calculate the impedance of a series combination comprised of a | mF, 2 mF, 
and 3 mF capacitor if operated at a frequency of (a) | Hz: (b) 100 Hz: 
(co) 1 KHZ: id) 1 GHz, 

4+0, Calculate the impedance of aS Q reststor in parallel with a | nH inductor and 
aS nH inductor if the operating frequency ts (a) | Hz: (b) 1 kHz: (e) 1 MHz: 
CD | GHz. te) L THz. 

41. Find Zp at terminals a and # in Fig. 10.58 if w equals (a) 800 rad/s; 
tbh) 1600 rad/s. 

42. Lete = 100 rad/s in the cireun of Fig. 10.59., Find (a) Zini (b) Zin tf a short 
circuit is connected from x to v. 


200 iQ 


= FIGURE 10.59 


43. H a voltage source r, = 120 cos 800r V is connected to terminals a and b in 
Fig. 10.58 (+ reference at the top). what current flows to the right in the 300 Q 
resistance? 

44. Find V in Fig. 10.60 if the box contains (e 3 Q in series with 2 mH; (b) 3 Q in 
series with 125 uF: (0) 3 Q, 2 mH. and 125 uF in series: (d) 3 Q, 2 mH, and 
125 uF in series. but « = 4 krad/s. 

45. A I0 H inductor, a 200 Q resistor. and a capacitor C are in parallel. (a) Find 
the impedance of the parallel combination at œ = 100 rad/s if C = 20 pF. 

(hb) If the magnitude of the impedance is 125 Q at w = 100 rad/s, find C. (c) At 
what two values of w is the magnitude of the impedance equal to 100 Q if 
C = 20 uaF? 

46. A 20 mH inductor and a 30 & resistor are in parallel. Find the frequency œo 
at which: (a) [Zin] = 25 Q: (h) angle (Zm) = 25°; (c) Re(Zin) = 25 Q; 

(d) Im (Zin = 10 Q. 

47. Find R; and R; in the circuit of Fig. 10.57. 


48. A two-element network has an input impedance of 200 + j80 2 at the fre- 
quency w = 1200 rad/s. What capacitance C should be placed in parallel with 
the network to provide an input impedance with (a) zero reactance? (b) a mag- 
nitude of [00 &2? 

49. For the network of Fig. 10.61. find Zin at œ = 4 rad/s if terminals a and b are 
(a) open-circuited: (b) short-circuited. 


80) 





E FIGURE 10.61 
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50. Find the equivalent impedance of the network shown in Fig. 10.62, assuming a 
frequency of f= | MHz. 


F 3.2 uH 700 kO 


2 yh 
ne —— 


| | MO 







850 kt 





l 


@ FIGURE 10.62 

@® 51. Design a combination of inductors, resistors. and capacitors that has (a) an im- 
pedance of 1 + j4 2 at w = I rad/s; (b) an impedance of 5 Q at w = 1 rad/s, 
constructed using at least one inductor; (c) an impedance of 7/80° & at 
w = 100 rad/s; and (d) using the fewest components possible, an impedance of 
5 Qat f = 3 THz. 

© 52. Design a combination of inductors, resistors, and capacitors that has (a) an 
impedance of 1 + j4 kQ at w = 230 rad/s; (b) an impedance of 5 MQ at 
w = [0 rad/s, constructed using at least one capacitor; (c) an impedance of 


80/—22° Q at w = 50 rad/s; and (d) using the fewest components possible, an 
impedance of 300 82 at w = 3 krad/s. 


10.7 Admittance 


53. Calculate the admittance of a parallel combination comprised of a 1 mF, 
2 mF, and 4 mF capacitor if operated at a frequency of (a) 2 Hz; (b) 200 Hz; 
(c) 20 kHz; (d) 200 GHz. 


54. What is the susceptance of the parallel combination of (a) two 100 Q resistors; 
(b) a I Q resistor in parallel with a 1 F capacitor if the operating frequency is 
100 rad/s: (c) a 1 Q resistor in series with a 2 H inductor if the operating 
frequency 1s 50 rad/s? 


55. Find the input admittance Y,, of the network shown in Fig. 10.63 and draw it 


as the parallel combination of a resistance R and an inductance L, giving values E FIGURE 10.63 
for R and Lif w = 1 rad/s. 





56. A 5 Q resistance, a 20 mH inductance, and a 2 mF capacitance form a series 
network having terminals a and b. (a) Work with admittances to determine 500 2 imi 
what size capacitance should be connected between a and b so that 
Zinab = Rinab + JO at w = 500 rad/s. (b) What is Rin, ab? (c) With your C in 
place, what is Yin, ap at œ = 100 rad/s? 


57. In the network shown in Fig. 10.64, find the frequency at which (a) Rin = 550 Q; 
(b) Xin = 50 2; (c) Gin = 1.8 mS; (2) Bin = —150 us. 


58. Two admittances, Y; = 3 + j4 mS and Y; = 5 + j2 mS, are in parallel, and a E FIGURE 10.64 
third admittance, Y3 = 2 — j4 mS, is in series with the parallel combination. 
If a current I, = 0.1/30° A is flowing through Yj, find the magnitude of the 
voltage across (a) Y,; (b) Y2; (c) Y3; (d) the entire network. 


59. The admittance of the parallel combination of a 10 Q resistance and a 50 uF 
capacitance at w = Í krad/s is the same as the admittance of R,; and C} in 
series at that frequency. (a) Find R, and C4. (b) Repeat for œ = 2 krad/s. 


60. A cartesian coordinate plane contains a horizontal axis on which Gin is given 
in siemens, and a vertical axis along which Bin is measured, also in S. Let Yin 
represent the series combination of a | Q resistor and a 0.1 F capacitor. 

(a) Find Yin, Gin, and Bin as functions of w. (b) Locate the coordinate pairs 
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(Gin. Bin} On the plane at the frequency values œ = 0, 1.2.5. 10. 20. and 
10° rad/s, 


(D) 61. Design a combination of inductors, resistors, and capacitors that has (a) an 
admittance of | -- J4 Sato = | rad/s: (b) an admittance of 200 mS at 
w= | rad/s, constructed using at least one inductor: ic) an admittance of 
7/800 aS at æ= 100 rad/s: and (d? an admittance of 200 mî? at e = 3 THz 
using the fewest Components possible. 

62. Design a combination of inductors, resistors. and capacitors that has (a) an 
admittance of 1 ~ f+ pS at o = 30 rad/s: (b) an admittance of 5 uS at 
w = 560 rad/s, constructed using at least one capacitor; (¢) an admittance of 
4/107 nS at @ = 50 rad/s; and (d) an admittance of 60 nS at œ = 300 KH7 
using the fewest components possible. 


10.8 Nodal and Mesh Analysis 


63. Use phasors and nodal analysis on the circuit of Fig. 10.65 to tind V>. 


de RQ 


5/90 A 10/0° A 





E FIGURE 10.65 


iO mH -o 0A mF 64. Use phasors and mesh analysis on the circuit of Fig. 10.65 to find Ig. 


65. Find v, (7) in the circuit of Fig. 10.66 if v, = 20 cos 10007 V and 
vo = 20 sin 1000r V. 
66. (a) Find V3 in the circuit shown in Fig. 10.67. (b) To what identical values 


should the three capacitive impedances be changed so that V3 is 180° out of 
phase with the source voltage? 





— Ze Ze Z ` 
W FIGURE 10.66 


100/0° V R R RZV: 


R=1kM Z-=-j5000 
m FIGURE 10.67 


67. Use mesh analysis to find 7, (7) in the circuit shown in Fig. 10.68. 


IQ 


lO cos 1007 V 





E FIGURE 10.68 





EXERCISES 


68. Find v, (t) for the circuit of Fig. 10.68 using phasors and nodai analysis. 


69. The op amp shown in Fig. 10.69 has an infinite input impedance, zero output 
impedance, and a large but finite (positive, real) gain, A = —V,,/V; (a) Con- 
struct a basic differentiator by letting Z; = Rp. find V,/ Vs. and then show that 
Vu/Vs > —jwC, Ry as A > œ. (b) Let Z; represent Cy and R; in parallel, 
find V,,/V,. and then show that V./V, > —jwCRre/(1 + jwCy Ry) as V 
À -> ©. 


70. For the circuit of Fig. 10.70, determine the voltage v2. 





@ FIGURE 10.69 





E FIGURE 10.70 


71. Compute the power dissipated by the | Q resistor in Fig.10.71 at t = 1 ms. 


72. Use phasor analysis to determine the three mesh currents i; (t), i2(¢), and i3(1) FIGURE 10.71 
in the circuit of Fig. 10.72. 





6 cos (21 - 13°) V (>) 


6 cos 2t V 


E FIGURE 10.72 


73. In the circuit of Fig. 10.73, the voltage v(t) = 6.014 cos(27t + 85.76°) volts. 
What is the capacitance of C;? 


74. In the circuit of Fig. 10.74, the current i; (t) = 8.132 cos 27t A. What is the 
inductance of L;? 


20 0 200. Li 


115 VŽ cos 27t V © 35 mH 100 115-2 cos 2mt V 





@ FIGURE 10.73 @ FIGURE 10.74 


75. Referring to the transistor amplifier circuit of Fig. 10.26, (a) derive an equa- 
tion for the phase angie of the output as a function of frequency, assuming an 
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input signal V, = 1/0 volts. (6) Plot your equation on a semilogarithmic scale 
for frequencies between 100 Hz and 10 GHz. Use R, = 300Q, Rg = SkQ. 

ry = 2.2 KQ. C =S pF. C, = 2 pF. gn = 38 mS, Re = 4.7 kQ. and 

Ri = 1.2 kQ. (0) Over what frequency range is the output exactly 180° out 

of phase with the input? At approximately what frequency does this phase 
relationship begin to change” 





10.9 Superposition, Source Transformations, 

and Thévenin‘s Theorem 

76. Find the frequency-domain Thévenin equivalent of the network shown in 
Fig. 10.75. Show the result as Vj, in series with Zin. 













20022 J 
flO) 


E FIGURE 10.75 


77. Find the input admittance of the circuit shown in Fig. 10.76, and represent it as 
the parallel combination of a resistance R and an inductance L, giving values 
tor R and Lif œ = | rad/s. 

78. With reference to the circuit of Fig. 10.77, think superposition and find that 
part of v; (4) due to (a) the voltage source acting alone; (b) the current source 
acting alone. 





R FIGURE 10.76 






(>) 15 cos 104 V 


E FIGURE 10.77 


IF a 79. Use w = | rad/s, and find the Norton equivalent of the network shown in 
Da Fig. 10.78. Construct the Norton equivalent as a current source Iy in paralle] 
with a resistance Ry and either an inductance Ly or a capacitance Cy. 
ov) <1» 
@ FIGURE 10.78 







0.25V, 80. In the circuit of Fig. 10.79, let i, = 2 cos 2001 A, i2 = 1 cos 1002 A, and 
va = 2 sin 2001 V. Find v; (2). 





E FIGURE 10.79 





EXERCISES 


81. Find the Thévenin equivalent circuit for Fig. 10.80. 


~ 7300 0 


200 O 


100/0° V 





E FIGURE 10.80 


82. Determine the current i (7) flowing from the voltage source of Fig. 10.81. 


250 uF 










10 
60 cos 1074 mA 


40 cos (1071 — 45°) mA (4) 


@ FIGURE 10.81 





83. (a) Determine the voltage across the 3 F capacitor of Fig. 10.82. (b) Verify 
your answer with PSpice. 


84. (a) Find the Thévenin equivalent seen by the j5 $2 inductor of Fig. 10.21. 
(b) Assuming a frequency of 100 rad/s, verify your answer with PSpice. 


85. Using a single resistor, a single capacitor, a sinusoidal voltage source, and the 
principle of voltage division, design a circuit that will “filter out” high frequen- 
cies. (Hint: Define an output voltage across one of the two passive elements, 
and treat the sinusoidal source as the input. Interpret “filter out” to mean a 
reduced output voltage.) 


® 86. Using a single resistor, a single capacitor, a sinusoidal voltage source, and 
the principle of voltage division, design a circuit that will “filter out” low 
frequencies. (Hint: Define an output voltage across one of the two passive 
elements, and treat the sinusoidal source as the input. Interpret “filter out” 
to mean a reduced output voltage.) 


. (a) Reduce the circuit in Fig. 10.83 to a simple series RC circuit. (b) Derive 
an equation for the magnitude of the voltage ratio V.,/V, as a function of 
frequency. (c) Plot your equation over the frequency range of 100 Hz to 
1 MHz, and compare your result with an appropriate PSpice simulation of 
the original circuit. 








100 Q 3300 





+ 


Pout 


31.57 T 


ee — — 
— =æ — 


@ FIGURE 10.83 


®© 88. Refer to Fig. 10.26b. (a) Show that the maximum voltage gain of the amplifier 
circuit (defined as Vou/Vi2) iS —8m( (Rcl RL). (b) HE Rs = 100 2, R = 8 Q, 
the maximum value of Rc is 10 k&2, ry 8m = 300, and all other parameters can 


413 o 
730 (2) 5 cos (10% + 179) V 


52 


6cosiV 


E FIGURE 10.82 


2H 
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be varied. how would you modify the design to increase the maximum gain? 
(c) How does this design modification affect the cutoff frequency of the 
amplifier? How would you compensate for this? 


89. Use superposition to find the voltages v) (7) and v2(f) in the circuit of Fig. 10.84. 


JIKO cafi nii) 47 kQ 















i2 uH 56kQ Il2pH 


92 uF 


Leos exor mv G) (2) 100 cos (2x 1057-3) V 


@ FIGURE 10.84 


90. Use superposition to find the voltages v; (1) and v2(t) in the circuit of Fig. 10.85. 


250 7 cos t Vv 







E FIGURE 10.85 


10.10 Phasor Diagrams 


91. (a) Calculate values for l, Ig, Ic, Vi, Vr, and Vc (plus V,) for the circuit 
shown in Fig. 10.86. (b) Using scales of 50 V to 1 in and 25 A to 1 in, show all 
seven quantities on a phasor diagram, and indicate that I, = Ip + Icand V, = 
Vit Ve. 

92. In the circuit of Fig. 10.87, find values for (a) h, Ik, and Is. (b) Show V.. h. Ib, 
and I, on a phasor diagram (scales of 50 V/in and 2 A/in work fine). (c) Find I, 
graphically and give its amplitude and phase angle. 


300 


$ bi 
40/30 Q 3 3 (40.0 


W FIGURE 10.86 
V, = 120/0° V (2) 


E FIGURE 10.87 

10/0° A 

93. In the circuit sketched in Fig. 10.88, it is known that |I; | = 5 A and |b| = 7 A. 
Find I, and l with the help of compass, ruler, straightedge, protractor, and all 
that fun stuff. 

94. Let V; = 100/0° V. |V>2| = 140 V, and |V; + V2| = 120 V. Use graphical 

M FIGURE 10.88 methods to find two possible values for the angle of V>. 
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KEY CONCEPTS 


Calculating Instantaneous 








INTRODUCTION p 

Often an integral part of circuit analysis is the determination of jja 
either power delivered or power absorbed (or both). In the context Average Power Supplied by 
of ac power, we find that the rather simple approach we have taken a Sinusoidal Source 
previously does not provide a convenient picture of how a particu- e 

lar system is operating, so we introduce several different power- Root-Mean-Square (RMS) 
related quantities in this chapter. Values 


We will begin by considering instantaneous power, the product A 





of the time-domain voltage and time-domain current associated Reactive Power 

with the element or network of interest. The instantaneous power 
is sometimes quite useful in its own right, because its maximum The Relationship Between 
value might have to be limited in order to avoid exceeding the safe Complex, Average, and 


Reactive Power 
e ~ --- 
Power Factor of a Load 


or useful operating range of a physical device. For example, tran- 
sistor and vacuum-tube power amplifiers both produce a distorted 
output, and speakers give a distorted sound, when the peak power 
exceeds a certain limiting value. However, we are mainly interested 
in instantaneous power for the simple reason that it provides us 
with the means to calculate a more important quantity, the average 
power. In a similar way, the progress of a cross-country road trip is 
best described by the average velocity; our interest in the instanta- 
neous velocity is limited to the avoidance of maximum velocities 
that will endanger our safety or arouse the highway patrol. 

In practical problems we will deal with values of average 
power which range from the small fraction of a picowatt available 
in a telemetry signal from outer space, to the few watts of audio 
power supplied to the speakers in a high-fidelity stereo system, the 
several hundred watts required to run the morning coffeepot, or the 


10 billion watts generated at the Grand Coulee Dam. Still, we will 


= 


419 











@ FIGURE 11.1 The instantaneous power that 


i5 delivered 
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see that even the concept of average power has its limitations, especially 
when dealing with the energy exchange between reactive loads and power 
sources. This is easily handled by introducing the concepts of reactive 
power, complex power. and the power factor—all very common terms in 
the power industry. 


11.1 _ INSTANTANEOUS POWER 


The instantaneous power delivered to any device is given by the product 
of the instantaneous voltage across the device and the instantaneous current 
through it (the passive sign convention is assumed). Thus, ' 


p = v(t) [i] 


If the device in question is a resistor of resistance R, then the power may be 
expressed solely in terms of either the current or the voltage: 


| a, v(t) 
pi) = vit) = iR = 





If the voltage and current are associated with a device that is entirely induc- 
tive, then 





p(t) = v(t)i(t) = Lilt) ae -pof vit') dt [3] 


where we will arbitrarily assume that the voltage is zero at t = —oo. In the 
case of a capacitor, 


p(t) = v(tyitt) = crn = = zio f i(t’) dt’ [4] 


where a similar assumption about the current is made. This listing of equa- 
tions for power in terms of only a current or a voltage soon becomes unwieldy, 
however, as we begin to consider more general networks. The listing is also 
quite unnecessary, for we need only find both the current and voltage at the 
network terminals. As an example, we may consider the series RL circuit, as 
shown in Fig. 11.1, excited by a step-voltage source. The familiar current 
response is 


i(t)= Sa — @ RL) y(t) 


and thus the total power delivered by the source or absorbed by the passive 
network is 


p(t) = von = a — eR u(t) 


since the square of the unit-step function is simply the unit-step function 
itself. 


(1) Earlier, we agreed that lowercase variables in italics were understood to be functions of time, and we 
have carried on in this spirit up to now. However, in order to emphasize the fact that these quantities must 
be evaluated at a specific instant in time, we will explicitly denote the time dependence throughout this 
chapter. 
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The power delivered to the resistor is 


9 


4 Ve 
pet) =()R = ya — eTR N u(t) 


In order to determine the power absorbed by the inductor, we first obtain the 
inductor voltage: 
di(t) 


D =L 
uy (t) Ht 





LV, du(t 
= Ve Luq) + A — en Rist GU) 
R dt 


= Voe RF y(t) 


since du(t)/dt is zero for t > 0 and (1 — e~*'/") is zero at t = 0. The 
power absorbed by the inductor is therefore 


V2 
pit) = vL (tit) = pE A — e REY y(t) 


Only a few algebraic manipulations are required to show that 


p(t) = pr(t) + p(t) 
which serves to check the accuracy of our work; the results are sketched in 
Fig. 11.2. 


Power Due to Sinusoidal Excitation 


Let us change the voltage source in the circuit of Fig. 11.1 to the sinusoidal 
source Vm cos wt. The familiar time-domain steady-state response is 


i(t) = Im Cos(@t + $) 


where 
yV wL 
Im = emm and = —tan! — 
J R2 +L? $ R 


The instantaneous power delivered to the entire circuit in the sinusoidal 
steady state is, therefore, 


p(t) = v(t)i lt) = Vin lm COS(wt + $) cos wt 


which we will find convenient to rewrite in a form obtained by using the 
trigonometric identity for the product of two cosine functions. Thus, 


Vind 
2 


Vind Vind 
" coso + r 


The last equation possesses several characteristics that are true in general 
for circuits in the sinusoidal steady state. One term, the first, is not a function 
of time; and a second term is included which has a cyclic variation at twice 
the applied frequency. Since this term is a cosine wave, and since sine waves 
and cosine waves have average values which are zero (when averaged over 
an integral number of periods), this example suggests that the average 
power is i Vm Im cos ġ; as we will see shortly, this is indeed the case. 





p(t) [cos(2wt + $) + cos ¢] 








cos(Qwt + ) 


Ji 


Power 
: Power supplied by source 
Y 








Power absorbed by resistor 


Power absorbed by inductor 


Fi 


O t 2 3 4 5 6 7 8 9 10 


E FIGURE 11.2 Sketch of p{, pelt), and piti). As 
the transient dies out, the circuit returns to steady-state 
operation. Since the only source remaining in the 
circuit is dc, the inductor eventually acts as a short 
circuit absorbing zero power. 
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A voltage source, 40 + 60u(t) Y, a 5 pF capacitor, and a 200 Q 
resistor are in series. Find the power being absorbed by the 
capacitor and by the resistor at ¢ = 1.2 ms. 


Att = 0. no current is flowing and so 40 V appears across the capac:- 
tor. Att = 07.” the voltage across the capacitor-resistor series combina- 
tion jumps to 100 V. Since ve cannot change in zero time, the resistor 
voltage at? = O07 Is 60 V. 

The current flowing through all three elements at 7 = O07 is therefore 
60/200 = 300 mA and tort > O is given by 


i) = 300e7 mA 


where r = RC = I ms. Thus. the current Howing ats = 1.2 ms is 
90.36 mA, and the power being absorbed by the resistor at that instaru 
is simply 


DR = 1.633 W. 


The instantaneous power absorbed by the capacitor is i (vc O). Recox- 
nizing that the total voltage across both elements for + > O will always 
be 100 V. and that the resistor voltage is given by 60e7//"” 


velt) = 100 — 60e 1 


and we find that ve (1.2 ms) = 100 — 60e7'? = 81.93 V. Thus. 
the power being absorbed by the capacitor at 7 = 1.2 ms ts 
(90.36 mA) (81.93 V) = 7.403 W. 


PRACTICE 


rr eee 
ti.1 A current source of 12 cos 20007 A. a 200 resistor, and a 
0.2 H inductor are in parallel. Assume steady-state conditions exist. 
Att = | ms, find the power being absorbed by the (a) resistor; 
(b) inductor: (c) sinusoidal source. 





Ans: 13.98 kW: —5.63 kW: —8.35 kW. 


11.2 AVERAGE POWER 
Oo 


When we speak of an average value for the instantaneous power, the tine 
interval over which the averaging process takes place must be clearly de- 
fined. Let us first select a general interval of time from z; to 4. We may thea 
obtain the average value by integrating pU) from f, to tf and dividing th: 
result by the time interval zz - tı. Thus, 


1 fk 
—_——- dt IS 
7. =] pir)c >] 


The average value is denoted by the capital letter P, since it is pot a funciies 
of time, and it usually appears without any specific subscripts that identify 
it as an average value. Although P is not a function of time. it és a function 


P 


i 
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of 1; and f), the two instants of time which define the interval of integration. 
This dependence of P on a specific time interval may be expressed in a 
simpler manner if p(t) is a periodic function. We consider this important 
case first. 


Average Power for Periodic Waveforms 


Let us assume that our forcing function and the circuit responses are all pe- 
riodic; a steady-state condition has been reached, although not necessarily 
the sinusoidal steady state. We may define a periodic function f(t) mathe- 
matically by requiring that 


f= fa+T) [6] 


where T is the period. We now show that the average value of the instanta- 
neous power as expressed by Eq. [5] may be computed over an interval of 
one period having an arbitrary beginning. 

A general periodic waveform is shown in Fig. 11.3 and identified as 
p(t). We first compute the average power by integrating from ż to a time t 
which is one period later, t = ti + T: 


} ph+T 
P, = =] p(t) dt 
T ti 


and then by integrating from some other time ft, to f +T: 


l {tT 
P, = =J p(t) dt 


The equality of P, and P, should be evident from the graphical interpre- 
tation of the integrals; the periodic nature of the curve requires the two areas 
to be equal. Thus, the average power may be computed by integrating the 
instantaneous power over any interval that is one period in length and then 
dividing by the period: 


1 ft+T 
P=- t)dt 7 
7 f p(t) [7] 

It is important to note that we may also integrate over any integral number 
of periods, provided that we divide by the same integral number of periods. 
Thus, 


1 Lota 
p=— | p(t)dt n=1,2,3,... [8] 
ty 


If we carry this concept to the extreme by integrating over all time, another 
useful result is obtained. We first provide ourselves with symmetrical limits 
on the integral 


i nT/2 
= — p(t) dt 
nT J-nrn ` 


and then take the limit as n becomes infinite, 


l nT/2 
P= lim — p(tjdt 


n>oonTl J-nrn 








W FIGURE 11.3 The average value P of a periodic 
function p(t) is the same over any period 7. 
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W FIGURE 11.4 (c) A sawtooth current waveform 
and (6) the instantaneous power waveform it produces 
in a resistor R. 
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As long as p(t) is a mathematically well-behaved function, as all physi- 
cal forcing functions and responses are, it is apparent that if a large integer 
nis replaced by a slightly larger number which is not an integer, then the 
value of the integral and of P is changed by a negligible amount: moreover, 
the error decreases as n increases. Without justifying this step rigorously. 
we therefore replace the discrete variable n7 with the continuous variable r: 


P = lim — | pít)dt l9] 


We will find it convenient on several occasions to integrate periodic func- 
tions over this “infinite period.” Examples of the use of Eqs. [7]. [8], and [9] 
follow. 

Let us illustrate the calculation of the average power of a periodic wave 
by finding the average power delivered to a resistor R by the (periodic) saw- 
tooth current waveform shown in Fig. 11.44.We have 


Ly 
I) = — i. Qep< T 
7 
i) = U -- T). T<t<2T 
and so on: and 
3 ` - 
PD = =la RI. Q0<r <T 
T- 
. | 2p, pI IT 
P = zala RU TY. T<t<27 


and so on, as sketched tn Fig. 11.46. Integrating over the simplest range of 
one period, from 7 = 0 to t = T. we have 


p_! GR, palp 
= = ~tt dt = zd 
4 T- 3 in 
The selection of other ranges of one period, such as from t = 0.17 to 
t = 1.17, would produce the same answer. Integration from 0 to 27 and di- 


vision by 27 —that is, the application of Eq. [8] with n = 2 and ¢, = 0-— 
would also provide the same answer. 


Average Power in the Sinusoidal Steady State 


Now let us obtain the general result for the sinusoidal steady state. We will 
assume the general sinusoidal voltage 


u(t) = Va cos{wt +0) 
and current 
i(t) = Ia cos(@t +o) 
associated with the device in question. The instantaneous power is 
P(t) = Vm im cosltæt + 6) cos(wt + o) 


Again expressing the product of two cosine functions as one-half the 
sum of the cosine of the difference angie and the cosine of the sum angle. 


p(t) = $ Vm lm cost — b) + $ Vm tn Coser +6 + ¢) [19] 
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we may save ourselves some integration by an inspection of the result. 
The first term is a constant, independent of t. The remaining term is a co- Recall that 7 = > = 
sine function; p(t) is therefore periodic, and its period is IT. Note that 

the period T is associated with the given current and voltage, and not with 

the power; the power function has a period 1T. However, we may inte- 

grate over an interval of 7 to determine the average value if we wish; it is 

necessary only that we also divide by 7. Our familiarity with cosine and 

sine waves, however, shows that the average value of either over a period 

is zero. There is thus no need to integrate Eq. [10] formally; by inspection, 

the average value of the second term is zero over a period T (or 1T) and 

the average value of the first term, a constant, must be that constant itself. 


20 





w 


Thus, 
| r= 5 Vin dm cos(@ — Ð) [11] 
This important result, introduced in the previous section for a specific ia 
circuit, is therefore quite general for the sinusoidal steady state. The aver- 
age power is one-half the product of the crest amplitude of the voltage, \ 


the crest amplitude of the current, and the cosine of the phase-angle differ- 
ence between the current and the voltage; the sense of the difference is 
immaterial. 


EXAMPLE 11.2 


Given the time-domain voltage v = 4 cos(t/6) V, find both the 
average power and an expression for the instantaneous power that 


result when the corresponding phasor voltage V = 4/0° V is applied 
across an impedance Z = 2/60° Q. 


The phasor current is V/Z = 2/—60° A, and the average power is 
P = 4(4)(2)cos60° = 2 W 


The time-domain voltage, 
Tt 
v(t) = 4cos — V 
6 
time-domain current, 
f 
ilt) = Zeca (= — 60") A 


and instantaneous power, 
(tt) =8 a cos (= 60") 
= 8 cos — cos | — — 60° 
j 6 o 
mt : 
= 2 + 4Ccos (+ — 60°) W 


- 


(Continued on next page) 
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Keep in mind that we are computing the average 
power delivered to a resistor by a sinusoidal source; 
take care not to confuse this quantity with the 
instantaneous power, which has a similar form. 


ra 


are all sketched on the same time axis in Fig. 11.5. Both the 2 W aver- 
age value of the power and its period of 6 s. one-half the period of 
either the current or the voltage, are evident. The zero value of the 
instantaneous power at each instant when either the voltage or current 
is zero 18 also apparent. 


pov ET WV A) 





E FIGURE 11.5 Curves of vit, AÒ, and p(f) are plotted as functions of time for a 
simple circuit in which the phasor voltage V = 4/0" V 15 applied to the impedance 
Z = 2/60 Q atw = 7/6 rad/s. 


PRACTICE 


11.2 Given the phasor voltage V = 115/2/45° V across an impedance 
Z = 16.26/19.3° Q, obtain an expression for the instantaneous power. 
and compute the average power if @ = 50 rad/s. 





Ans: 767.5 + 813.2 cos(100¢ + 70.7° ) W: 767.5 W. 


Two special cases are worth isolating for consideration, the average 
power delivered to an ideal resistor, and that to an ideal reactor (any combi- 
nation of only capacitors and inductors). 


Average Power Absorbed by an Ideal Resistor 


The phase-angle difference between the current through and the voltage 
across a pure resistor is zero. Thus, 


— ! = | 
Pr = 3 Vm Ly, cos 0 = 5 Vin In 


or 
Pr = 4I} R 112] 
OF 
Vi; 
Pr = 5p i13) 


The last two formulas. enabling us to determine the average power de- 
livered to a pure resistance from a knowledge of either the sinusoidal cur- 
rent or voltage, are simple and important. Unfortunately, they are often mis- 
used. The most common error is made in trying to apply them in cases 
where the voltage included in Eq. [13] is not the voltage across the resistor. 
If care is taken to use the current through the resistor in Eq. [12] and the 
voltage across the resistor in Eq. [13], satisfactory operation is guaranteed. 
Also, do not forget the factor of +! 
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Average Power Absorbed by Purely Reactive 
Elements 

The average power delivered to any device which is purely reactive (1.e., 
contains no resistors) must be zero. This is a direct result of the 90° phase dif- 
ference which must exist between current and voltage; hence, cos(@ — @) = 
cos + 90° = Oand 


Py =0 


The average power delivered to any network composed entirely of ideal dia 
inductors and capacitors is zero; the instantaneous power is zero only at spe- 
cific instants. Thus, power flows into the network for a part of the cycle and 
out of the network during another portion of the cycle, with no power lost. 


EXAMPLE 11.3 


Find the average power being delivered to an impedance 
Z, = 8 —jll Q by a current I = 5/20° A. 





We may find the solution quite rapidly by using Eq. [12]. Only the 8 Q 
resistance enters the average-power calculation, since the j11 £2 compo- 
nent will not absorb any average power. Thus, 


P = 5(5°)8 = 100 W 


PRACTICE 


Oo aaaaaaaaaaaauasaasasssussussssssssssssħÃħŮĂ 


11.3 Calculate the average power delivered to the impedance 6/25° Q 
by the current I = 2+ j5A. 


Ans: 78.85 W. 





EXAMPLE 11.4 


Find the average power absorbed by each of the three passive 
elements in Fig. 11.6, as well as the average power supplied by 
each source. 


j2a j2Q 


10/0° V 





@ FIGURE 11.6 The average power delivered to each reactive element is 
zero in the sinusoidal steady state. 


Without even analyzing the circuit, we already know that the average 
power absorbed by the two reactive elements is zero. 


(Continued on next page) 
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The values of 1, and I, are found by any of several methods, such 
as mesh analysis, nodal analysis, or superposition. They are 


I, =5— j10 = 11.18/-—63.43° A 
I, =5- j5 = 7.071/-45° A 
The downward current through the 2 Q resistor is 
I, ~h = -—j5 =5/-90° A 


so that /,, = 5 A, and the average power absorbed by the resistor is 
found most easily by Eq. [12]: 


This result may be checked by using Eq. [11] or Eq. [13]. We next turn 
to the left source. The voltage 20/0° V and associated current I, = 
11.18/—63.43° A satisfy the active sign convention, and thus the power 
delivered by this source is 


Piet = 4(20)(11.18) cos[O” — (—63.43°)] = 50 W 


In a similar manner, we find the power absorbed by the right source 
using the passive sign convention, 


Pright = 3(10)(7.071) cos(0° + 45°) = 25 W 


Since 50 = 25 + 25, the power relations check. 


PRACTICE | 


11.4 For the circuit of Fig. 11.7, compute the average power delivered 
to each of the passive elements. Verify your answer by computing the 
power delivered by the two sources. 





jas -/100 Q 


10 /50° V 





E FIGURE 11.7 


Ans: 0, 37.6 mW, 0, 42.0 mW, ~4.4 mW. 


Maximum Power Transfer 


We previously considered the maximum power transfer theorem as it applied 
to resistive loads and resistive source impedances. For a Thévenin source 


The notation Z* denotes the complex conjugate of the Vin and impedance Zn = Rin + jXu connected to a load Z; = R Lt yx L- 
complex number Z. it is formed by replacing all “j” with it may be shown that the average power delivered to the load is a maxi- 
"L j"s, See Appendix 5 for more details. mum when R; = Rn and X; = —X,,, that is, when Z; = vy This result 


is often dignified by calling it the maximum power transfer theorem jor the 
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sinusoidal steady state: 


An independent voltage source in series with an impedance Z or an 
independent current source in parallel with an impedance Z delivers 


a maximum average power to that load impedance Z; which is the 
conjugate of Za, or Zi = Zh- 





The details of the proof are left to Exercise 11, but the basic approach 
can be understood by considering the simple loop circuit of Fig. 11.8. The 
Thévenin equivalent impedance Z,, may be written as the sum of two com- 
ponents, Ry + j Xm, and in a similar fashion the load impedance Z; may be 
written as Ry + jX. The current flowing through the loop is 


Vin 
L =~—— 
Lin + Zp 
_ Vin _ V ih 
Rn +jXm + Rot syX, Rat Rp +] (Xn + X) 
and 
Ly 
V V 
I th Zi, +Z; 
Ri + jX¢ Ri t+ JX 
= Vi; 


Ri t+ jXm + Re + {X12 " Rin + Ru + i (Xm + Xz) 
The magnitude of I; is 
IVan! 
(Ra + RLY + (Xm + XLF 
and the phase angle is 
Xn +X 
[Ny — tan! (Z) 
Rih + RE 
Similarly, the magnitude of V; is 
Valy R} +X 
(Rih + R1)? + (X ih + XF 
and its phase angle is 
{Xt {Xa t+ Xx 
Va + tan”! (=) — tan”! (Z) 
[Nn R; Rip + Ri 


Referring to Eq. [11], then, we find an expression for the average power P 
delivered to the load impedance Z;: 


cos{ tan™* { — 
RL 


= + 14 
(Ra + RLY + (Xm + XLY Ue] 


In order to prove that maximum average power is indeed delivered to 
the load when Z, = Z}, we must perform two separate steps. First, the 
derivative of Eq. [14] with respect to R; must be set to zero. Second, the 





Vih 





@ FIGURE 11.8 A simple loop circuit used to 
illustrate the derivation of the maximum power transfer 
theorem as it applies to circuits operating in the 
sinusoidal steady state. 
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derivative of Eq. [14] with respect to X; must be set to zero. The remaming 
details are left as an exercise for the avid reader. 






EXAMPLE 11.5 


A particular circuit is composed of the series combination of a 
sinusoidal voltage source 3 cos(100¢ — 3°) V, a 500 & resistor, a 
30 mH inductor, and an unknown impedance. If we are assured 
that the voltage source is delivering maximum average power to 
the unknown impedance, what is its value? 


S00Q 30 The phasor representation of the circuit is sketched in Fig. 11.9. 

. The circuit is easily seen as an unknown impedance Z» in series with 
a Thévenin equivalent consisting of the 3,—-3° V source and a 
Thévenin impedance 500 + 73 Q. 

Since the circuit of Fig. 11.9 ts already in the form required to 
employ the maximum average power transfer theorem, we know that 
maximum average power will be transferred to an impedance equal to 
the complex conjugate of Za. or 





@ FIGURE 11.9 The phasor representation of a 
simple seres arcuit composed of a sinusoidal voltage 
source, a resistor, an inductor, and an unknown 


impedance Z: = La = 500- j32 


This impedance can be constructed in several ways, the simplest being 
a SOO © resistor in series with a capacitor having impedance —j3 Q. 
Since the operating frequency of the circuit is 100 rad/s. this corre- 
sponds to a capacitance of 3.333 mF. 


PRACTICE 


nt tr RE RRR mt 
11.5 if the 30 mH inductor ot Example 11.5 is replaced with a 10 uF 
capacitor, what ts the value of the inductive component of the unknown 
impedance Zif it is Known that Zo is absorbing maximum power? 





Ans: IQ H. 


Average Power for Nonperiodic Functions 


We should pay some attention to nonperiodic functions. One practical ex- 
ample of a nonperiodic power function for which an average power valuc is 
desired is the power output of a radio telescope directed toward a “radio 
star.” Another is the sum of a number of periodic functions. each function 
having a different period, such that no greater common period can be found 
for the combination. For example, the current 


if) = sing + sinar |15] 


is nonperiodic because the ratio of the penods of the two sine waves is an 
irrational number. Att = 0. both terms are zero and increasing. But the first 
term is zero and increasing only when ¢ = 277, where n is an integer. and 
thus periodicity demands that 77 or 7 (2777) must equal 2771. where m is 
also an integer. No solution (integral values for both # and #7) for this egua- 
tion is possible. It may be illuminating to compare the nonperiodic 
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expression in Eq. [15] with the periodic function 
i(t) = sint + sin 3.14t [16] 


where 3.14 is an exact decimal expression and is not to be interpreted as 
3.141592. . . . With a little effort,” it can be shown that the period of this cur- 
rent wave is 1007 seconds. 

The average value of the power delivered to a 1 Q resistor by either a pe- 
riodic current such as Eq. [16] or a nonperiodic current such as Eq. | 15] may 
be found by integrating over an infinite interval. Much of the actual inte- 
gration can be avoided because of our thorough knowledge of the average 
values of simple functions. We therefore obtain the average power delivered 
by the current in Eq. [15] by applying Eq. [9]: 


T/2 

" è 2, ee | rs . ` 

P = lim | (sine t + sin“ wt + 2sin¢sinzt) dt 
T-> OC T 1/2 


We now consider P as the sum of three average values. The average 
value of sin? ¢ over an infinite interval is found by replacing sin? tf with 
(1 — | cos 2r); the average is simply 4. Similarly, the average value of sin’ zt 
is also 4. And the last term can be expressed as the sum of two cosine func- 
tions, each of which must certainly have an average value of zero. Thus, 


P=i+35=1W 


An identical result is obtained for the periodic current of Eq. [16]. 
Applying this same method to a current function which is the sum of several 
sinusoids of different periods and arbitrary amplitudes, 


i(t) = Ipi COS @t + Im COS Mot +--+ + Imn COS wyt [17] 


we find the average power delivered to a resistance R, 


5 


Pete +h +-++Thy)R [18] 


m2 


The result is unchanged if an arbitrary phase angle is assigned to each 
component of the current. This important result is surprisingly simple when 
we think of the steps required for its derivation: squaring the current func- 
tion, integrating, and taking the limit. The result is also just plain surprising, 
because it shows that, in this special case of a current such as Eq. [17], 
where each term has a unique frequency, superposition is applicable to 
power. Superposition is not applicable for a current which is the sum of two 
direct currents, nor is it applicable for a current which is the sum of two 
sinusoids of the same frequency. 









EXAMPLE 11.6 





Find the average power delivered iv dtoa4Q esis 
i, = 2 cos 10¢ — 3 cos 20¢ A. 


Since the two cosine terms are at different frequencies, the two average- 
power values may be calculated separately and added. Thus, this 
current delivers 1(2?)4 + 1 (32)4 = 8 + 18 = 26 W to a 4 Q resistor. 


(2) T; = 2x and T; = 27 /3.14. Therefore, we seek integral values of m and n such that 2r n = 27r m/3.14, 
or 3.14n = m, or won — mor 157n = 50 m. Thus, the smallest integral values for n and m are n = 50 and 
m = 157. The period is therefore T = 221n = 1007, or T = 27 (157/3.14) = 100x s. 












EXAMPLE 11.7 


th) 

@ FIGURE 11.10 [f the resistor receives the same 
average power in parts a and b, then the effective 
value of (0) is equal to fe, and the effective value of 
v(f) 1S equal to Vog. 
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Find the average power delivered to a 4 Q resistor by the current 
iy = 2 cos 10t - 3 cos 102 A. ~ 


Here, the two components of the current are at the same frequency, 
and they must therefore be combined into a single sinusoid at that 
frequency. Thus, #2 = 2 cos 107 — 3 cos 10t = —cos 10r delivers only 
1(1*)4 = 2 W of average power to a 4 Q resistor. 


PRACTICE 


11.6 A voltage source v, is connected across a 4 Q resistor. Find the 
average power absorbed by the resistor if v, equals (a) 8 sin 200r V: 
(h) S sin 2001 — 6 cos(2007 — 45°) V; (c) & sin 2007 — 4 sin 100r V: 
(d) 8 sin 200f — 6cos(2007 — 45 ) — 5 sin 1007 + 4 V. 








Ans: 8.00 W: 4.01 W: 10.00 W: 11.14 W. 


In North America. most power outlets deliver a sinusoidal voltage having a 
frequency of 60 Hz and a “voltage” of 115 V (elsewhere, 50 Hz and 240 V 
is typically encountered). But what is meant by “115 volts’? This is cer- 
tainly not the instantaneous value of the voltage, for the voltage is not a con- 
stant. The value of 115 V is also not the amplitude which we have been 
symbolizing as V,,: 1f we displayed the voltage waveform on a calibrated 
oscilloscope. we would find that the amplitude of this voltage at one of our 
ac outlets is 115 v2, or 162.6. volts. We also cannot fit the concept of an av- 
erage value to the 115 V, because the average value of the sine wave is zero. 
We might come a little closer by trying the magnitude of the average over a 
positive or negative half cycle; by using a rectifier-type voltmeter at the out- 
let, we should measure 103.5 V. As it turns out, however, the 115 V is the 
effective value of this sinusoidal voltage. This value is a measure of the 
effectiveness of a voltage source in delivering power to a resistive load. 


Effective Value of a Periodic Waveform 


Let us arbitrarily define effective value in terms of a current waveform. al- 
though a voltage could equally well be selected. The effective value of any 
periodic current is equal to the value of the direct current which, flowing 
through an R-ohm resistor, delivers the same average power to the resistor 
as does the periodic current. 

In other words, we allow the given periodic current to flow through the 
resistor, determine the instantaneous power i- R, and then find the average 
value of i^ R over a period: this is the average power. We then cause a direct 
current to flow through this same resistor and adjust the value of the direct 
current until the same value of average power is obtained. The resulting 
magnitude of the direct current is equal to the effective value of the given 
periodic current. These ideas are illustrated in Fig. 11.10. 
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The general mathematical expression for the effective value of i(t) is 


now easily obtained. The average power delivered to the resistor by the 
periodic current i(t) is 


ifr’, R fi. 
P=z | Pra=zf Par 
T Jo T Jo 


where the period of i(t) is T. The power delivered by the direct current is 
P = IẸ&R 


Equating the power expressions and solving for Jeg. we get 


i T 
lay = z] i dt | [19] 
eff T 0 | 


The result is independent of the resistance R, as it must be to provide us with 
a worthwhile concept. A similar expression is obtained for the effective 
value of a periodic voltage by replacing i and Jepp by v and Veg, respectively. 

Notice that the effective value is obtained by first squaring the time func- 
tion, then taking the average value of the squared function over a period, and 
finally taking the square root of the average of the squared function. In 
abbreviated language. the operation involved in finding an effective value is 
the (square) root of the mean of the square; for this reason, the effective value 
is often called the root-mean-square value, or simply the rms value. 





Effective (RMS) Value of a Sinusoidal Waveform 
The most important special case is that of the sinusoidal waveform. Let us 
select the sinusoidal current 
i(t) = Im cos(wt + ġ) 
which has a period 
20 
T = — 


a) 


and substitute in Eq. [19] to obtain the effective value 


1 7 
leg = 4} — | I? cos? (wt + ġ)dt 
T Jo 


1, (2 a] Qot +29) | dt 
= In | — — + — cos(2@ 
20 0 2 2 


w 9 
— In — ty 23 /w 
V 4n. lo 


Lin 


(V2 
Thus the effective value of a sinusoidal current is a real quantity which is in- 
dependent of the phase angle and numerically equal to | / /2 = 0.707 times 
the amplitude of the current. A current J2 cos(wt + $) A, therefore, has an 
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effective value of | A and will deliver the same average power to any resis- 
tor as will a direct current of | A. 

It should be noted carefully that the V2 factor that we obtained as the 
ratio of the amplitude of the periodic current to the effective value is ap- 
plicable only when the periodic function ts sinusoidal. For the sawtooth 
waveform of Fig. 1.4. for example. the effective value is equal to the max- 
imum value divided by v3. The factor by which the maximum value must 
be divided to obtain the effective value depends on the mathematical form 
of the given periodic function: it may be either rational or irrational. de- 
pending on the nature of the function. 


Use of RMS Values to Compute Average Power 
The use of the effective value also simplifies slightly the expression tor the 
average power delivered by a sinusoidal current or voltage by avoiding use 
of the factor $. For example. the average power delivered to an R-ohm 
resistor by a sinusoidal current is 

P = ZI; R 


Hy 


Since ley diy! J/2. the average power may be written as 


P = KR 120] 


The other power expressions may also be written in terms of effective 
values: 


P = Vater coste ~ o) 2i] 
p — Yet |22] 
R 


Although we have succeeded in eliminating the factor 4 from our 
average-power relationships, we must now take care to determine whether 
a sinusoidal quantity is expressed in terms of its amplitude or its effective 
value. In practice. the effective value is usually used in the fields of power 
transmission or distribution and of rotating machinery: in the areas of clev- 
tronics and communications, the amplitude is more often used. We will as- 
sume that the amplitude is specified unless the term “rms” is explicitly used. 
or we are otherwise instructed. 

In the sinusoidal steady state, phasor voltages and currents may be 
given either as effective values or as amplitudes; the two expressions dif- 
fer only by a factor of v2. The voltage 50/30° V is expressed in terms of 
an amplitude: as an rms voltage, we should describe the same voltage as 
35.4/30° V rms. 


Effective Value with Multiple-Frequency Circuits 
In order to determine the effective value of a periodic or nonperiodic wave- 
form which is composed of the sum of a number of sinusoids of different 
frequencies, we may use the appropriate average-power relationship of 
Eq. [18]. developed in Sec. 11.2. rewritten in terms of the effective values 
of the several components: 

P = (Faw + Va + + Iver) R [23] 


From this we see that the effective value of a current which is composed 
of any number of sinusoidal currents of different frequencies can be 
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let = y Lieti T lott ee ee l Nett [24] 


expressed as 





These results indicate that if a sinusoidal current of 5 A rms at 60 Hz flows 

through a 2 Q resistor, an average power of 5°(2) = 50 W is absorbed by 

the resistor; if a second current—perhaps 3 A rms at 120 Hz, for example— 

is also present, the absorbed power is 3% (2) + 50 = 68 W. Using Eq. [24] 

instead, we find that the effective value of the sum of the 60 and 120 Hz Note that the effective value of a dc quantity K is 
currents is 5.831 A. Thus, P = 5.8317 (2) = 68 W as before. However, 
if the second current is also at 60 Hz, the effective value of the sum of the 
two 60 Hz currents may have any value between 2 and 8 A. Thus, the ab- 
sorbed power may have any value between 8 W and 128 W, depending on 
the relative phase of the two current components. 


; K 
simply K, not = 


PRACTICE 


————— ge  CO0wOI— lOO 
11.7 Calculate the effective value of each of the periodic voltages: 
(a) 6cos 25t; (b) 6 cos 25t + 4sin(25t + 30°); (c) 6cos 25t + 
5 cos? (25t); (d) 6cos 25t + 5 sin 30t + 4 V. 


Ans: 4.24 V; 6.16 V; 5.23 V; 6.82 V. 


| COMPUTER-AIDED ANALYSIS 


Several useful techniques are available through PSpice for calculation 
of power quantities. In particular, the built-in functions of Probe allow 
us to both plot the instantaneous power and compute the average 
power. For example, consider the simple voltage divider circuit of 
Fig. 11.11, which is being driven by a 60 Hz sine wave with an 
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@ FIGURE 11.11 A simple voltage divider circuit driven by a 115 V rms source operating at 60 Hz. 


(Continued on next page) 


CHAPTER 11 AC CIRCUIT POWER ANALYSIS 


amplitude of 115./2 V. We begin by performing a transient simulation 
over one period of the voltage waveform, A 5. 

The current along with the instantaneous power dissipated in resistor 
R1 is plotted in Fig. 11.12 by employing the Add Plot to Window 
option under Plot. The instantaneous power is periodic, with a nonzero 
average value and a peak of 6.61 W. 
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n, 
6.66, 
4.174n, 





@ FIGURE 11.12 Current and instantaneous power associated with resistor R1 of Fig. 11.11. 


The easiest means of using Probe to obtain the average power, 
which we expect to be 4 (162.6 -g2 ) (81.3 x 107°) = 3.305 W, is 
to make use of the built-in “running average” function. Once the Add 


Traces dialog box appears (Trace, = Add Trace . . .), type 
AVG(I(R1) * I(R1) * 1000) 


in the Trace Expression window. 

As can be seen in Fig. 11.13, the average value of the power over 
either one or two periods is 3.305 W, in agreement with the hand 
calculation. 





@ FIGURE 11.13 Calculated running average of the power dissipated by resistor R1. 





SECTION 11.4 APPARENT POWER AND POWER FACTOR 


Probe also allows us to compute the average over a specific interval 
using the built-in function avgx. For example, to use this function to 


compute the average power over a single period, which in this case is 
1/120 = 8.33 ms, we would enter 


AVGX(I(R1) * KR1)* 1000, 8.33 m) 


Either approach will result in a value of 3.305 W at the endpoint of 
the plot. 


11.4. APPARENT POWER AND POWER FACTOR 


Historically, the introduction of the concepts of apparent power and power 
factor can be traced to the electric power industry, where large amounts of 
electric energy must be transferred from one point to another; the efficiency 
with which this transfer is effected is related directly to the cost of the elec- 
tric energy, which is eventually paid by the consumer. Customers who pro- 
vide loads which result in a relatively poor transmission efficiency must pay 
a greater price for each kilowatthour (kWh) of electric energy they actually 
receive and use. In a similar way, customers who require a costlier invest- 
ment in transmission and distribution equipment by the power company 
will also pay more for each kilowatthour unless the company is benevolent 
and enjoys losing money. 

Let us first define apparent power and power factor and then show 
briefly how these terms are related to the aforementioned economic situa- 
tions. We assume that the sinusoidal voltage 


v= Vm cos(wt + @) 
is applied to a network and the resultant sinusoidal current is 
i = Ip cos(wt + @) 


The phase angle by which the voltage leads the current is therefore (0 — ). 
The average power delivered to the network, assuming a passive sign con- 
vention at its input terminals, may be expressed either in terms of the max- 
imum values: 


P = 5Vinlm cos(O — @) 
or in terms of the effective values: 
P = Vett leg cos(0 — d) 


If our applied voltage and current responses had been dc quantities, the 
average power delivered to the network would have been given simply by 
the product of the voltage and the current. Applying this dc technique to the 
sinusoidal problem, we should obtain a value for the absorbed power which 
is “apparently” given by the familiar product Very ler. However, this prod- 
uct of the effective values of the voltage and current is not the average 
power; we define it as the apparent power. Dimensionally, apparent power 
must be measured in the same units as real power, since cos(@ — œ) is 





Apparent power is not a concept which is limited to 
sinusoidal forcing functions and responses. It may be 
determined for any current and voltage waveshapes by 
simply taking the product of the effective values of the 
current and voltage. 
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EXAMPLE 11.8 


60) Í O° V rms 





@ FIGURE 11.14 A circuit in which we seek the 
average power delivered to each element, the apparent 
power supplied by the source, and the power factor of 
the combined load. 
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dimensionless: but in order to avoid contusion, the term velt-amperes, cr 
VA, is applied to the apparent power. Since cos(@ — @) cannot have a mag- 
nitude greater than unity. it is evident that the magnitude of the real power 
can never be greater than the magnitude of the apparent power. 
The ratio of the real or average power to the apparent power ts called the 
power factor, symbolized by PF. Hence, 
average power P 


PE = — e e o 
apparent power Vott lore 





In the sinusoidal case. the power factor is simply cost# — @), where (4 — @) 
is the angle by which the voltage leads the current. This relationship ts the 
reason why the angle (4 — @) 1s often referred to as the PF angle. 

For a purely resistive load. the voltage and current are in phase. (4 — @) 
is zero, and the PF ts unity. In other words, the apparent power and the av- 
erage power are equal. Unity PF. however. may also be achieved for loads 
that contain both inductance and capacitance if the element values and the 
operating frequency are carefully selected to provide an input impedance 
having a zero phase angle. A purely reactive load, that is, one containing no 
resistance, will cause a phase difference between the voltage and current of 
either plus or minus 90°. and the PF ts therefore zero. 

Between these two extreme cases there are the general networks for 
which the PF can range from zero to unity. A PF of 0.5, for example. indi- 
cates a load having an input impedance with a phase angle of either 60° or 
—60 ; the former describes an inductive load. since the voltage leads the 
current by 60°, while the latter refers to a capacitive load. The ambiguity in 
the exact nature of the load is resolved by referring to a leading PF or a lag- 
ging PF, the terms leading or lagging referring to the phase of the current 
with respect to the voltage. Thus. an inductive load will have a lagging PF 
and a capacitive load a leading PF. 





Calculate values for the average power delivered to each of the two 
loads shown in Fig. 11.14, the apparent power supplied by the 
source, and the power factor of the combined loads. 


Identify the goal of the problem. 

The average power refers to the power drawn by the resistive compo- 
nents of the load elements: the apparent power is the product of the 
effective voltage and the effective current of the load combination. 


Collect the known information. 

The effective voltage 1s 60 V rms, which appears across a combined 
load of 2 — jy +14 j5 = 34+ j4Q. 

Devise a plan. 

Simple phasor analysis will provide the current. Knowing voltage and 


current will enable us to calculate average power and apparent power. 
these two quantities can be used to obtain the power factor. 





SECTION 11.4 APPARENT POWER AND POWER FACTOR 


Construct an appropriate set of equations. 
The average power is given by 
P = Vale cos(ang V — ang 1) 
The apparent power is simply Verr left- 
The power factor is calculated as the ratio of these two quantities: 


PF — average power PP 
7 apparent power O Varlet 


Determine if additional information is required. 
We require left? 





60/0° 
I= = 12/-53.13° A 
“3454 iii 


so le = 12 A rms, and ang I, = —53.13°. 


Attempt a solution. 
The average power delivered to the top load is given by 


Papper = 12.,Riop = (12) (2) = 288 W 
and the average power delivered to the right load is given by 
Power = 12, Rright = (127 (1) = 44W 


The source itself supplies an apparent power of Verr let = (60)(12) = 
720 VA. 

Finally, the power factor of the combined loads is found by consid- 
ering the voltage and current associated with the combined loads. This 
power factor is, of course, identical to the power factor for the source. 


Thus 
P 432 


PF = = 
Velet  60(12) 








= 0.6 lagging 


since the combined load is inductive. 


Verify the solution. Is it reasonable or expected? 
The total average power delivered to the source is 288 + 144 = 432 W. 
The average power supplied by the source is 


P = Verleg cos(ang V — ang I) = (60)(12) cos(0 + 53.13°) = 432 W 


so we see the power balance is correct. 

We might also write the combined load impedance as 5/53.1° Q, 
identify 53.1° as the PF angle, and thus have a PF of cos 53.1° = 
0.6 lagging. 


PRACTICE 


11.8 For the circuit of Fig. 11.15, determine the power factor of the 
combined loads if Z; = 10 2. 





Ans: 0.9966 leading. 
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M FIGURE 11.16 The power triangle representation 
of complex power. 
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M FIGURE 11.17 The current phasor leq 1s resolved 
into two components, one in phase with the voltage 
phasor Ves and the other 90° out of phase with the 
voltage phasor, This latter component ts called a 
quadrature component. 
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11.5 , COMPLEX POWER _ 


site ™ — aooaa 
Some simplification in power calculations is achieved if power is consid- 
ered to be a complex quantity. The magnitude of the complex power will he 
found to be the apparent power. and the real part of the complex power will 
be shown to be the (real) average power. The new quantity, the imaginary 
part of the complex power, we will call reactive power. 

We define complex power with reference to a general sinusoidal voltage 
Vor = Vew/@ across a pair of terminals and a general sinusoidal current 
Ley = lon [ob flowing into one of the terminals in such a way as to satisty 
the passive sign convention. The average power P absorbed by the two- 
terminal network is thus 








P = Verder Coste — o) 


Complex nomenclature is next introduced by making use of Euler's formula 
in the same way as we did in introducing phasors. We express P as 


P = Vor Lett Refei} 
Or 
P= Ref Varel" lege ha 


The phasor voltage may now be recognized as the first two factors within 
the brackets in the preceding equation, but the second two factors do not 
quite correspond to the phasor current, because the angle includes a minus 
sign, which is not present in the expression for the phasor current. That is. 
the phasor current is 


— $ 
Lote = Fete e” 


and we theretore must make use of conjugate notation: 


xo yr di 


Hence 
P = Re{ Vel} 


and we may now let power become complex by defining the complex 
power S as 


[f we first inspect the polar or exponential form of the complex power, 
S= Vert Let ete) 


it is evident that the magnitude of S. Ver/ eg. is the apparent power and the 
angle of S, (6 — @), is the PF angle (i.e., the angle by which the voltage 
leads the current). 

In rectangular form, we have 


S=P+jQ [26] 


where P is the average power, as before. The imaginary part of the complex 
power is symbolized as Q and is termed the reactive power. The dimensions 
of Q are the same as those of the real power P, the complex power S, and 
the apparent power |S]. In order to avoid confusion with these other quanti- 
ties, the unit of Q is defined as the volt-ampere-reactive (abbreviated VAR). 
From Eqs. [25] and [26]. it is seen that 


Q = Vorder sin(@ — @) [27] 
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TABLE 11.1 Summary of Quantities Related to Complex Power 


Quantity Symbol Formula Units 
Average power P Vett lee COS(A — Q) watt (W) 
Reactive power Q Vett lefe sin(@ — Q) volt-ampere-reactive (VAR) 
Complex power S P-+-jO 
Vert lett /O — $ volt-ampere (VA) 
V eff I é ff 
Apparent power \S| Vett Lett volt-ampere (VA) 


The physical interpretation of reactive power is the time rate of energy flow 


back and forth between the source (i.e., the utility company) and the reac- The sign of the reactive power characterizes the nature 
tive components of the load (i.e., inductances and capacitances). These of a passive load at which Ve and leg are specified. If 
components alternately charge and discharge, which leads to current flow the load is inductive, then (@ — @) is an angle between 
from and to the source, respectively. 0 and 90°, the sine of this angle is positive, and the 
The relevant quantities are summarized in Table 11.1 for convenience. reactive power is positive. A capacitive load results in 


a negative reactive power. 


The Power Triangle 

A commonly employed graphical representation of complex power is 
known as the power triangle, and is illustrated in Fig. 11.16. The diagram j 
shows that only two of the three power quantities are required, as the third sl 
may be obtained by trigonometric relationships. If the power triangle lies in 
the first quadrant (6 — > 0), the power factor is lagging (corresponding 
to an inductive load), and if the power triangle lies in the fourth quadrant 
(0 — < 0), the power factor is leading (corresponding to a capacitive 
load). A great deal of qualitative information concerning our load is there- 
fore available at a glance. 

Another interpretation of reactive power may be seen by constructing a 
phasor diagram containing Veftr and I.¢ as shown in Fig. 11.17. If the phasor 
current is resolved into two components, one in phase with the voltage, hav- 
ing a magnitude Iet cos(@ — @), and one 90° out of phase with the voltage, 
with magnitude equal to Iet sin |@ — @|, then it is clear that the real power 
is given by the product of the magnitude of the voltage phasor and the 
component of the phasor current which is in phase with the voltage. More- 
over, the product of the magnitude of the voltage phasor and the component 
of the phasor current which is 90° out of phase with the voltage is the reac- 
tive power Q. It is common to speak of the component of a phasor which is 
90° out of phase with some other phasor as a quadrature component. Thus 


Q is simply Ver times the quadrature component of Ief. Q is also known as 
the quadrature power. 


MAQXLMINPR CHEUNG 


HARMONIC CLAMP = Trims 
Power Measurement COM wi 


pe : 


Strictly speaking, a wattmeter measures average real power P drawn by a 

load, and a varmeter reads the average reactive power Q drawn by a load. AEE ey ais 
a: s > . -a S 11. clamp-on digital powermeter 

However, it is common to find both features in the same meter, which is cee. sk 


i l i a l GA manufactured by Amprobe, capable of measuring 
often also capable of measuring apparent power and power factor as well ac currents up to 400 A and voltages up to 600 V. 


(Fig. 11.18). Copyright AMPROBE 





fz: PRACTICAL APPLICATION 


Power Factor Correction 





When electric power is being supplied to large industrial 
consumers by a power company, the company will fre- 
quently include a PF clause in its rate schedules. Under 
this clause, an additional charge is made to the consumer 
whenever the PF drops below a certain specified value, 
usually about 0.85 lagging. Very little industrial power is 
consumed at leading PFs, because of the nature of typi- 
cal industrial loads. There are several reasons that force 
the power company to make this additional charge for 
low PFs. In the first place, it is evident that larger 
current-carrying capacity must be built into its genera- 
tors in order to provide the larger currents that go with 
lower-PF operation at constant power and constant volt- 
age. Another reason is found in the increased losses in its 
transmission and distribution system. 

. In an effort to recoup losses and encourage its cus- 
tomers to operate at high PF, a certain utility charges a 
penalty of $0.22/kVAR for each KVAR above a bench- 
mark value computed as 0.62 times the average power 
demand: 


S= P + jQ = P + j0.62P = P(1 + j0.62) 
= P(1.177/31.8°) 
This benchmark targets a PF of 0.85 lagging, as 
cos 31.8° = 0.85 and Q is positive; this is represented 


graphically in Fig. 11.19. Customers with a PF smaller 
than the benchmark value are subject to financial penalties. 


PF less than 0.85 Corresponds to 
PF 0.85 lagging 


Reactive Power (kVAR) 





o i 
Q 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 
Average Power (kW) 


@ FIGURE 11.19 Plot showing acceptable ratio of reactive power to 
average power for power factor benchmark of 0.85 lagging. 


The reactive power requirement is commonly ad- 
justed through the installation of compensation capaci- 
tors placed in parallel with the load (typically at the 
substation outside the customer’s facility). The value of 
the required capacitance can be shown to be 


P(tan Gold = tan Onew ) 


9 
w V tm 


C= [28] 


where w is the frequency, ĝos is the present PF angle, 


It is easy to show that the complex power delivered to several intercon- 
nected loads is the sum of the complex powers delivered to each of the 
individual loads, no matter how the loads are interconnected. For example, 
consider the two loads shown connected in parallel in Fig. 11.21. If rms val- 
ues are assumed, the complex power drawn by the combined load is 


and thus 


as stated. 


S = VI" = Vd, + b)* = Vir + £) 


S = VE + VE 





@ FIGURE 11.21 A circuit used to show that the complex power drawn by two 
parallel loads is the sum of the complex powers drawn by the individual loads. 


and Oney is the target PF angle. For convenience, utility company at a cost of $2390 per 1000 KVAR in- 


however, compensation capacitor banks are manufac- crement and $3130 per 2000 kVAR increment, what is 
tured in specific increments rated in units of KVAR the most cost-effective solution for the customer? 
capacity. An example of such an installation is shown in The PF of the installation is the angle of the complex 
Fig. 11.20. power S, which in this case is 5000 + 76000 kVA. Thus, 
Now let us consider a specific example. A particular the angle is tan” '(6000/5000) = 50.19° and the PF is 
industrial machine plant has a monthly peak demand 0.64 lagging. The benchmark reactive power value, com- 
of 5000 kW and a monthly reactive requirement of puted as 0.62 times the peak demand, is 0.62(5000) = 
6000 KVAR. Using the rate schedule above, what is the 3100 KVAR. So, the plant is drawing 6000 — 3100 = 
annual cost to this utility customer associated with PF 2900 KVAR more reactive power than the utility company 
penalties? If compensation is available through the is willing to allow without penalty. This represents an 


annual assessment of 12(2900)(0.22) = $7656 in addi- 
tion to regular electricity costs. 

If the customer chooses to have a single 1000 kVAR 
increment installed (at a cost of $2390), the excess 
reactive power draw is reduced to 2900 — 1000 = 
1900 KVAR, so that the annual penalty is now 
, 12(1900)(0.22) = $5016. The total cost this year is then 

i o a | a $5016 + $2390 = $7406, for a savings of $250. If the 
ae sore © See N customer chooses to have a single 2000 kVAR incre- 
ment installed (at a cost of $3130), the excess reactive 
power draw is reduced to 2900 — 2000 = 900 kKVAR, so 
that the annual penalty is now 12(900)(0.22) = $2376. 
The total cost this year is then $2376 + $3130 = 
| : ; $5506, for a first-year savings of $2150. If, however, 
) a oo Si a the customer goes overboard and installs 3000 kVAR of 
eee” ud o ANE compensation capacitors so that no penalty is assessed, 
@ FIGURE 11.20 A compensation capacitor installation. it will actually cost $14 more in the first year than if 
(Courtesy of Nokian Capacitors Ltd.) only 2000 KVAR were installed. 





NN 


EXAMPLE 11.9 


An industrial consumer is operating a 50 kW (67.1 hp) induction 
motor at a lagging PF of 0.8. The source voltage is 230 V rms. In 
order to obtain lower electrical rates, the customer wishes to raise 
the PF to 0.95 lagging. Specify a suitable solution. | 





Although the PF might be raised by increasing the real power and 
maintaining the reactive power constant, this would not result in a 
lower bill and is not a cure that interests the consumer. A purely reac- 
tive load must be added to the system, and it is clear that it must be 
added in parallel, since the supply voltage to the induction motor must 
not change. The circuit of Fig. 11.22 is thus applicable if we interpret 
S; as the induction motor’s complex power and S; as the complex 
power drawn by the corrective device. 






(corrective 
device) 


(motor) 


@ FIGURE 11.22 


(Continued on next page) 
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The complex power supplied to the induction motor must have a real 
part of 50 kW and an angle of cos ~'(0.8), or 36.9%. Hence, 
$0/36.9 , 
Sp = SS = 504 BTA KYA 
0.8 
In order to achieve a PF of 0.95, the total complex power must become 


50 
S=S, +S: = ygs [eos '(0.95) = 50 + 716.43 KVA 





Thus. the complex power drawn by the corrective load is 
S: = —j21.07 kVA 


The necessary load impedance Z> may be found in several simple 
steps. We select a phase angle of 0° for the voltage source, and 
therefore the current drawn by Z> ts 


S>  —j21.070 











a = —j9L.6A 
- V 930 
or 
D = /916A 
Therefore. 
V 230 , 
Lo = -~ = = —f2.51 Q 
L J9l.6 


If the operating frequency is 60 Hz, this load can be provided by a 
1056 uF capacitor connected in parallel with the motor. However, its 
initial cost. maintenance, and depreciation must be covered by the 
reduction in the electric bill. 


PRACTICE 


me a i eene a:a- 
11.9 For the circuit shown in Fig. 11.23, find the complex power 
absorbed by the (a) 1 Q resistor; (b) — 710 & capacitor; (c) 5 + 710 Q 
impedance; (d) source. 


iQ 


120 /0° V ms -j0 0 


AON 





M FIGURE 11.23 


Ans: 26.6 + j0 YA 0 — 1331 WA: 532 + /1005 VA; —559 + {266 VA. 
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11.6 COMPARISON OF POWER TERMINOLOGY 


We have been introduced to a possibly daunting array of power terminolo- 
gies in this chapter, and it may be worthwhile to pause and consider them all 
together for a moment. A summary along with a brief description of each is 
provided in Table 11.2 

The practical importance of these new terms can be shown by consider- 
ing the following practical situation. Let us first assume that we have a 
sinusoidal ac generator. which is a rotating machine driven by some other 
device whose output is a mechanical torque, such as a steam turbine. an 
electric motor, or an internal-combustion engine. We will let our generator 
produce an output voltage of 200 V rms at 60 Hz. Suppose that in addition, 
the rating of the generator is stated as a maximum. power output of 1 kW. 
The generator would therefore be capable of delivering an rms current of 
5 Ato a resistive load. If, however, a load requiring 1 kW at a lagging power 
factor of 0.5 is connected to the generator, then an rms current of 10 A is 
necessary. As the PF decreases, greater and greater currents must be deliv- 
ered to the load if operation at 200 V and 1 kW is to be maintained. If our 
generator were correctly and economically designed to furnish safely a 
maximum current of 5 A, then these greater currents would cause unsatis- 
factory operation, such as causing the insulation to overheat and begin 
smoking, which could be injurious to its health. 

The rating of the generator is more informatively given in terms of ap- 
parent power in volt-amperes. Thus a 1000 VA rating at 200 V indicates that 
the generator can deliver a maximum current of 5 A at rated voltage; the 
power it delivers depends on the load, and in an extreme case might be zero. 
An apparent power rating is equivalent to a current rating when operation is 
at a constant voltage. 





TABLE _ 11.2 A Summary of Relevant Terms 


Term Symbol Unit _ Description 


Instantaneous power 


PY) 


p(t) = v(s)i(). It is the value of the power at a specific instant 


in time. It is nor the product of the voltage and current phasors! 











Average power P | In the sinusoidal steady state, P = 5 LV, Im cos(@ — $), where 0 
o is the angle of the voltage and ¢ is the angle of the current. 
.. Reactances do not contribute to P. o 
Effective or rms value Vins OF Iams VorA © Defined, e.g., as lar =f = rh Pdt, if i is sinusoidal, 
| then Lee = Im /-V2. : 
Apparent power iSi OVA — 7 |S] = Veleg, and is the maximum value the average power — 
oo - can be; P = |S} only for purely resistive loads. l 
Power factor PF - None Ratio of the average power to the apparent power. The PFis | 
‘unity for a purely resistive load, and Zero for a purely 
reactive load. , 
Reactive power Q VAR A means of measuring the energy flow rate to and from 
reactive loads. 
Complex power S VA A convenient complex quantity that contains both the average 


power P and the reactive power Q: S = P + jQ. 
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PRACTICE 


11.10 A440 V rms source supplies power to a load Z = 10+ 72 Q 
through a transmission tine having a total resistance of 1.5 Q. Find 

ta) the average and apparent power supplied to the load: (4) the average 
and apparent power lost in the transmission line; (c) the average and 
apparent power supplicd by the source: (d) the power factor at which 
the source operates. 








Ans: IEE KW. LEAS AVAL LEST RW. LEI KVA: 16.34 KW, 16.59 KVA: 0.985 lag. 








+ The instantaneous power absorbed by an clement is given by the ex- 
pression pur) = UOO). 


fo 


4 The average power delivered to an impedance by a sinusoidal source ; 
LV dn COS(H = o). Where 4 == the voltage phase angle, and @ = the 
phase angle of the current. 

A Only the resistive component of a load draws nonzero average power. 
The average power delivered to the reactive component of a load is 
ZETO, 

J Maximum average power transter occurs when the condition Z; = Z7, 
Is satisfied. 

4 The ctfective or rms value of a sinusoidal waveform is obtained by 

- or ge : ` fom 
dividing its amplitude by v2. 

Phe power factor (PF) of a load is the ratio of its average dissipated 
power to the apparent power. 

O A purely resistive load will have a unity power factor. A purely reactive 
load will have a zero power factor. 

: * re e -J art ao Q > if ~ a E * eas 

4 Complex power is defined as S = P + jQ.orS = Verté. H is 
measured in units of volt-amperes (VA). 

3 Reactive power Q is the imaginary component of the complex power, 
and is a measure of the energy flow rate into or out of the reactive 
components of a load. Its unit is the volt-ampere-reactive (VAR). 


J Capacitors are commonly used to improve the PF of industrial loads to 
minimize the reactive power required from the utility company. 


READING FURTHER | 


A good overview of ac power concepts can be found in Chap. 2 of: 
B.M. Weedy. Electric Power Systems, 3rd ed. Chichester, England: 
Wiley, 1984. 

Contemporary issues pertaining to ac power systems can be found in: 
International Journal of Electrical Power & Energy Systems. 
Guildford, England: IPC Science and Technology Press. 1979-, 
ISSN: 0142-0615. 














EXERCISES 


EXERCISES 


11.1 Instantaneous Power 


l. A current source, i(t) = 2 cos 5007 A, a 50 Q resistor, and a 25 uF capacitor 
are in parallel. Find the power being supplied by the source, being absorbed by 
the resistor, and being absorbed by the capacitor, all at ¢ = 2/2 ms. 


to 


. The current i = 277 ~ | A, 1 <7 < 3s, is flowing through a certain circuit 
element. (a) If the element is a 4 H inductor, what energy is delivered to it in 
the given time interval? (b) If the element is a 0.2 F capacitor with v(1) = 2 V, 
what power is being delivered to it at = 2 s? 


Tf v.(0) = —2 V and i(0) = 4 Ain the circuit of Fig. 11.24. find the power 
being absorbed by the capacitor at t equal to (a) 07; (b) 0.2 s; (c) 0.4 s. 


Td 


iH i 
40 : F Py 


@ FIGURE 11.24 





4. Find the power being absorbed by each passive element in the circuit of 
Fig. 11.25 at ¢ = Oif v, = 20 cos( 1000r + 30°) V. Verify your answer 
with PSpice. 


2.5 kD) 


10kQ 





E FIGURE 11.25 


tar 


. The circuit shown in Fig. 11.26 has reached steady-state conditions. Find the 
power being absorbed by each of the four circuit elements at ¢ = 0.1 s. 


Scos 251A 8D 10 mF 


E FIGURE 11.26 


6. Consider the RL circuit depicted in Fig. 11.27. Determine the instantaneous 
power absorbed by the resistor at = (a) 07: (b) I s; (c) 2s. 


itt} 1a 


Su(—-t) V 500 mH 


@ FIGURE 11.27 
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— f _ 7 T 7, Consider the RC circuit depicted in Fig. 11.25. Determine the instantaneous 
power absorbed by the resistor att = (a) 0° (b) 30 ms: tc) 90 ms. 
Batt) A OkQ S pk S. Tf we take a typical cloud-to-ground lightning stroke to represent a current of 
| 30 KA ever an interval of 150 jes, calculate ta) the instantaneous power deliv- 
— ered to a copper rod having resistance 1.2 m2 during the stroke: and (4) the 


total enerey delivered to the rod 
i FIGURE 11.28 =- 


9, A 100 mF capacitor is storing t00 mJ of energy up until the point when a con- 
ductor of resistance 1.2 Q falls across its terminals. What is the instantaneous 
power dissipated in the conductor at? = 120 ms? If the specific heat capacity ` 
of the conductor is 0.9 ki/ke - K and its mass is | g, estimate the increase in 
temperature of the conductor in the first second of the capacitor discharge 
assuming both elements are initially at 23°C. 

I0. A semiconductor light-emitting diode runs at a voltage of 2.76 V. and draws i 
current of 130 mA. Neglecting any internal capacitance, what is the instanta- 
neous power drawn by the LED 2 s after being switched on? If instead it is 
connected to a sinusoidal signal source described by u(t) = 2.76 cos(1000r V. 
what other information is required in order to compute the instantaneous power 
aty == 500 ms. assuming alf transients have died out by that time? 


11.2 Average Power 


|1. Find the average power being absorbed by cach of the five circuit elements 
shown in Fig. 11.29. 


4) lO’ 


100 /0° V So T j30 


@ FIGURE 11.29 





12. Calculate the average power generated by each source and the average power 
delivered to each impedance in the circuit of Fig. 11.30. 









or Daa 


jlOA 


x/-2 a] (4) 





@ FIGURE 11.30 


13. In the circuit shown in Fig. 11.31, find the average power being (a) dissipated 
in the 3 Q resistor; (b) generated by the source. 


30 







5/30" A (+) 24/50] |Y, =0.1 -j0.3S 
@ FIGURE 11.31 


(3) Assume the specitte heat capacity ¢ is given byc = Qm- AT, where O = the energy delivered to the 
conductor, mis its mass. and AT is the increase tn temperature. 








EXERCISES 


14. Find the average power absorbed by each of the five circuit elements shown in 
Fig. 11.32. 


-j50 





@ FIGURE 11.32 


15. Determine the average power supplied by the dependent source in the circuit of 
Fig. 11.33. 


20 3 


20/0° V (+) C> ~j20 R Ve 


E FIGURE 11.33 


16. A frequency-domain Thévenin equivalent circuit consists of a sinusoidal 
source V,, in series with an impedance Zia = Rin + j Xinh. Specify the condi- 
tions on a load Z; = R; + jX. tf it is to receive a maximum average power 
subject to the constraint that (a) X,_, = 0: (6) Ry and Xz may be selected inde- 
pendently; (c) R; is fixed (not equal to Rra); (d) Xz is fixed (independent of 
Xin) (e) X_ =0. 


17. For the circuit of Fig. 11.34; (a) what value of Z; will absorb a maximum avy- 
erage power? (b) What is the value of this maximum power? 


100 ASQ 


120/0° V (>) 


@ FIGURE 11.34 


18. For the circuit of Fig. 11.34, it is required that the load be a pure resistance R_. 
What value of R; will absorb a maximum average power, and what is the 
value of this power? . 


19. Find the average power supplied by the dependent source of Fig. 11.35. 


j2A(4) > 8 


@ FIGURE 11.35 
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20. For the network of Fig. 11.36: (2) what impedance Z; should be connected 
between a and $ so that a maximum average power will be absorbed by it? 
(b) What is this maximum average power? 





160 Q 





@ FIGURE 11.36 


21. Determine the average power delivered to each of the boxed networks in the 
circuit of Fig. 11.37 if the 10/0. A source is replaced with a 5/—30° A source 
operating at a frequency of 50 Hz. 


10 /0° A 





E FIGURE 11.37 


22. Find the value of R; in the circuit of Fig. 11.38 that will absorb a maximum 
power, and specify the value of that power. 


200 ` 





E FIGURE 11.38 


. Determine the average power delivered to each resistor in the network shown 
in Fig. 11.39 if (a) à = 0; (b) A = 1. (c) Verify your answer with PSpice 
assuming the physical circuit operates at 60 Hz. 








E FIGURE 11.39 





EXERCISES 


24. (a) Calculate the average value of each of the waveforms shown in Fig. 11.40. 
(b) If each of these waveforms is now squared, find the average value of each 
of the new periodic waveforms (in A’). 


i (A) 


t (ms) 





i (A) 


t (ms) 





(b) 


t . 
4 of a sine wave 





t (ms) 


(c) 


@ FIGURE 11.40 


i 25. Find the average power delivered to each element of the circuit shown in 
j Fig. 11.25 if vs = 400 V2 cos(120zt — 9°) V. Verify your answer with PSpice. 
11.3 Effective Values of Current and Voltage 


26. Compute the effective value of the following: (a) 12 cos(10002) V; 
(b) 12 sin(10001) V; (c) 12 cos(5008) V; (d) 12 cos(500t — 88°) V. 


27. Compute the effective value of the following: (a) 2 cos(10n) A; 
(b) 2 sin(102) A; (c) 2 cos(58) A; (d) 2 cos(5t — 32°) A. 


28. Determine the effective value of the waveform depicted in Fig. 11.41. 





V (aV) 


t (ms) 





B FIGURE 11.41 
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Determine the effective value of the wavetorm depicted in Fig. 11.42. 


fimaA} 





@ FIGURE 11.42 


. What is the effective value ofta) EV; (b) 1 + cos IY Vi (ce) 1 + 


cos( l0: + IO) V? 


. Find the effective value of (a) ru) = 10 + 9 cos 00r + 6 sin 1007; (4) the 


waveform appearing as Fig. 11.43. (c) Also find the average value of this 
waveform. 


tf) 


tims) 





@ FIGURE 11.43 


32. Find the effective value of (a) g(t) = 2 + 3 cos 1007 + 4 cos{(100r — 120°): 


WA ~—© 
29. 
30 
3] 
33. 


100 mH 





120 /0° V rms 
f= 60 Hz 


300 mH = 35 


@ FIGURE 11.45 





34, 


(b) A(t) = 2 + 3 cas 1001 + 4 cos(1O1t — 120°); (c) the waveform of 
Fig. 11.44. 


i (ims) 





E FIGURE 11.44 


Given the periodic waveform f(t) = (2 — 3 cos 100r)2, find (a) its average 
value; (b) its rms value. 


Calculate the effective value of each of the three periodic waveforms shown in 
Fig. 11.40. 


. Four ideal independent voltage sources, A cos 10f, B sin(101 + 45°). 


C cos 40t, and the constant D, are connected in series with a 4 92 resistor. Find 
the average power dissipated in the resistor if (a) A= B= 10V.C = D=0.: 
(VA=~CH1IOV.B=D=O0:()A=1OV, B=-10VC=D=0.: 
(DA= B=+=C=10V, D=-ODi(~pA=~B=zC=AD= NV. 


. (a) What value of R will cause the rms voltages across the inductors tn 


Fig. 11.45 to be equal? (b) What is the value of the rms voltage? (c) Verify 
your answers with PSpice. 





EXERCISES 


37. Each of the waveforms shown in Fig. 11.46 has a period of 3 s. They are also 
somewhat similar. (a) Calculate the average value of each one. (b) Determine 
the two effective values. (c) Verify your answers for the sawtooth waveform 
using PSpice. 


i! 


60 60 


20 20 


0 i 2 3 r (s) 0 l 3 r (s) 


(a) (h) 
M@ FIGURE 11.46 


m 38. Replace the 100 mH inductor of Fig. 11.45 with a 1 uF capacitor, and the 
| 300 mH inductor with a 3 pF capacitor. (a) What value of R will cause the rms 
currents through the capacitors to be equal? (b) What is the value of the rms 
current? (c) Verify your answers with PSpice. 


39. A voltage waveform has a period of 5 s, and it is expressed as v(t) = 
lOr[u(t) — u(t — 2)] + 16e7°°"— [ue — 3) ~ u(t — 5)] V in the interval 
0 <f < 5s. Find the effective value of the waveform. 
40. The series combination of a 1 kQ resistor and a 2 H inductor must not dissipate 


more than 250 mW of power at any instant. Assuming a sinusoidal current with 
w = 500 rad/s, what is the largest rms current that can be tolerated? 


11.4 Apparent Power and Power Factor 
4 


prh 


. In Fig. 11.47, let I = 4/35° A rms, and find the average power being supplied: 
(a) by the source; (b) to the 20 Q resistor; (c) to the load. Find the apparent 


power being supplied: (d) by the source; (e) to the 20 {2 resistor; (f) to the 
load. (g) What 1s the load PF? 


10/0° Arms © Load 


M FIGURE 11.47 





. (a) Find the power factor at which the source in the circuit of Fig. 11.48 is 
operating. (b) Find the average power being supplied by the source. (c) What 
size capacitor should be placed in parallel with the source to cause its power 
factor to be unity? (d) Verify your answers with PSpice. 


40 
so ty mse) 160 120 


M FIGURE 11.48 
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43. In the circuit shown in Fig. 11.49, let Z4 = 53+ j/2Q.Z, = 20 — j10Q, 
Ze = 10/30 Q.and Zp = 10/—60 &. Find the apparent power delivered to 
each load and the apparent power generated by the source. 

7 H CNT ; a . ` o ~ ae 

“O07 0" V rms 44. Let us visualize a network operating at f = 50 Hz that utilizes loads connected 


in series and carrying a common current of 10/07 Arms. Such a system is the 
dual of one operating with parallel loads and a common voltage. In the series 
FIGURE 11.49 system, a load would be turned off by short-circuiting it: open circuits would 
cause all Kinds of fireworks. Two loads are on this particular system: 





(b) What ts the apparent power drawn by the combination of the two loads” 
(c) Is the combined load inductive or capacitive in character? 


11.5 Complex Power 


45. A composite load consists of three loads connected in parallel. One draws 
100 W at a PF of 0.92 lagging, another takes 250 W at a PF of 0.8 lagging, and 
the third requires 150 W at a unity PF. The parallel load is supplied by a source 
V, in series with a 10 Q resistor. The loads must all operate at 115 V rms. 
Determine (a) the rms current through the source: (b) the PF of the composite 
load. 


46, The load in Fig. 11.50 draws 10 kVA at PF = 0.8 lagging. If H| = 40 Arms, 
what must be the value of C to cause the source to operate at PF = 
0.9 lagging” 





E FIGURE 11.50 


47. Consider the circuit of Fig. 11.51. Specify the value of capacitance required 
to raise the PF of the total load connected to the source to 0.92 lagging if the 
capacitance is added (a) in series with the 100 mH inductor; (b) in parallel 
with the 100 mH inductor. Verify your answers to parts (a) and (b) using 
PSpice. 


LOO mH 






115 cos (1000 — 4°) V rms 300 mH < 


E FIGURE 11.51 


48. Analyze the circuit of Fig. 11.52 to find the complex power absorbed by cack 
of the five circuit elements. 


OQ p20 
100 /0° V rms 


100 


E FIGURE 11.52 
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— 


54. 


55. 


EXERCISES 


Both sources shown in Fig. 11.53 are operating at the same frequency. Find the 


complex power generated by each source and the complex power absorbed by 
each passive circuit element. 


60 f40 52 






100/0° V (2) -ji0Q (2) j100 V 


@ FIGURE 11.53 


. Find the complex power being delivered to a load that (a) draws 500 VA at 


a leading PF of 0.75: (b) draws 500 W at a leading PF of 0.75; (c) draws 
— 500 VAR at a PF of 0.75. 


. A capacitive impedance, Zc = — j 120 Q, is in parallel with a load Z; . The 


parallel combination ts supplied by a source, V, = 400/0° V rms, that 
generates a complex power of 1.6 + /0.5 kVA. Find the (a) complex power 
delivered to Z;; (b) PF of Zi; (c) PF of the source. 


. A source of 230 V rms is supplying three loads in parallel: 1.2 kVA at a lagging 


PF of 0.8, 1.6 KVA at a lagging PF of 0.9, and 900 W at unity PF. Find (a) the 
amplitude of the source current; (b) the PF at which the source is operating: 
(c) the complex power being furnished by the source. 


. A 250 V rms system is supplying three parallel loads. One draws 20 kW at 


unity power factor, a second uses 25 kVA at PF = 0.8 lagging, and the third 
requires a power of 30 kW at a lagging PF of 0.75. (a) Find the total power 
supplied by the source. (b) Find the total apparent power supplied by the 
source. (c) At what PF does the source operate? 


A cookie-baking operation has a monthly average demand of 200 kW and a 
monthly average reactive requirement of 280 kKVAR. In an effort to recoup 
losses and encourage its customers to operate at high PF, a certain local utility 
charges a penalty of $0.22/k VAR for each KVAR above a benchmark value 
computed as 0.65 times the peak average power demand. (a) Using the rate 
schedule above, what is the annual cost to this utility customer associated with 
PF penalties? (b) Calculate the target PF on which the utility policy is based. 
(c) If compensation is available through the utility company at a cost of 

$200 per 100 KVAR increment and $395 per 200 KVAR increment, what is 

the most cost-effective solution for the customer? 


Derive Eq. [28]. 


11.6 Comparison of Power Terminology 


56. 


58. 


A voltage source 339 cos(1007z1 — 66°) V is connected to a purely resistive 
load of 1 kQ. (a) What is the effective voltage of the source? (b) What is the 
peak instantaneous power absorbed by the load? (c) What is the minimum 
instantaneous power absorbed by the load? (d) Compute the apparent power 
delivered by the source. (e) Calculate the reactive power delivered by the 
source. (f) What is the complex power delivered to the load? 


. A voltage source 339 cos(100z71 — 66°) V is connected to a purely inductive 


load of 150 mH. (a) What is the effective current through the circuit? (6) What 
is the peak instantaneous power absorbed by the load? (c) What is the mini- 
mum instantaneous power absorbed by the load? (d) Compute the apparent 
power delivered by the source. (e) Calculate the reactive power delivered by 
the source. (f) What is the complex power delivered to the load? 


For the circuit of Fig. 11.25, vs = 5cos 1000r V. (a) What is the peak instanta- 
neous power delivered to the 10 kQ resistor? (b) Calculate the reactive power 
delivered to the 10 kQ resistor. (c) Find the apparent power delivered to the 

10 kQ resistor. (d) What is the complex power delivered by the source? 
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59. (a) Find the complex power delivered to each passive clement in the circuit of 


60. 


ed 


Fig. 11.54 and (b) show that the sus of these values is equal to the complex 
power generated by the source. (c) Is this result true for the values of apparent 
power? (d) What is the average power delivered by the source? (e) What is the 
reactive power delivered by the source? 


200 100 mH 





400 rad/s 230 0 


i 


az) 


S FIGURE 11.54 


A load operating at 2300 V rms draws 28 Arms at a power factor of 0.812 lag 
ging. Find (a) the peak current in amperes: (b) the instantaneous power at 

f= 2.5 ms assuming an operating frequency of 60 Hz: (c) the real power taken 
by the load: (d} the complex power: (e} the apparent power: (A the impedance 
ot the load: and (g) the reactive power. 
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Polyphase Circuits 





KEY CONCEPTS 


Single-Phase Power Systems 





qT TION 

IN RODUCTIO 7 a | | 

Utility companies supply electricity to residential and industrial Three-Phase Power Systems 
customers in the form of sinusoidal voltages and currents, typically o- 





referred to as alternating current (ac). Most residential electricity Three Phase Sources 
in North America is supplied in the form of a sinusoidal waveform r 
having a frequency of 60 Hz and an rms voltage of approximately Line Versus Phase Voltage 
120 V. In other parts of the world, electricity is provided at a i 

frequency of 50 Hz and an rms voltage of approximately 240 V. It tine Versus Phase Current 
was originally proposed by Thomas Edison that utility companies 


should distribute power through de networks, but Nikola Tesla and V-Connected Networks 
George Westinghouse, two other pioneers in the field of electricity, r 

were strong advocates of using ac. Ultimately, their arguments A-Connected Networks 
were more persuasive. r 





> « S] S S y r y S S S is a £ 
The transient response of ac power systems Is of interest Balanced Loads 


eo 
Per-Phase Analysis 


when determining the peak power demand, since most equipment 





requires more current to start up than it does to run continuously. 
In most instances, however, it is the steady-state operation that n 
is of primary interest, so our experience with phasor-based 

analysis will prove to be handy. We will be introduced to a new 


type of voltage source, the three-phase source, which can be 


Power Measurement in 
Three-Phase Systems 


connected in either a three- or four-wire Y configuration or a 
three-wire A configuration. Similarly, we will find that loads 
can also be either Y- or A-connected, depending on the 
application. 


457 
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12.1 _ POLYPHASE SYSTEMS 

a gg wee eee o e ma ee 
So far, whenever we have used the term “sinusoidal source” we pictured a 
single sinusoidal voltage or current having a particular amplitude, frequency, 
and phase. In this chapter, we introduce the concept of polyphase sources. 
focusing on three-phase systems in particular. There are distinct advantages 
in Using rotating machinery to generate three-phase power rather than single- 
phase power. and there are economical advantages in favor of the trans- 
mission of power in a three-phase system. Although most of the electrical 
equipment we have encountered so far is single-phase, three-phase equip- 
Ment is not uncommon. especially in manufacturing environments. In par- 
ticular, motors used in large refrigeration svstems and in machining facilities 
are often wired for three-phase power. For the remaining applications. once 
we have become familiar with the basics of polyphase systems, we will tind 
that it is simple to obtain single-phase power by just connecting to a single 
“leg” of a polyphase system. 

Let us look briefly at the most common polyphase system, a balanced 
three-phase system. The source has three terminals (not counting a neutral 
or ground connection). and voltmeter measurements will show that sinu- 
soidal voltages of equal amplitude are present between any two terminals. 
However, these voltages are not in phase: each of the three voltages ts 120° 
out of phase with each of the other two. the sign of the phase angle depend- 
ing on the sense of the voltages. One possible set of voltages is shown in 
Fig. 12.1. A balanced load draws power equally from all three phases. A? no 
instant does the instantaneous power drawn by the total load reach zero: 
in fact, the total instantaneous power is constant. This is an advantage in 
rotating machinery, for it keeps the torque on the rotor much more constant 


than it would be if a single-phase source were used. As a result, there is less 
vibration. 


Volts 


fi 


0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 


@ FIGURE 12.1 An example set of three voltages, each of which is 120° out of phase with the other 
two. As can be seen, only one of the voltages is zero at any particular instant. 
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The use of a higher number of phases, such as 6- and 12-phase systems, 
is limited almost entirely to the supply of power to large rectifiers. Recti- 
fiers convert alternating current to direct current by only allowing current to 
flow to the load in one direction, so that the sign of the voltage across the 
load remains the same. The rectifier output is a direct current plus a smaller 
pulsating component, or ripple, which decreases as the number of phases 
increases. 

Almost without exception, polyphase systems in practice contain 
sources which may be closely approximated by ideal voltage sources or by 
ideal voltage sources in series with small internal impedances. Three-phase 
current sources are extremely rare. 


Double-Subscript Notation 


It is convenient to describe polyphase voltages and currents using double- 
subscript notation. With this notation, a voltage or current, such as Vap or 
I,,4, has more meaning than if it were indicated simply as V; or I,. By def- 
inition, the voltage of point a with respect to point b is Yap. Thus, the plus 
sign 1s located at a, as indicated in Fig. 12.2a. We therefore consider the 
double subscripts to be equivalent to a plus-minus sign pair; the use of both 
would be redundant. With reference to Fig. 12.2b, for example, we see that 
Vad = Vab + Vea. The advantage of the double-subscript notation hes in 
the fact that Kirchhoff’s voltage law requires the voltage between two 
points to be the same, regardless of the path chosen between the points; 
thus Vaa = Vap + Vag = Vace + Vea = Vab + Voc + Veg, and so forth. The 
benefit of this is that KVL may be satisfied without reference to the circuit 
diagram; correct equations may be written even though a point, or subscript 
letter, is included which ts not marked on the diagram. For example, we 
might have written Vaa = Vax + Vig, where x identifies the location of any 
interesting point of our choice. 

One possible representation of a three-phase system of voltages! is 
shown in Fig. 12.3. Let us assume that the voltages Van, Von, and Voen are 
known: 


Van = 100/0° V 
Vin = 100/—120° V 


Ven = 100/—240° V 
and thus the voltage Vap may be found, with an eye on the subscripts: 


Vab = Van + Vno = Van — Von 
= 100/0" — 100/—120° V 
= 100 — (—50 — 786.6) V 
= 173.2/30° V 
The three given voltages and the construction of the phasor V,, are shown 
on the phasor diagram of Fig. 12.4. 


A double-subscript notation may also be applied to currents. We define 
the current I, as the current flowing from a to b by the most direct path. In 


(1) In keeping with power industry convention, rms values for currents and voltages will be used 
implicitly throughout this chapter. 








b d 


(b) 


@ FIGURE 12.2 (g) The definition of the voltage Vap. 
(D) Vod = Vab + Vbe + Ved = Vab + Vea. 





100 /-120° V 


boa 


@ FIGURE 12.3 A network used as a numerical 
example of double-subscript voltage notation. 


Vs 


Ħ 

@ FIGURE 12.4 This phasor diagram illustrates the 
graphical use of the double-subscript voltage 
convention to obtain Vg, for the network of Fig. 12.3. 





€ FIGURE 12.5 An illustration of the use and misuse 
of the double-subscript convention for current 
notation. 


Oa 


Oh 





(b) 

E FIGURE 12.7 (a) A single-phase three-wire source. 
(b) The representation of a single-phase three-wire 
source by two identical voltage sources. 
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every complete circuit we consider, there must of course be at least two pos- 
sible paths between the points a and b, and we agree that we will not use 
double-subscript notation unless it is obvious that one path is much shorter, 
or much more direct. Usually this path is through a single element. Thus, the 
current I, is correctly indicated in Fig. 12.5. In fact, we do not even need 
the direction arrow when talking about this current; the subscripts tell us the 
direction. However, the identification of a current as I.4 for the circuit of 
Fig. 12.5 would cause confusion. 


PRACTICE 


12.1 Let Vap = 100/0° V, Vig = 40/80° V, and Vea = 70/200° V. 
Find (a) Vaa; (b) Vics (c) Vea. 

12.2 Refer to the circuit of Fig. 12.6 and let Iy; = 3 A, Iae = 2 A, and 
Ing = —6 A. Find (a) Ica; (b) Ief (c) Lij- 








E FIGURE 12.6 


nn 
Ans: 12.1: 114.0/20.2° V; 41.8/145.0° V; 44.0/20.6° V. 12.2: —3 A; 7A; 7A. 


12.2 SINGLE-PHASE THREE-WIRE SYSTEMS 


bse NE T a aaa a MM 
A single-phase three-wire source is defined as a source having three output 
terminals, such as a, n, and b in Fig. 12.7a, at which the phasor voltages Van 
and V,,, are equal. The source may therefore be represented by the combi- 
nation of two identical voltage sources; in Fig. 12.7b, Van = Vno = V1. It is 
apparent that Vap = 2Van = 2V „p, and we therefore have a source to which 
loads operating at either of two voltages may be connected. The normal 
North American household system is single-phase three-wire, permitting 
the operation of both 110 V and 220 V appliances. The higher-voltage ap- 
pliances are normally those drawing larger amounts of power; operation at 
higher voltage results in a smaller current draw for the same power. 
Smaller-diameter wire may consequently be used safely in the appliance, 
the household distribution system, and the distribution system of the utility 





SECTION 12.2 SINGLE-PHASE THREE-WIRE SYSTEMS 


company, as larger-diameter wire must be used with higher currents to 
reduce the heat produced due to the resistance of the wire. 

The name single-phase arises because the voltages Van and Vno, being 
equal, must have the same phase angle. From another viewpoint, however, 
the voltages between the outer wires and the central wire, which is usually re- 
ferred to as the neutral, are exactly 180° out of phase. That is, Van = —Von, 
and Von + Von = Q. Later, we will see that balanced polyphase systems are 
characterized by a set of voltages of equal amplitude whose (phasor) sum is 
zero. From this viewpoint, then, the single-phase three-wire system is really 
a balanced two-phase system. Two-phase, however, is a term that is tradi- 
tionally reserved for a relatively unimportant unbalanced system utilizing 
two voltage sources 90° out of phase. 

Let us now consider a single-phase three-wire system that contains iden- 
tical loads Z, between each outer wire and the neutral (Fig. 12.8). We will 


first assume that the wires connecting the source to the load are perfect 
conductors. Since 








Van — Vib 
then, 
Van V b 
La = 7 =In= y 
P P 


and therefore 
Ins = Igp + lha = igo — laa = 0 


Thus there is no current in the neutral wire, and it could be removed with- 
out changing any current or voltage in the system. This result is achieved 
through the equality of the two loads and of the two sources. 


Effect of Finite Wire Impedance 


We next consider the effect of a finite impedance in each of the wires. If 
lines aA and bB each have the same impedance, this impedance may be 
added to Z,, resulting in two equal loads once more, and zero neutral cur- 
rent. Now let us allow the neutral wire to possess some impedance Zp. 
Without carrying out any detailed analysis, superposition should show us 
that the symmetry of the circuit will still cause zero neutral current. More- 
over, the addition of any impedance connected directly from one of the 
outer lines to the other outer line also yields a symmetrical circuit and zero 
neutral current. Thus, zero neutral current is a consequence of a balanced, or 
symmetrical, load; nonzero impedance in the neutral wire does not destroy 
the symmetry. 

The most general single-phase three-wire system will contain unequal 
loads between each outside line and the neutral and another load directly 
between the two outer lines; the impedances of the two outer lines may be 
expected to be approximately equal, but the neutral impedance is often 
slightly larger. Let us consider an example of such a system, with particular 
interest in the current that may flow now through the neutral wire, as well as 
the overall efficiency with which our system is transmitting power to the 
unbalanced load. 








E FIGURE 12.8 A simple single-phase three-wire 
system. The two loads are identical, and the neutral 
current is zero. 


\ 
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Analyze the system shown in Fig. 12.9 and determine the power 
delivered to each of the three loads as well as the power lost in the 
neutral wire and each of the two lines. 


1 






I 15 /0° V rms 


115 /0° V rms 


200 


W FIGURE 12.9 A typical single-phase three-wire system. 


Identify the goal of the problem. 

The three loads in the circuit are: the 50 Q resistor. the 100 Q resistor, 
and a 20 + J10 Q impedance. Each of the two lines has a resistance 
of l Q, and the neutral wire has a resistance of 3 82. We need the cur- 
rent through each of these in order to determine power. 


Collect the known information. 

We have a single-phase three-wire system; the circuit diagram of 
Fig. 12.9 is completely labeled. The computed currents will be in 
rms units, 


Devise a plan. 

The circuit is conducive to mesh analysis, having three clearly defined 
meshes. The result of the analysts will be a set of mesh currents, 
which can then be used to compute absorbed power. 


Construct an appropriate set of equations. 
The three mesh equations are: 


~—115/0° + I, + 50d, —Lb) +30, — Il) =0 
(20+ j10)I, + 100 — L) + 50(L — l) = 0 
—115/0° + 3h — L) + 1000; —1.)4+1 =0 


which can be rearranged to obtain the following three equations 


541, -50k 3k = 115/0° 
-50 +(170+j10b -100k =0 
-3h -100b +1041, = 115/0° 


Determine if additional information is required. 
We have a set of three equations in three unknowns. so it is possible 
to attempt a solution at this point. 





SECTION 12.2 SINGLE-PHASE THREE-WIRE SYSTEMS 


_ Attempt a solution. 


Solving for the phasor currents I,, Iz, and I, using a scientific calcula- 
tor, we find 


I, = 11.24/—19.83° A 
I, = 9.389/—24.47° A 
l; = 10.37/—21.80° A 
The currents in the outer lines are thus 
ka =h = 11.24/-19.83° A 
and 
Ing = —I; = 10.37/158.20° A 
and the smaller neutral current is 
Iw =k — 1 = 0.9459/—-177.7° A 
The average power drawn by each load may thus be determined: 
Psy = Il — L]? (50) = 206 W 
Pio = Ib — L|? (100) = 117 W 
Paos j10 = |l? (20) = 1763 W 
The total load power is 2086 W. The loss in each of the wires is next 
found: 
Paa = |l? (1) = 126 W 
Pss = |h] (1) = 108 W 
Pan = Wan? 3) = 3 W 
giving a total line loss of 237 W. The wires are evidently quite long; 


otherwise, the relatively high power loss in the two outer lines would 
cause a dangerous temperature rise. 


Verify the solution. Is it reasonable or expected? 
The total absorbed power is 206 + 117 + 1763 + 237, or 2323 W, 


| Note that we do not need to include a factor of > since 
we are working with rms current values. 


> Imagine the heat produced by two 100 W light bulbs! 
- § These outer wires must dissipate the same amount 
fof energy. in order to keep their temperature down, 
fa large surface area is required. 





which may be checked by finding the power delivered by each voltage — E 


Source: 


Pan = 115(11.24) cos 19.83° = 1216 W 
Pon = 115(10.37) cos 21.80° = 1107 W 


or a total of 2323 W. The transmission efficiency for the system is 


_ total power delivered to load 2086 


= ——— = 89.8% 
total power generated 2086 + 237 ° 


This value would be unbelievable for a steam engine or an internal 
combustion engine, but it is too low for a well-designed distribution 
system. Larger-diameter wires should be used if the source and the 
load cannot be placed closer to each other. 


(Continued on next page) 
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M FIGURE 12.11 A Y-conneded three-phase 
four-wire source. 
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A phasor diagram showing the two source voltages, the currents 
in the outer lines. and the current in the neutral is constructed in 
Fig. 12.10. The fact that L., + Ihs + a = 0 is indicated on the 
diagram. 





Pe 
a N 
an 
Inn > 

7 Fa + Lp 

> oon an S 
y by L P À 
1 oe 


E FIGURE 12.10 The source voltages and three of the currents in the circuit 
of Fig. 12.9 are shown on a phasor diagram. Note that ka + les + lay = 0. 


PRACTICE 


a i I +e 
12.3 Modify Fig. 12.9 by adding a 1.5 Q resistance to each of the two 
outer lines. and a 2.5 Q resistance to the neutral wire. Find the average 
power delivered to each of the three loads. 


Ans: 153.1 W: 95.8 W, 1374 W. 


12.3 | THREE-PHASE Y-Y CONNECTION | 











Three-phase sources have three terminals. called the line terminals. and 
they may or may not have a fourth terminal. the neutral connection. We will 
begin by discussing a three-phase source that does have a neutral connee- 
tion. It may be represented by three ideal voltage sources connected in a Y. 
as shown in Fig. 12.11: terminals a. b, c, and n are available. We will con- 
sider only balanced three-phase sources, which may be defined as having 


Vanl = m Vpn | = Ven] 
and 
Van + Vin + Von = QO 


These three voltages, each existing between one line and the neutral. are 
called phase voltages. 1f we arbitrarily choose V „n as the reference, or define 


Van — = V pD. 


where we will consistently use V, to represent the rms amplitude of any of 
the phase voltages, then the definition of the three-phase source indicates 
that either 


Vin = Vp/=120) and Vy = Vp 240. 
or 
Vin = Vp {120° and Vin = Vp/240° 
The former is called positive phase sequence, or abc phase sequence, and 


is Shown in Fig. 12.12a: the latter is termed negative phase sequence, or 
cba phase sequence, and is indicated by the phasor diagram of Fig. 12.1 2h. 
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Vn = V, [=240° V Vi, = V, {120° 







Vv 


aH 





Vin = Vp /-120° 


Von = V, / 240° 
(a) ib) 
@ FIGURE 12.12 (c) Positive, or abc, phase sequence. (b) Negative, or cba, phase sequence. 


The actual phase sequence of a physical three-phase source depends on the 
arbitrary choice of the three terminals to be lettered a, b, and c. They may 
always be chosen to provide positive phase sequence, and we will assume 
that this has been done in most of the systems we consider. 


Line-to-Line Voltages 


Let us next find the line-to-line voltages (often simply called the line 
voltages) which are present when the phase voltages are those of Fig. 12.1 2a. 
It is easiest to do this with the help of a phasor diagram, since the angles are 
all multiples of 30°. The necessary construction is shown in Fig. 12.13; the 
results are 


Vab = V3 V, (30° [1] 
Vic = V3 V, /—90° [2] 
Vea = V3Vp/—210° (3] 


Kirchhoff’s voltage law requires the sum of these three voltages to be zero; 
the reader is encouraged to verify this as an exercise. 

If the rms amplitude of any of the line voltages is denoted by V;, then 
one of the important characteristics of the Y-connected three-phase source 


may be expressed as 


Note that with positive phase sequence, Van leads Vpn and Ven leads 
Ven, in each case by 120°, and also that Vap leads V;, and Vpe leads Vea, 
again by 120°. The statement is true for negative phase sequence if “lags” 
is substituted for “leads.” 

Now let us connect a balanced Y-connected three-phase load to our 
source, using three lines and a neutral, as drawn in Fig. 12.14. The load is 





E FIGURE 12.14 A balanced three-phase system, connected Y-Y and including a neutral. 








E FIGURE 12.13 A phasor diagram which is used 
to determine the line voltages from the given phase 
voltages. Or, algebraically, Vap = Ven — Vbn = 
Vp l0° ~ Vp {—120° = Vp — Vp cos(— 120°) — 
j Vp sin(—120°) = Vp(1+ 5 + j¥3/2) = 
3Y p 130°. 
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represented by an impedance Z, between each line and the neutral. The 
three line currents are found very easily, since we really have three single- 
phase circuits that possess one common lead:~ 











N on 
l;a EER a 
Z, 
V,, Vow /—120 
lbp = a = = =1,,/-120 
Bip Zp 


Lc = laa /—240° 
and therefore 
Iyn = Lia EN l;g + Lc zz 0 


Thus, the neutral carries no current if the source and load are both bal- 
anced and if the four wires have zero impedance. How will this change if an 
impedance Z; is inserted in series with each of the three lines and an imped- 
ance Z,, is inserted in the neutral? The line impedances may be combined with 
the three load impedances; this effective load is still balanced, and a perfectly 
conducting neutral wire could be removed. Thus, if no change is produced in 
the system with a short circuit or an open circuit between n and N, any imped- 
ance may be inserted in the neutral and the neutral current will remain zero. 

— It follows that, if we have balanced sources, balanced loads, and bal- 
anced line impedances, a neutral wire of any impedance may be replaced 
\ by any other impedance, including a short circuit or an open circuit; the 
replacement will not affect the system’s voltages or currents. It is often 
helpful to visualize a short circuit between the two neutral points, whether a 
neutral wire is actually present or not; the problem is then reduced to three 
single-phase problems, all identical except for the consistent difference in 
phase angle. We say that we thus work the problem on a “per-phase”’ basis. 


EXAMPLE 12.2 | 


For the circuit of Fig. 12.15, find both the phase and line currents 
and voltages throughout the circuit, and calculate the total power 
dissipated in the load. 


0 6 
200/0° V rms 
9 


@ FIGURE 12.15 A balanced three-phase three-wire Y-Y connected system. 





C 


(2) This can be seen to be true by applying superposition and looking at each phase one at a time. 
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Since one of the source phase voltages 1s given and we are told to use 
the positive phase sequence, the three phase voltages are: 


Van = 200/00 V Van = 200/-120° V Ven = 200/—240° V 


The line voltage is 200/3 = 346 V; the phase angle of each line volt- 
age can be determined by constructing a phasor diagram, as we did in 
Fig. 12.13 (as a matter of fact, the phasor diagram of Fig. {2.13 is 
applicable), subtracting the phase voltages using a scientific calculator, 
or by invoking Eqs. [1] to [3]. We find that V,» is 346/30° V, 
Vic = 346/—90° V, and Vea = 346/—210° V. 

Let us work with phase A. The line current is 


Van _ 200/0: ~ 
n — 5 = 2/-60° A 
Z, 100/605 





La = 


Since we know this is a balanced three-phase system, we may easily 
write the remaining line currents based on I, 4: 


Ing = 2/(—60° — 120°) = 2/—180° A 

Icc = 2/(—60° — 240°) = 2/—300° A 
The power absorbed by phase A is 

Pan = 200(2) cos(0° + 60°) = 200 W 


Thus, the total average power drawn by the three-phase load is 600 W. 
The phasor diagram for this circuit is shown in Fig. 12.16. Once we 

_ knew any of the line voltage magnitudes and any of the line current 

magnitudes, the angles for all three voltages and all three currents could 

have been easily obtained by reading the diagram. 





12.4 A balanced three-phase three-wire system has a Y-connected load. 
Each phase contains three loads in parallel: — j 100 92, 100 Q, and 

50 + j50 Q. Assume positive phase sequence with Vap = 400/0° V. 
Find (a) Van; (D) Iga; (c) the total power drawn by the load. 


Ans: 231 /--30° V; 4.62/—30° A; 3200 W. 


Before working another example, this would be a good opportunity to 
quickly explore a statement made in Sec. 12.1, i.e., that even though phase 
voltages and currents have zero value at specific instants in time (every 
1/120 s in North America), the instantaneous power delivered to the total 
load is never zero. Consider phase A of Example 12.2 once more, with the 
phase voltage and current written in the time domain: 


Vay = 200 V2 cos(120zt +0°) V 
and 


ian = V2 cos(120xt — 60°) A 


467 





E FIGURE 12.16 The phasor diagram that applies to 
the circuit of Fig. 12.15. 


| The factor of ,/2 is required to convert from rms units. 
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Thus, the instantaneous power absorbed by phase A is 


pa(t) = vantan = 800cos(12071) cos(12071 — 60°) 
= 400|cos(—60° ) + cos(2407r — 60°)] 
= 200 + 400 cos(2407t — 60°) W 


in a similar fashion, 
paj(t) = 200 + 400 cos(2402t — 300°) W 

and 
Pc(t) = 200 + 400 cos(240zt — 180°) W 

The instantaneous power absorbed by the total load is therefore 
p(t) = pa(t) + pa(t) + pc(t) = 600 W 


independent of time, and the same value as the average power computed in 
Example 12.2. 


EXAMPLE 12.3 


A balanced three-phase system with a line voltage of 300 V is sup- 
plying a balanced Y-connected load with 1200 W at a leading PF 
of 0.8. Find the line current and the per-phase load impedance. 


The phase voltage is 300/./3 V and the per-phase power is 1200/3 = 
400 W. Thus the line current may be found from the power relationship 


400 = TE )(08) 





J3 
and the line current is therefore 2.89 A. The phase impedance is given by 
V 300/73 
|Z,|=— = V3 _ wa 
I, 2.89 


Since the PF is 0.8 leading, the impedance phase angle is —36.9°; thus 
Zp = 60/—36.9° 2. 

More complicated loads can be handled easily, since the problems 
reduce to simpler single-phase problems. 


CTICE 





12.5 A balanced three-phase three-wire system has a line voltage of 
500 V. Two balanced Y-connected loads are present. One is a capacitive 
load with 7 — j2 Q per phase, and the other is an inductive load with 

4 + j2 Q per phase. Find (a) the phase voltage; (b) the line current; 

(c) the total power drawn by the load; (d) the power factor at which 

the source is operating. 


Ans: 289 V; 97.5 A; 83.0 kW; 0.983 lagging. 
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A balanced 600 wW lighting load is added ün parallel) to the system 
of Example 12.3. Determine the new line current. _ 


We first sketch a suitable per-phase circuit, as shown in Fig. 12.17. The 
600 W load is assumed to be a balanced load evenly distributed among 
the three phases, resulting in an additional 200 W consumed by each 
phase. 


The amplitude of the lighting current is determined by 


300 | 
200 = —= jh | cos 0° 
A 1| 


so that 
Int} = LISSA 


in a similar way, the amplitude of the capacitive load current is found 


to be unchanged from its previous value, since the voltage across it has 
remained the same: 


Io] = 2.89 A 


If we assume that the phase with which we are working has a phase 
voltage with an angle of 0°, then 


H =1.155/0°A L = 2.89/436.9° A 


and the line current is 
L = 1, + bk = 3.87/+26.6° A 


Furthermore, the power generated by this phase of the source is 


300 
P, = ——3.87cos(+26.6°) = 600 W 
P J3 
which agrees with the fact that the individual phase is known to be sup- 


plying 200 W to the new lighting load, as well as 400 W to the original 
load. 


PRACTICE | 


12.6 Three balanced Y-connected loads are installed on a balanced 
three-phase four-wire system. Load 1 draws a total power of 6 kW at 
unity PF, load 2 requires 10 KVA at PF = 0.96 lagging, and load 3 
needs 7 kW at 0.85 lagging. If the phase voltage at the loads is 135 V, 
if each line has a resistance of 0.1 Q, and if the neutral has a resistance 
of 1 Q, find (a) the total power drawn by the loads; (b) the combined 
PF of the loads; (c) the total power lost in the four lines; (d) the phase 
voltage at the source; (e) the power factor at which the source is 
operating. 





Ans: 22.6 kW; 0.954 lag; 1027 W; 140.6 V; 0.957 lagging. 


400 W 
r 0.8 PF 
| leading 





W FIGURE 12.17 The per-phase circuit that is used 
to analyze a balanced three-phase example. 
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It an unbalanced Y-connected load is present in an otherwise balanced 
three-phase system, the circuit may still be analyzed on a per-phase basis if 
the neutral wire is present and éf it has zero impedance. If either of these 
conditions is not met, other methods must be used. such as mesh or nodal 
analysis. However, engineers who spend most of their time with unbalanced 
three-phase systems will find the use of svwumetrical components a great 
timesaver. We will not discuss this method here. 


12.4 . THE DELTA (A) CONNECTION 


An alternative configuration to the Y-connected load is the A connected 
load, as shown in Fig. 12.18. This type of configuration is very common, 
and does not possess a neutral connection. 











E FIGURE 12.18 A balanced A-connected load is present on a three- 
wire three-phase system, The source happens to be Y-connected. 


Let us consider a balanced A-connected load which consists of an imped- 
ance Z, inserted between each pair of lines. With reference to Fig. 12.18, let 
us assume known line voltages 


Vi = IVan! = IVre = Veal 
or known phase voltages 
Vp = |V anl = Vanl = View| 
where 
V = V3V, and Vap = V3 V, [30° 


as we found previously. Because the voltage across each branch of the A is 
known, the phase currents are easily found: 


I _ V ah I Vic I Vea 
AB = g BC = BT A+ OT 
Z, | Z, CA Z, 
and their differences provide us with the line currents, such as 
la == lag - ica 

Since we are working with a balanced system. the three phase currents are 
of equal amplitude: 

lp = Hg] = (gc!) = Teal 
The line currents are also equal tn amplitude; the symmetry is apparent from 
the phasor diagram of Fig. 12.19. We thus have 

h = jka) = Wel = the] 
and 


I = {Blip 
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\ BC 


@ FIGURE 12.19 A phasor diagram that could apply to the 
circuit of Fig. 12.18 if Zp were an inductive impedance. 


Let us disregard the source for the moment and consider only the bal- oe 
anced load. If the load is A-connected, then the phase voltage and the line 
voltage are indistinguishable, but the line current is larger than the phase 
current by a factor of V3; with a Y-connected load, however, the phase cur- 
rent and the line current refer to the same current, and the line voltage is 
greater than the phase voltage by a factor of J3. 


Determine the amplitude of the line current in a three-phase system 
with a line voltage of 300 V that supplies 1200 W to a A-connected 
load at a lagging PF of 0.8, then find the phase impedance. 


Let us again consider a single phase. It draws 400 W, 0.8 lagging PF, at 
a 300 V line voltage. Thus Again, keep in mind that we are assuming all voltages 
and currents are quoted as rms values. 
400 = 300(/,)(0.8) 
and 
I, = 1.667 A 
and the relationship between phase currents and line currents yields 
I, = V3(1.667) = 2.89 A 


Next, the phase angle of the load is cos~'(0.8) = 36.9°, and therefore 
the impedance in each phase must be 
300 


Z, = ——_/36.9° = 180/36.9° Q 
P 1.667 [36.2 


PRACTICE 


ee Oa 


12.7 Each phase of a balanced three-phase A-connected load consists 
of a 200 mH inductor in series with the parallel combination of a 5 uF 
capacitor and a 200 Q resistance. Assume zero line resistance and a 
phase voltage of 200 V at w = 400 rad/s. Find (a) the phase current; 
(b) the line current; (c) the total power absorbed by the load. 


Ans: 1.158 A; 2.01 A; 693 W. 
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EXAMPLE 12.6 


Determine the amplitude of the line current in a three-phase 
system with a 300 V line voltage that supplies 1200 W to a 
Y-connected load at a lagging PF of 0.8. (This is the same circuit 
as in Example 12.5, but with a Y-connected load instead.) 


On a per-phase basis, we now have a phase voltage of 300/ V3 V, 
a power of 400 W, and a lagging PF of 0.8. Thus, 


300 
400 = —2(/,,)(0.8) 
v3 


and 
l, = 2.89 (and so J; = 2.89 A) 
The phase angle of the load is again 36.9 . and thus the impedance in 
each phase of the Y is 
300/ V3 


Z, =.: zgo 02 = 60/36.9` Q 





The v3 factor not only relates phase and line quantities but also appears 
in a useful expression for the total power drawn by any balanced three- 
phase load. If we assume a Y-connected load with a power-factor angle “, 
the power taken by any phase is 


V 
P, = Vil, cos 0 = Vali COSA = A I; cos@ 


and the total power is 
P = 3P, = V3V; 1; cos ô 


in a similar way, the power delivered to each phase of a A-connected load is 


I 
Pp = Vplp cos 0 = V Ip cos = a cos 


giving a total power 
P= 3P, 


P = V3V, l; cosé 


[+] 


Thus Eq. {4} enables us to calculate the total power delivered to a balanced 
load from a knowledge of the magnitude of the line voltage, of the line cur- 
rent. and of the phase angle of the load impedance (or admittance), regard- 
less of whether the load is Y-connected or A-connected. The line current in 
Examples 12.5 and 12.6 can now be obtained in two simple steps: 


1200 = V3(300)(7, }(0.8) 


Therefore, 
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TABLE 12.1 Comparison of Y- and A-Connected Three-Phase Loads. V, Is the Voltage 
Magnitude of Each Y-Connected Source Phase 








Load Phase Voltage Line Voltage Phase Current 
Van = Vab 
= (/3/30°)Van y 
= V3V,/30° laa = lan = z 
P 
Van = Vpl0® Vac = Vic y 
; | BN 
Y Ven = Vp —120 = (/3/30°)V py IB — Ibn = Z 
Ven = Vp /—240° = /3V,/—90° y P 
CN 
Vea = Vea kc = lew = -77 
p 
= (V330) Vex 
= /3V,/—210° 
Vas = Vab Var = Vab laz = Vas 
= /3V,/30° = /3V,/30° Zp 
A Vac = Voc Vac = Voc Inc = Vac 
= J/3V,/—90° = /3V, /—90° Zp 
Veca = Vea VCA — Vea Vea 
= /3V, /—210° lca = 
= V3V, = JS3V, /-210° Z, 


A brief comparison of phase and line voltages as well as phase and line 
currents is presented in Table 12.1 for both Y- and A-connected loads 
powered by a Y-connected three-phase source. 





12.8 Abalanced three-phase three-wire system is terminated with two 
A-connected loads in parallel. Load 1 draws 40 kVA at a lagging PF of 
0.8, while load 2 absorbs 24 kW at a leading PF of 0.9. Assume no line 
resistance, and let V,, = 440/30° V. Find (a) the total power drawn 
by the loads; (b) the phase current I4 p; for the lagging load; (c) 1422; 
(d) Iga. | 


Ans: 56.0 kW; 30.3/—6.87° A; 20.2/55.8° A; 75.3/—12.46° A. 


A-Connected Sources 


The source may also be connected in a A configuration. This is not typical, 
however, for a slight unbalance in the source phases can lead to large cur- 
rents circulating in the A loop. For example, let us call the three single- 
phase sources Vap, Vpe, and Vea. Before closing the A by connecting d to a, 
let us determine the unbalance by measuring the sum Vap + Voc + Vea. 
Suppose that the amplitude of the result is only 1 percent of the line voltage. 
The circulating current is thus approximately 3 percent of the line voltage 
divided by the internal impedance of any source. How large is this impedance 


Line Current 
VAN 
= J = m 
La AN Z, 
Van 
Le =I =o 
bB BN Z, 
Ven 
Le =Iey = < 


laa = (V3/-30°) -42 
P 
y 
Ips = (V3/-30°) = 
P 


Lec = (V73/—30° “ca 
Po. 


Power per Phase 


J3V,1 L cos@ 
where cos@ = 
power factor of 
the load 


V3V I; cos 6 


where cos@ = 


power factor of 
the load | 








PRACTICAL APPLICATION 


Power-Generating Systems 


A rather wide variety of techniques can be used to gener- 
ate electrical power. For example, direct conversion of so- 
lar energy into electricity using photovoltaic (solar cell) 
technology results in the production of dc power. Despite 
representing a very environmentally friendly technology, 
however, photovoltaic-based installations are presently 
more expensive than other means of producing electric- 
ity, and require the use of inverters to convert the dc power 
into ac. Other technologies, such as wind turbine, geo- 
thermal, hydrodynamic, nuclear, and fossil fuel—based 
generators are much more economical by comparison. In 
these systems, a shaft is rotated through the action of a 
prime mover, such as wind on a propeller, or water or 
steam on turbine blades (Fig. 12.20). 

Once a prime mover has been harnessed to generate 
rotational movement of a shaft, there are several means of 
converting this mechanical energy into electrical energy. 
One example is a synchronous generator (Fig. 12.21). 
These machines are composed of two main sections: a 
stationary part, called the stator, and a rotating part, 
termed the rotor. DC current is supplied to coils of wire 
wound about the rotor to generate a magnetic field, 
which is rotated through the action of the prime mover. 
A set of three-phase voltages is then induced at a sec- 
ond set of windings around the stator. Synchronous 
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generators get their name from the fact that the fre- 
quency of the ac voltage produced is synchronized with 
the mechanical rotation of the rotor. 

The actual demand on a stand-alone generator can 
vary greatly as various loads are added or removed, such 
as when air conditioning units kick on, lighting is turned 
on or off, etc. The voltage output of a generator should 
ideally be independent of the load, but this is not the case 
in practice. The voltage E4 induced in any given stator 
phase, often referred to as the internal generated voltage, 
has a magnitude given by 


Ea = K pw 


where K is a constant dependent on the way the machine 
is constructed, @ is the magnetic flux produced by the 
field windings on the rotor (and hence is independent of 
the load), and @ is the speed of rotation, which depends 
only on the prime mover and not the load attached to the 
generator. Thus, changing the load does not affect the 
magnitude of E,. The internal generated voltage can 


be related to the phase voltage Vy and the phase current 
I, by 


Ea, = Və + jXsla 


where Xs is the synchronous reactance of the generator. 
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@ FIGURE 12.20 Wind-energy harvesting installation at Altamont Pass, California, which consists of over 7000 individual windmills. (© Digital Vision/PunchStock) 
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Ki ate Ti 
@ FIGURE 12.21 The 24-pole rotor of a synchronous generator as It Is 
being lowered into position. 

Photo courtesy Dr. Wade Enright, Te Kura Pukaha Vira O Te Whare Wananga 
O Waitaha, Aotearoa 


If the load is increased, then a larger current I’, will be 
drawn from the generator. If the power factor is not 
changed (i.e., the angle between Vy and I4 remains con- 
stant), Vg will be reduced since E4 cannot change. 

For example, consider the phasor diagram of 
Fig. 12.22a, which depicts the voltage-current output of 
a single phase of a generator connected to a load with a 
lagging power factor of cos 6. The internal generated 
voltage E, is also shown. If an additional load is added 
without changing the power factor, as represented in 
Fig. 12.22b, the supplied current I, increases to Ty. 
However, the magnitude of the internal generated volt- 
age, formed by the sum of the phasors j XsI’, and V}, 
must remain unchanged. Thus, E^} = E4, and so the 
voltage output (V.,) of the generator will be slightly 
reduced, as depicted in Fig. 12.225. 








(a) 





(b) 


@ FIGURE 12.22 Phasor diagrams describing the effect of loading on a 
stand-alone synchronous generator. (a) Generator connected to a load having 
a lagging power factor of cos @. (b) An additional load is added without 
changing the power factor. The magnitude of the internal generated voltage 
E4 remains the same while the output current increases. Consequently, the 
output voltage Vy is reduced. 


The voltage regulation of a generator is defined as 


: Vno load — Vfull toad 
% regulation = OE OOE x 100 


Vfull load 

Ideally, the regulation should be as close to zero as pos- 
sible, but this can only be accomplished if the dc current 
used to control the flux ¢ around the field winding is var- 
ied in order to compensate for changing load conditions; 
this can quickly become rather cumbersome. For this 
reason, when designing a power generation facility sev- 
eral smaller generators connected in parallel are usually 
preferable to one large generator capable of handling the 
peak load. Each generator can be operated at or near full 
load, so that the voltage output is essentially constant; in- 
dividual generators can be added or removed from the 
system depending on the demand. 
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apt to be? h must depend on the current that the source is expected to deliver 
with a negheible drop in terminal voltage. If we assume that this maximum 
current causes a | percent drop in the terminal voltage, then the circulating 
current is one-third of the maximum current! This reduces the useful current 
capacity of the source and also increases the losses in the system. 

We should also note that balanced three-phase sources may be trans- 
formed from Y to A. or vice versa, without affecting the load currents or 
voltages. The necessary relationships between the line and phase voltages 
are shown in Fig. 12.13 for the case where Van has a reference phase angle 
of O . This transformation enables us to use whichever source connection 
we prefer, and all the load relationships will be correct. Of course, we can- 
not specify any currents or voltages within the source until we know how it 
is actually connected. Balanced three-phase loads may be transformed 
between Y- and A-connected configurations using the relation 

EA 
3 


which is probably worth remembering. 


12.5 | POWER MEASUREMENT IN _ 


* THREE-PHASE SYSTEMS | 
Use of the Wattmeter 


Before embarking on a discussion of the specialized techniques used to 
measure power tn three-phase systems, it is to our advantage to briefly con- 
sider how a wattmeter is used in a single-phase circuit. 

Power measurement is most often accomplished at frequencies below a 
few hundred Hz through the use of a wattmeter that contains two separate 
coils. One of these coils is made of heavy wire, having a very low resis- 
tance, and is called the current coil; the second coil is composed of a much 
greater number of turns of fine wire. with relatively high resistance, and is 
termed the potential coil, or voltage coil. Additional resistance may also be 
inserted internally or externally in series with the potential coil. The torque 
applied to the moving system and the pointer is proportional to the instanta- 
neous product of the currents flowing in the two coils. The mechanical iner- 
tia of the moving system, however, causes a deflection that is proportional 
to the average value of this torque. 

The wattmeter is used by connecting it into a network in such a way that 
the current flowing in the current coil is the current flowing into the network 
and the voltage across the potential coil is the voltage across the two termi- 
nals of the network. The current in the potential coil is thus the input volt- 
age divided by the resistance of the potential coil. 

It is apparent that the wattmeter has four available terminals, and correct 
connections must be made to these terminals in order to obtain an upscale 
reading on the meter. To be specific, let us assume that we are measuring the 
power absorbed by a passive network. The current coil is inserted in series 
with one of the two conductors connected to the load. and the potential coil 
is installed between the two conductors. usually on the “load side” of the 
current coil. The potential coil terminals are often indicated by arrows. as 
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Curent 
coil 
Passive 


Potential l 
network 


coil 





(a) 





(h) 


@ FIGURE 12.23 (0) A watimeter connection that will ensure an upscale reading for the power 
absorbed by the passive network. (b) An example in which the wattmeter is installed to give an upscale 
indication of the power absorbed by the right source. 


shown tn Fig. 12.23a. Each coil has two terminals, and the proper relation- 
ship between the sense of the current and voltage must be observed. One 
end of each coil is usually marked (+), and an upscale reading is obtained 
if a positive current is flowing into the (+) end of the current coil while the 
(+) terminal of the potential coil is positive with respect to the unmarked 
end. The wattmeter shown in the network of Fig. 12.23a therefore gives an 
upscale deflection when the network to the right is absorbing power. A re- 
versal of either coil, but not both, will cause the meter to try to deflect down- 
scale; a reversal of both coils will never affect the reading. 

As an example of the use of such a wattmeter in measuring average 
power, let us consider the circuit shown in Fig. 12.236. The connection of 
the wattmeter is such that an upscale reading corresponds to a positive ab- 
sorbed power for the network to the right of the meter, that is, the right 
source. The power absorbed by this source ts given by 


P = |V2| |I| cos(ang V2 — ang D 
Using superposition or mesh analysis, we find the current is 
I = 11.18/153.4" A 
and thus the absorbed power is 
P = (100)(11.18) cos(0® — 153.4°) = —1000 W 


The pointer therefore rests against the downscale stop. In practice, the 
potential coil can be reversed more quickly than the current coil, and this 
reversal provides an upscale reading of 1000 W. 








ia) 
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PRACTICE 


12.9 Determine the wattmeter reading in Fig. 12.24. state whether or not 
the potential coil had to be reversed in order to obtain an upscale reading. 
and identify the device or devices absorbing or generating this power. 
The (+) terminal of the wattmeter is connected to: (a) xi (Bb) vi (oz. 





504/130 V 


mM 6) II 
a0 . 30o | 

i 

} 








reversed. absorbed by 100 V. 


The Wattmeter in a Three-Phase System 

At first glance, measurement of the power drawn by a three-phase load 
seems to be a simple problem. We need place only one wattmeter in each of 
the three phases and add the results. For example. the proper connections 
for a Y-connected load are shown in Fig. 12.25a. Each wattmeter has its cur- 
rent coil inserted in one phase of the load and its potential coil connected 
between the line side of that load and the neutral. In a similar way, three 





(i) 


@ FIGURE 12.25 Three wattmeters are connected in such a way that each reads the power taken by one phase of a three- 
phase load, and the sum of the readings is the tota! power. (a) A Y-connected loac. (6) A A-connected load. Neither the loads 


nor the source need be balanced. 
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wattmeters may be connected as shown in Fig. [2.255 to measure the total 
power taken by a A-connected load. The methods are theoretically correct, 
but they may be useless in practice because the neutral of the Y is not al- 
ways accessible and the phases of the A are not available. A three-phase ro- 
tating machine, for example, has only three accessible terminals, those 
which we have been calling A, B, and C. 

Clearly, we have a need for a method of measuring the total power 
drawn by a three-phase load having only three accessible terminals; mea- 
surements may be made on the “line” side of these terminals. but not on 
the “load” side. Such a method is available, and is capable of measuring the 
power taken by an unbalanced load from an unbalanced source. Let us con- 
nect three wattmeters in such a way that each has its current coil in one line 
and its voltage coil between that line and some common point x, as shown 
in Fig. 12.26. Although a system with a Y-connected load is illustrated, the 
arguments we present are equally valid for a A-connected load. The point x 
may be some unspecified point in the three-phase system, or it may be 
merely a point in space at which the three potential coils have a common 
node. The average power indicated by wattmeter A must be 


1 pT 
Pa = zl Vaxiga dt 
T Jo 


where T is the period of all the source voltages. The readings of the other 
two wattmeters are given by similar expressions, and the total average 
power drawn by the load is therefore 


1 ff 
P = Pa + Pg + Pe = T (Vaxtaa + UBxlbB + Ucxtcc) dt 
0 


Each of the three voltages in the preceding expression may be written in 
terms of a phase voltage and the voltage between point x and the neutral, 


VAr = VAN + UN: 


Upx = VBN + UNx 


VC = UCN + UNx 





B FIGURE 12.26 A method of connecting three wattmeters to measure the total power 
taken by a three-phase load. Only the three terminals of the load are accessible. 
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and, therefore. 


a” T 
] 
P= | (U4ntaa + UBNIbB + UCNIcC) dt 
[i 


1 of! 
+ F | Uy aa ting tie) dt 
o 


However, the entire three-phase load may be considered to be a supernode. 
and Kirchhott’s current law requires 


la _ Ing + bec = D 
Thus 
| af 


P= T | (avias + UnNing + Veniec) at 
{) 


Reference to the circuit diagram shows that this sum is indeed the sum of 
the average powers taken by each phase of the load, and the sum of the read- 
ings of the three wattmeters therefore represents the total average power 
drawn by the entire load! 

Let us illustrate this procedure with a numerical example before we dis- 
cover that one of these three wattmeters is really superfluous. We will as- 
sume a balanced source. 


Vab = 100/0 V 
Va = 100/—120° V 
Vea = 100/240 V 


or 
ait V3 


Vin = S -150 v 
bn — J3 


100 | 
Vien = — {270 V 
J3 


Å. 


and an unbalanced load, 


Z,=—jl0Q 
Zp = JIOQ 
Zo = 102 


Let us assume ideal wattmeters, connected as illustrated in Fig. 12.26, with 
point x located on the neutral of the source n. The three line currents may be 
obtained by mesh analysis, 


La = 19.32/15 A 
Ing = 19.32/165° A 


kc = 10/-90" A 
The voltage between the neutrals is 


Vin = Vab + Van = Vne + hgj 10) = 157.7/--90° 
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The average power indicated by each wattmeter may be calculated, 
Pa = Vp lua cos(angV,,, — ang lua) 


100 
= — 19.32 cos(—30° — 15°) = 788.7 W 
J3 


100 
Pg = — 19.32 cos(— 150° — 165") = 788.7 W 
v3 


100 
Pe = —=10cos(—270° + 90°) = —577.4.W 
v3 
or a total power of | kW. Since an rms current of 10 A flows through the 
resistive load, the total power drawn by the load is 


P = 10 (0) = 1 kW 


and the two methods agree. 


The Two-Wattmeter Method 


We have proved that point x, the common connection of the three potential 
coils, may be located any place we wish without affecting the algebraic sum 
of the three wattmeter readings. Let us now consider the effect of placing 
point x, this common connection of the three wattmeters, directly on one of 
the lines. If, for example, one end of each potential coil is returned to B, then 
there is no voltage across the potential coil of wattmeter B and this meter 
must read zero. It may therefore be removed, and the algebraic sum of the 
remaining two wattmeter readings is still the total power drawn by the load. 
When the location of x is selected in this way, we describe the method of 
power measurement as the two-wattmeter method. The sum of the readings 
indicates the total power, regardless of (1) load unbalance, (2) source un- 
balance, (3) differences in the two wattmeters, and (4) the waveform of the 
periodic source. The only assumption we have made is that wattmeter cor- 
rections are sufficiently small so that we can ignore them. In Fig. 12.26, for 
example, the current coil of each meter has passing through it the line cur- 
rent drawn by the load plus the current taken by the potential coil. Since the 
latter current is usually quite small, its effect may be estimated from a 
knowledge of the resistance of the potential coil and voltage across it. These 
two quantities enable a close estimate to be made of the power dissipated in 
the potential coil. 

In the numerical example described previously, let us now assume that 
two wattmeters are used, one with current coil in line A and potential coil 
between lines A and B, the other with current coil in line C and potential coil 
between C and B. The first meter reads 


Pi = Vas laa cos(ang Vag — ang laa) 
100(19.32) cos(0° — 15°) 
= 1866 W 


il 


and the second 
Py = Vcg lec cos(ang Vcg — ang lec) 


= 100(10) cos(60° + 90°) 
= —866 W 





Note that the reading of one of the wattmeters is nega- 
tive. Our previous discussion on the basic use of a 
wattmeter indicates that an upscale reading on that 
meter can only be obtained after either the potential 
coil or the current coil is reversed. 





Ow 
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E FIGURE 12.27 Iwo wattmeters connected to read the total power 
drawn by a balanced three-phase load. 


and, therefore. 
P = P, + P- = 1866 — 866 = 1000 W 


as we expect from recent experience wiih the circuit. 

in the case of a balanced load, the two-wattmeter method enables the PF 
angle to be determined, as well as the total power drawn by the load. Let us 
assume a load impedance with a phase angle 0; either a Y or A connection 
may be used and we will assume the A connection shown in Fig. 12.27. The 
construction of a standard phasor diagram, such as that of Fig. 12.19. en- 
ables us to determine the proper phase angle between the several line voit- 
ages and line currents. We therefore determine the readings 


Pi = (Vapi ilaa] cos(ang Vag — ang Ia) 
= V; l cos(30° + @) 


and 


Pa = |Vcal ikc} cos(ang Vcg — ang Ic) 
= V; l; cos(i30° — 0) 


The ratio of the two readings is 


P, cos(30° + 0) 


Pa cos(30° — 0) 
If we expand the cosine terms, this equation is easily solved for tan 8, 
Pa — P 
tand = V3 = 16] 


Pa + Pi 


Thus, equal wattmeter readings indicate a unity PF load, equal and op- 
posite readings indicate a purely reactive load, a reading of Po which is 
(algebraically) greater than P; indicates an inductive impedance, and a 
reading of P2 which is less than P; signifies a capacitive load. How can we 
tell which wattmeter reads P; and which reads P2? It is true that P, is in Ene 
A, and P> is in line C, and our positive phase-sequence system forces V,,,, to 
lag V.,. This is enough information to differentiate between two watt- 
meters, but it is confusing to apply in practice. Even if we were unable to 
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distinguish between the two, we know the magnitude of the phase angle, but 
not its sign. This is often sufficient information; if the load is an induction 
motor, the angle must be positive and we do not need to make any tests to 
determine which reading is which. If no previaus knowledge of the load is 
assumed, then there are several methods of resolving the ambiguity. Perhaps 
the simplest method is that which involves adding a high-impedance reac- 
tive load, say a three-phase capacitor, across the unknown load. The load 
must become more capacitive. Thus, if the magnitude of tan 0 (or the mag- 
nitude of @) decreases, then the load was inductive, whereas an increase in 


the magnitude of tan@ signifies an original capacitive impedance. 





The balanced load in Fig. 12.28 is fed by a balanced three-phase 
system having V,» = 230/0° V rms and positive phase sequence. 
Find the reading of each wattmeter and the total power drawn 
by the load. 


The potential coil of wattmeter #1 is connected to measure the voltage 
Vac, and its current coil is measuring the phase current I, 4. Since we 
know to use the positive phase sequence, the line voltages are 


Vag: = 230/07 V 

Vic = 230/—120° YV 

V.a = 230/120° V 
Note that Vac = —V ca = 230/—60° V. 


A 40 ji5Q 





E FIGURE 12.28 A balanced three-phase system connected to a balanced three-phase 
load, the power of which is being measured using the two-wattmeter technique. 


The phase current I,,4 is given by the phase voltage Van divided by the 
phase impedance 4 + j15 Q, 


Van __ (230/-73)/=30° , 
4+ 715. © 4+ j15 
= 8.554/—105.1° A 


| = 


(Continued on next page) 
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We may now compute the power measured by wattmeter #1 as 
P, = |Vacl 11,4) cos(ang V,,,. — ang ka) 

= (230)(8.554) cos(—60° + 105.1) W 

= 1389 W 


In a similar fashion, we determine that 





Since this measurement would result in the meter Py = Vic lss | cos(ang Vo. 7 ang Lz ) 
pegged at downscale, one of the coils would need = (230)(8.554) cos(— 120° — 134.9°) W 


to be reversed in order to take the reading. = —512.5W 


Thus, the total average power absorbed by the load is 


P= P, + P = 876.5 W 


PRACTICE 
12.10 For the circuit of Fig. 12.26, let the loads be Z4 = 25/60° Q, 
Zg = 50/—60° Q, Ze = 50/60° Q, Vag = 600/0° V rms with (+) 
phase sequence, and locate point x at C. Find (a) P4: (b) Pp; (c) Pe. 


Ans: 0; 7200 W: 0. 


SUMMARY AND REVIEW 


Q The majority of electricity production is in the form of three-phase 
power. 
a Most residential electricity in North America is in the form of single- 


phase alternating current at a frequency of 60 Hz and an rms voltage of 
115 V. Elsewhere, 50 Hz at 240 V rms is most common. 


a Three-phase sources can be either Y- or A-connected. Both types of 
sources have three terminals, one for each phase; Y-connected sources 
have a neutral connection as well. 


1 Ina balanced three-phase system, each phase voltage has the same 
magnitude, but is 120° out of phase with the other two. 


4 Loads in a three-phase system may be either Y- or A-connected. 


a In a balanced Y-connected source with positive (“abc”) phase 
sequence, the line voltages are 


Vab = V3Vp/30" Vp = V3V,/—90° 
Via = V3V,/—210° 
where the phase voltages are 
Van = V,{0_ Vin = V, /—120° Vion = V, / 240" 


3 ina system with a Y-connected load, the line currents are equal to the 
phase currents. 





EXERCISES 


In a A-connected load, the line voltages are equal to the phase voltages. 


In a balanced system with positive phase sequence and a balanced 
A-~connected load, the line currents are 


L, = [4g vV3/-30 L, = Ige V3/—150° L = Ica V3 /+90: 


where the phase currents are 


Vagn Vu Vec Vic Vea Vea 
lag = = = = tec = > = = Ica = ~ = — 
La La La Za Za Za 


Most power calculations are performed on a per-phase basis, assuming 
a balanced system; otherwise, nodaJ/mesh analysis is always a valid 
approach. 


The power in a three-phase system (balanced or unbalanced) can be 
measured with only two wattmeters. 


The instantaneous power in any balanced three-phase system is constant. 


READING FURTHER 


A 


A 


good overview of ac power concepts can be found in Chap. 2 of: 


B.M. Weedy, Electric Power Systems, 3™ ed. Chichester, England: 
Wiley, 1984. 


comprehensive book on generation of electrical power from wind ts: 


T. Burton. D. Sharpe, N. Jenkins, and E. Bossanyi, Wind Energy 
Handbook. Chichester, England: Wiley, 2001. 


EXERCISES 
12.1 Polyphase Systems 


1. Acircuit built in the laboratory is measured with a voltmeter, with the results 
Vie = 0.7 V and Vee = 10 V. Find V,,. Veb, and Vin. 


2. Acommon-source field effect transistor amplifier is simulated using SPICE. 
“(ay If Vgs = — I V and Vis = 5 V, find Vea. (b) If Vas = 4 V and Veg = 2.5 V, 
find Vie. 

3. A six-phase power system is developed as part of a high-current dc magnet 
power supply. Write the phase voltages for (a) positive phase sequence; 

(b) negative phase sequence. 

4. if Vey = 110/20° V, Vy: = 160/—50° V, and Vay = 80/130° V, find: (a) Vy-; 
(b) Vaz: (c) Vir/Vxy- 

5. For a particular circuit, it is known that Vız = 100/0°, Vas = 60/75°, 

Vay = 80/120°, and V35 = — j 120, all in volts. Find (a) V25; (b) Vis. 

6. In a particular ac system, Vy> = 9/87° V and Vz = 8/45° V. Calculate 
ta) Vaj; (b) Var; (c) Vir — Vaz. 

7. A power system is known to have Van = 400/—45° y and Vpn = 400/75° V. 
(a) Draw a phasor diagram, including Ven. (b) Is the phase sequence of the 
system positive or negative? Explain. 

8. Given the ac currents I)» = 33/12° A and bh; = 40/12° A, what is Ih1? 

9. If an ac circuit is known to have currents l> == 5/55° A and Ing = 4/33" A, 
what is fz; if the operating frequency is 50 Hz? 
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12.2 Single-Phase Three-Wire Systems 


10. The 230/460 V rms 60 Hz three-wire system shown in Fig. 12.29 supplies 
power to three loads: load AN draws a complex power of 10/40) KVA. load AB 
uses 8/100 KYA. and load AB requires 4/—80 kVA. Find the two line currents 
and the neutral current. 





@ FIGURE 12.29 


LL A balanced three-wire single-phase system has loads Zay = Zag = 10 O. and 
a load Zag = 16+ / 12 Q. The three lines may be assumed to be resistance- 
less. Let Van = Vap = 120/70) V. (a) Find 2,4 and Jay. (6) The system is 
i unbalanced by connecting another 10 Q resistance in parailef with Zas. Find 
lia, dpp. and lyy. 


2. An inefficient three-wire single-phase system has source voltages of 
Vian = Vae = 720/0_ V. line resistances Rua = Rog = l Q with Ryn = IOR. 
and loads Zas = 10+ j3 Q. Za 4 = 8+ j/2 Q, and Zag = 18 + J08., Find 
E (a) Tia: (D) Lins (e) Pwiring total : (cf) Poenta i 
13. In the balanced three-wire single-phase system of Fig. 12.30, let Vay = 220 V 


at 60 Hz. (a) What size should C be to provide a unity-power-factor load? 
(h) How many kVA does C handle? 


i4. The balanced three-wire single-phase system of Fig. 12.29 has source voltuges 
Vin = Vip = 200/0_ V, zero line and neutral resistance, and loads Zan = 
Zang = 124 J3 Q. Find Zap so that: (a) Xag = 0 and 1,4 = 30 Arms: 
(b) Rag = 0 and ang La = 0. 








@ FIGURE 12.30 


12.3 Three-Phase Y-Y Connection 


15. Figure 12.31 shows a balanced three-phase three-wire system with positive 
phase sequence, Let Vgc = 120/60- V and Re = 0.6 Q. If the total load 
(including wire resistance) draws 5 kVA at PF = 0.8 lagging, find (a) the total 
power lost in the line resistance. and (b) Van. 





@ FIGURE 12.31 








EXERCISES 


16. Let Van = 2300/0° V in the balanced system shown in Fig. 12.31, and set 


20. 


{J} 22. 


23 





Rua = 2 Q. Assume positive phase sequence with the source supplying a total 
complex power of S = 100 + s30 kVA. Find (a) laa: (b) Van: (C) Zp: (d) the 
transmission efficiency. 


.In the balanced three-phase system of Fig. 12.31, let Zp = 12+ j5 Q? and 


ipg = 20/0° A with (+) phase sequence. If the source is operating with a 
power factor of 0.935, find (a) Rw: (b) Van: (©) Vag: (d) the complex power 
supplied by the source. 


. A three-phase three-wire system has a balanced Y-connected load with a 75 Q 


resistance, 125 mH inductance, and 55 uF capacitance in series from each line 
to the neutral point. Assuming positive phase sequence with V, = 125 V at 

60 Hz. find the line current, the total power taken by the load, and the power 
factor of the load. 


. A lossless neutral conductor is installed between nodes n and N in the three- 


phase system shown in Fig. 12.31. Assume a balanced system with (+) phase 
sequence, but connect unbalanced loads: Zan =8+ J6 Q, Zgy = 12 —/ 16 82 
and Zen = 5 8.1f Van = 120/0° V rms and Ry, = 0.5 Q, find Iny. 

For the balanced circuit of Fig. 12.31, V,, = 40/0° V (positive phase se- 
quence). Determine the line current and the total power delivered to the load if 
the phase impedance Z, = 5 + j10 Q and Ry = (a) 0 2; (b) 3 Q. 


. The phase impedance Z, in the system shown in Fig. 12.31 consists of an im- 


pedance of 75/25° 92 in parallel with a 25 uF capacitance. Let Van = 240/0° V 
at 60 Hz, and Ry = 2 Q. Find (a) laa; (b) Pwires: (C) Pioaas (d) the source 
power factor. 


Each load in the circuit of Fig. 12.31 is composed of an inductive impedance 
100/28° Q in parallel with a 500 nF capacitor. The resistance labeled Rẹ = 

1 Q. Using positive phase sequence with Vap = 240/0° V at f = 50 Hz, deter- 
mine the rms line current, the total power delivered to the load, and the power 
lost in the wiring. Verify your answers with an appropriate PSpice simulation. 


. The balanced three-phase system shown in Fig. 12.31 has Ry = 0 and 


Zp = 10+ j5 Q per phase. (a) At what power factor is the source operating? 
(b) Assuming f = 60 Hz, what size capacitor must be placed in parallel with 
each phase impedance to raise the PF to 0.93 lagging? (c) How much reactive 
power is drawn by each capacitor if the line voltage at the load 1s 440 V? 


24, Each load in the circuit of Fig. 12.31 is composed of a 1.5 H inductor in 


parallel with a 100 F capacitor and a 1 kQ resistor. The resistance labeled 
Ra = 0 Q.Using positive phase sequence with Vap = 115/0°V at f = 60 Hz, 
determine the rms line current and the total power delivered to the load. Verify 
your answers with an appropriate PSpice simulation. 


12.4 The Delta (A) Connection 


25. 


Figure 12.32 shows a balanced three-wire three-phase circuit. Let Ry = 0 and 
Van = 200/60° V. Each phase of the load absorbs a complex power, S, = 
2 — j1 kVA. If (+) phase sequence is assumed, find: (a) Vpe; ©) Zp; (0) Lua. 


R 


W 


0 


M FIGURE 12.32 














26. 


28. 


29. 


30. 


J} 33. 


34. 
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The balanced A load of Fig. 12.32 requires 15 kVA at a lagging PF of 0.8. 
Assume (+) phase sequence with V pge = 180/30" V. TER, = 0.75 82. find 
(a) Vp. (b) the total complex power generated by the source. 


27. The load in the balanced system of Fig. 12.32 draws a total complex power ol 


3+ 71.8 kVA, while the source generates 3.45 + J 1.8 KYA. If Ry = 5 Q. find 
(a) fags OD) Fags le) Van. 

The A-connected load in the circuit of Fig. 12.32 draws 1800 W ata lagging 
PF of Zn. and 240 W is Jost in the wire resistance, Ry = 2.3 Q. Find the 
rms phase voltage of the source and the rms phase current of the load. 

The source in Fig. 12.33 is balanced and exhibits (+) phase sequence. Find 
(a) Tua: (bap (O Lec: Gd the total complex power supplied by the source. 


120 /0° V rms 


-j100 





E FIGURE 12.33 


For the circuit depicted in Fig. 12.32. Vag = 200/0_ V rms with (+) phase 
sequence. Ry = 200 mQ, and the phase impedance Z, consists of a 10 Q 
resistance in parallel with an inductive reactance of 30 Q. Determine the total 
power supplied by the source. the power factor at which it operates, and the 
transmission efficiency. 


. The balanced three-phase Y-connected source in Fig. 12.32 has Van = 


140/0° V rms with (+) phase sequence. Let Ry = 0. The balanced three- 
phase load draws 15 kW and +9 kVAR. Find (a) Vag: (D) Tag. (O laa. 


. For the three-phase system of Fig. 12.34, assume a balanced source with a 


positive phase sequence. If the operating frequency is 60 Hz, find the magni- 
tude of (a) Van: (6) Vey: (O Vox. Verify your answers with an appropriate 
PSpice simulation. 









120 /0° 


V rms 0.25 mF 


M FIGURE 12.34 


ta) Insert | Q of resistance in each of the lines of Fig. 12.33 and work Exer. 29 
again. (b) Verify your solution with an appropriate PSpice simulation. 

A balanced three-phase system having line voltage 240 V rms contains a 
A-connected load of 12 + j kQ per phase and also a Y-connected load of 

5+ j3 kQ per phase. Find the line current, the power taken by the combined 
load, and the power factor of the load. 





EXERCISES 


12.5 Power Measurement in Three-Phase Systems 


35. Determine the wattmeter reading (stating whether or not the leads had to be 
reversed to obtain it) in the circuit of Fig. 12.35 if terminals A and B, 
respectively, are connected to (a) x and y; (b) x and z; (c) y and z. 


200 V rms 20 Q 





E FIGURE 12.35 





36. A wattmeter is connected into the circuit of Fig. 12.36 so that I, enters the (+) 
terminal of the current coil, while Vz is the voltage across the potential coil. 


Find the wattmeter reading, and verify your solution with an appropriate 
PSpice simulation. 





E FIGURE 12.36 


37. Find the reading of the wattmeter connected in the circuit of Fig. 12.37. 


2.5 sin 5001 A 





E FIGURE 12.37 


38. (a) Find both wattmeter readings in Fig. 12.38 if Va = 100/0° V rms, 
Ve = 50/90° V ms, Za = 10 — j10 2, Zg = 8 + j6 Q, and Ze = 30+ 
j10 Q. (b) Is the sum of these readings equal to the total power taken by the 
three loads? Verify your answer with an appropriate PSpice simulation. 
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Vi. == 200/240 V mms. La = Z: = La = 25/30 c2, Li = Zo = L> z 


























@ FIGURE 12.39 


®© 40. For the circuit of Fig. 12.32, show how the power absorbed by the load couid 
be measured using (a) three wattmeters: (b) the two-wattmeter method. 

© 41. For the circuit of Fig. 12.31. show how the power absorbed by the load couid 
be measured using (a) three wattmeters: (>) the two-wattmeter method. 
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Mutual Inductance 














INTRODUCTION a 

Whenever current flows through a conductor, whether as ac or de. Selt-Inductance 

a magnetic field is generated about that conductor. In the context of a 

circuits, we often refer to the magnetic flux through a loop of wire, The Dot Convention 
which is simply the average normal component of the magnetic r 

field density emanating from the loop multiplied by the surface Reflected Impedance 
area of the loop. When a time-varying magnetic field generated by e 

one loop penetrates a second loop, a voltage is induced between T and TI Equivalent 

the ends of the second wire. In order to distinguish this phenome- Networks 

non from the “inductance” we defined earlier, more properly oq 


termed “self-inductance,” we will define a new term, mutual The Ideal Transformer 


inductance. 


a a 
There is no such device as a “mutual inductor,” but the Turns Ratio of an Ideal 

principle forms the basis for an extremely important device—the Transformer 

transformer. A transformer consists of two coils of wire separated o_______ 

by a small distance, and is commonly used to convert ac voltages Impedance Matching 

to higher or lower values depending on the application. Every o_______—_- 

electrical appliance that requires dc current to operate but plugs Voltage Level Adjustment 

into an ac wall outlet makes use of a transformer to adjust voltage o_______—___ 

levels prior to rectification, a function typically performed by PSpice Analysis of Circuits 

diodes and described in every introductory electronics text. with Transformers 


13.1 _ MUTUAL INDUCTANCE 


When we defined inductance in Chap. 7, we did so by specifying the 
relationship between the terminal voltage and current, 


di(t) 
dt 





vlt) =L 
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where the passive sign convention is assumed. The physical basis for such 
a current-voltage characteristic rests upon two things: 


i. The production of a magnetic flux by a current. the flux being 
proportional to the current in linear inductors. 


Pi 


The production of a voltage by the time-varying magnetic field, the 
voltage being proportional to the time rate of change of the magnetic 
field or the magnetic flux, 


Coefficient of Mutual Inductance 


Mutual inductance results from a slight extension of this same argument. A 
current flowing in one coil establishes a magnetic flux about that coil and also 
about a second coil nearby. The time-varying flux surrounding the second 
coil produces a voltage across the terminals of the second cot); this voltage 1s 
proportional to the time rate of change of the current flowing through the first 
coil. Figure 13.14 shows a simple model of two coils L, and Lz, sufficiently 
close together that the flux produced by a current /;(7) flowing through L; es- 
tablishes an open-circuit voltage v(t) across the terminals of Lə. Without 
considering the proper algebraic sign for the relationship at this point. we de- 
fine the coefficient of mutual inductance, or simply mutual inductance, M>,, 


di; (ft) 
dt 





vo) = M>; 


LH] 





(2) th) 


E FIGURE 13.1 (3) A curent; through /, produces an open-circuit voltage v; 
across >. (6) A current f through L produces an open-circuit voltage v: across Li. 


The order of the subscripts on Ma1 indicates that a voltage response is pro- 
duced at L> by a current source at L. If the system is reversed, as indicated 
in Fig. 13.15, then we have 


vi = Mi» r [2] 





Two coefficients of mutual inductance are not necessary, however: we 
will use energy relationships a little later to prove that M2 and M>, are equal. 
Thus, Miz = M2, = M. The existence of mutual coupling between two coils 
is indicated by a double-headed arrow, as shown in Fig. 13.la and b. 

Mutual inductance 1s measured in henrys and, like resistance, induc- 
tance, and capacitance, is a positive quantity.’ The voltage M di/dt. 
however. may appear as either a positive or a negative quantity depending on 
whether the current is increasing or decreasing at a particular instant in time. 


(1) Mutual inductance is not universally assumed to be positive. Itis particularly conventent to allow if ta 
“cary its own sign” when three or more coils are involved and each coil interacts with each other coil. We 
will restrict our attention to the more important simple case of two coils. 
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Dot Convention 


The inductor is a two-terminal element, and we are able to use the passive 
sign convention in order to select the correct sign for the voltage L di/dt or 
jwLli. If the current enters the terminal at which the positive voltage 
reference is located, then the positive sign is used. Mutual inductance, 
however, cannot be treated in exactly the same way because four terminals 
are involved. The choice of a correct sign is established by use of one of sev- 
eral possibilities that include the “dot convention,” or by an examination of 
the particular way in which each coil is wound. We will use the dot conven- 
tion and merely look briefly at the physical construction of the coils; the use 
of other special symbols is not necessary when only two coils are coupled. 

The dot convention makes use of a large dot placed at one end of each 
of the two coils which are mutually coupled. We determine the sign of the 
mutual voltage as follows: 


A current entering the dotted terminal of one coil produces an open- 
circuit voltage with a positive voltage reference at the dotted terminal of 
the second coil. 


Thus, in Fig. 13.2a, i; enters the dotted terminal of Lı, v2 is sensed posi- 
tively at the dotted terminal of L», and vz = M di, /dt. We have found pre- 
viously that it is often not possible to select voltages or currents throughout 
a circuit so that the passive sign convention is everywhere satisfied; the 
same situation arises with mutual coupling. For example, it may be more 
convenient to represent v2 by a positive voltage reference at the undotted 
terminal, as shown in Fig. 13.2b; then vz = —M di, /dt. Currents that enter 
the dotted terminal are also not always available, as indicated by Fig. 13.2c 
and d. We note then that: 


A current entering the undotted terminal of one coil provides a voltage 
that is positively sensed at the undotted terminal of the second coil. 


Note that the preceding discussion does not include any contribution to the 
voltage from self-induction, which would occur if ip were nonzero. We will 
consider this important situation in detail, but a quick example first is 
appropriate. 





For the circuit shown in Fig. 13.3, (a) determine v 4 
and i; = 0; (b) determine vz if i; = —8e™ A and i = | 
(a) Since the current iz is entering the undotted terminal of the right 


coil, the positive reference for the voltage induced across the left coil is 
the undotted terminal. Thus, we have an open-circuit voltage 


vı = —(2)(45)(5 cos 45t) = —450 cos 45t V 


appearing across the terminals of the left coil as a result of the 
time-varying magnetic flux generated by iz flowing into the right coil. 


(Continued on next page) 








(a) 





(b) 








(d) 

E FIGURE 13.2 Current entering the dotted terminal 
of one coil produces a voltage that is sensed positively 
at the dotted terminal of the second coil. Current 
entering the undotted terminal of one coil produces a 
voltage that is sensed positively at the undotted 
terminal of the second coil. 


EXAMPLE 13.1 





m FIGURE 13.3 The dot convention provides a rela- 
tionship between the terminal at which a current enters 
one coil, and the positive voltage reference for the 
other coil. 
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#@ FIGURE 13.4 Since the pairs v,, + and vz, 4. each 
satisty the passive sign convention, the voltages af 
sei-induction are both positive: since + and h each 
enter dotted terminals, and since v; and v- are Doth 
positively sensed at the dotted terminals, the voltages 
of mutual induction are also both positive. 





@ FIGURE 13.5 Since the pairs vi, 4 and vj, # are 
not sensed according to the passive sign convention, 
the voltages of self-induction are both negative; since /, 
enters the dotted terminal and v; ıs positively sensed at 
the dotted terminal, the mutual term of vy ts positive; 
and since j enters the undotted terminal and v, i5 
positively sensed at the undotted terminal, the mutual 
term of v; 15 also positive. 


Since no current flows through the coil on the left, there is no contribu- 
tion to v; from self-induction. 

(b) We now have a current entering a dotted terminal. but v has its 
positive reference at the undotted terminal. Thus, 


by = —(2)(—1)(-8e 1) = tbe V 


PRACTICE 
13.1 Assuming M = 10 H. coil L» is open circuited, and i; = —2e ~ 


A, find the voltage v for (a) Fig. 13.2a: (+) Fig. 13.26. 








Ans: 100e °°! V; —100e 2! V. 


Combined Mutual and Self-induction Voltage 

So far, we have considered only a mutual voltage present across an opet- 
circuited coil. In general. a nonzero current will be flowing in each of Vic 
two coils, and a mutual voltage will be produced in each con because of the 
current Howing in the other coil. This mutual voltage is present indepe:t- 
dently of and in addition to any voltage of self-induction. m other words. tne 
voltage across the terminals of L; will be composed of two terms, Li dip 
and M di>/dt. cach carrying a sign depending on the current directions. the 
assumed voltage sense, and the placement of the two dots. In the portion of 
a circuit drawn in Fig. t3.4. currents j; and ip are shown, each arbitrary 
assumed entering the dotted terminal. The voltage across L; is thus 
composed of two parts, 








diy dir 
v = L;—4+M 
d dt 
as is the voltage across L>», 
L di> , dij 
U S= La: tM- 
dt dt 


In Fig. 13.5 the currents and voltages are not selected with the object of 
obtaining all positive terms for v; and v2. By inspecting only the reference 
symbols for 7; and v4, it is apparent that the passive sign convention is not 
satisfied and the sign of L, di,/dt must therefore be negative. An identical 
conclusion is reached for the term L2di./dt. The mutual term of v +$ 
signed by inspecting the direction of 7; and vz; since /, enters the dotted 
terminal and v2 ts sensed positive at the dotted terminal. the sign of 
M di,/dt must be positive. Finally. i> enters the undotted terminal of L.. 
and v; is sensed positive at the undotted terminal of Li; hence. the mutual 
portion of vi. M diz/dt, must also be positive. Thus, we have 

vl = -Li diy + diz v = pË dii 
dt dt dt dt 





The same considerations lead to identical choices of signs for excitation by 
a sinusoidal source operating at frequency w 


Vi = —jøLilı + joMi: Va = —jølakl -+ JoMt, 
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Physical Basis of the Dot Convention 


We can gain a more complete understanding of the dot symbolism by look- 
ing at the physical basis for the convention; the meaning of the dots is now 
interpreted in terms of magnetic flux. Two coils are shown wound on a 
cylindrical form in Fig. 13.6, and the direction of each winding is evident. 
Let us assume that the current /; is positive and increasing with time. The 
magnetic flux that 7; produces within the form has a direction which may be 
found by the right-hand rule: when the right hand is wrapped around the coil 
with the fingers pointing in the direction of current flow, the thumb indicates 
the direction of the flux within the coil. Thus 7; produces a flux which is 
directed downward; since /; is increasing with time, the flux, which is pro- 
portional to /), is also increasing with time. Turning now to the second coil, 
let us also think of i> as positive and increasing; the application of the right- 
hand rule shows that ip also produces a magnetic flux which is directed 
downward and is increasing. In other words, the assumed currents j} and /> 
produce additive fluxes. 

The voltage across the terminals of any coil results from the time rate of 
change of the flux within that coil. The voltage across the terminals of the 
first coil is therefore greater with i> flowing than it would be if ip were zero. 
Thus /> induces a voltage in the first coil which has the same sense as the self- 
induced voltage in that coil. The sign of the self-induced voltage is known 
from the passive sign convention, and the sign of the mutual voltage is thus 
obtained. 


The dot convention merely enables us to suppress the physical construc- 
tion of the coils by placing a dot at one terminal of each coil such that cur- 
rents entering dot-marked terminals produce additive fluxes. It is apparent 
that there are always two possible locations for the dots, because both dots 
may always be moved to the other ends of the coils and additive fluxes will 
still result. 






For the circuit shown in Fig. 13.7a, find the ratio of the output — 
voltage across the 400 Q resistor to the source voltage, expressed 
using phasor notation. 


vı = 10 cos 101 V (>) 





(a) f 


@ FIGURE 13.7 (a) A circuit containing mutual inductance in which the voltage ratio Va /V; is 
desired. (b) Self and mutual inductances are replaced by the corresponding impedances. 


Identify the goal of the problem. 
We need a numerical value for V2. We will then divide by 10/0° V. 


gy 





@ FIGURE 13.6 The physical construction of two 
mutually coupled coils. From a consideration of the 
direction of magnetic flux produced by each coil, it 
is shown that dots may be placed either on the 
upper terminal of each coil or on the lower terminal 


of each coll. 


EXAMPLE 13.2 


(b) 


(Continued on next page) 
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Collect the known information. 

We begin by replacing the | H and 100 H by their corresponding 
impedances. j 10 Q and j kQ, respectively (Fig. 13.7b). We also 
replace the 9 H mutual inductance by jwM = 790 Q. 


Devise a plan. 

Mesh analysis is likely to be a good approach, as we have a circuit 
with two clearly defined meshes. Once we find Ih, V2 is simply 
400 Í. 


- Construct an appropriate set of equations. 
In the left mesh, the sign of the mutual term is determined by 
applying the dot convention. Since I; enters the undotted terminal of 
Lz, the mutual voltage across Lı must have the positive reference at 
the undotted terminal. Thus, 


(1 + j10)1; — j901 = 10/0° 


Since I, enters the dot-marked terminal, the mutual term in the right 
mesh has its (+) reference at the dotted terminal of the 100 H induc- 
tor. Therefore, we may write 


(400 + ;1000)I, — j901, = 0 


~ Determine if additional information is required. 
We have two equations in two unknowns, I, and I,. Once we solve 
for the two currents, the output voltage V} may be obtained by 
multiplying I, by 400 Q. 


.- Attempt a solution. 


Upon solving these two equations with a scientific calculator, we find 
that 


I, = 0.172/—16.70° A 
Thus, 


V2 _ 400(0.172/—16.70°) 
vi 10/0° 


= §6.880/—16.70° 


= Verify the solution. Is it reasonable or expected? 
We note that the output voltage V> is actually larger in magnitude 
than the input voltage V,. Should we always expect this result? The 
answer is no. As we will see in later sections, the transformer can be 
constructed to achieve either a reduction or an increase in the voltage. 
We can perform a quick estimate, however, and at least find an upper 
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and lower bound for our answer. If the 400 Q resistor is replaced with 
a short circuit, Və = 0. If instead we replace the 400 2 resistor with 
an open circuit, I, = 0 and hence 

Vi = (1 + joL,)I, 
and 


V> = joMI, 


Solving, we find that the maximum value we could expect for 
V>/V; is 8.955/5.711°. Thus, our answer at least appears 
reasonable. 


The output voltage of the circuit in Fig. 13.7a is greater in magnitude 
than the input voltage, so that a voltage gain is possible with this type of 


circuit. It is also interesting to consider this voltage ratio as a function 
of w. 


To find (jw) for this particular circuit, we write the mesh equations in 
terms of an unspecified angular frequency w: 


(1+ jo) I, -joh = 10/0° 
and 
—jw9 I, + (400 + jw100) I, = 0 
Solving by substitution, we find that 


J90@ 


ig ee ee 
> 400 + 7500w — 19a 


Thus, we obtain the ratio of output voltage to input voltage as a function of 
frequency w 





E j@3600 
~ 400 + j500w — 19w? 





The magnitude of this ratio, sometimes referred to as the circuit transfer i M ee, at one A : na 
. . . . . . . ` w 

function, is plotted in Fig. 13.8 and has a peak magnitude of approximately using the uine MATLAB er 

7 near a frequency of 4.6 rad/s. However, for very small or very large fre- 


; : a ; >> w = linspace(0,30,1000); 
quencies, the magnitude of the transfer function is less than unity. >> num = j*w*3600; 


The circuit is still passive, except for the voltage source, and the voltage >> for indx = 1:1000 
gain must not be mistakenly interpreted as a power gain. At w = 10 rad/s, den = 400 + /*500*w(indx) —19*w(indx)*w(indx), 
the voltage gain is 6.88, but the ideal voltage source, having a terminal volt- anti = numi(indx)/den; 


age of 10 V, delivers a total power of 8.07 W, of which only 5.94 W reaches >> plot abs(gain)); 
the 400 & resistor. The ratio of the output power to the source power, which >> xlabel('Frequency (rad/s)'); 
we may define as the power gain, is thus 0.736. >> ylabel(‘Magnitude of Voltage Gain’); 
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PRACTICE 


13.2 For the circuit of Fig. 13.9. write appropriate mesh equations tor 
the left mesh and the right mesh if v, = 20e7'%" V, 





10 Q 





@ FIGURE 13.9 














Ans: 2007 IPY = 37, + 0.002 didi ~ ODO dis dt. 10is + O.005di- idt ~ 
i : 
0.003 diy jd = i}. 






EXAMPLE 13.3 





Write a compiete set of phasor equations for the circuit of 
Fig. 13.10a. 





jon 
(b) 


E FIGURE 13.10 (c) A three-mesh circuit with mutual 
coupling. (6) The | F capacitance as well as the self- arid 
mutual inductances are replaced by their corresponding 
impedances. 


The circuit contains three meshes, and the three mesh currents have 
already been assigned. Once again, our first step is to replace both the 
mutual inductance and the two self-inductances with their correspond- 
ing impedances as shown in Fig. 13.106. Applying Kirchhoff’s voltage 
law to the first mesh, a positive sign for the mutual term is assured by 
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selecting (I; — Iz) as the current through the second coil. Thus, 
5SH + Tjod —I5)+ 2jælk —- bL) = V; 


or 
(S+7jo)l, —9jol, +2jol; = V, [3] 


The second mesh requires two self-inductance terms and two 
mutual-inductance terms; the equation cannot be written carelessly. 
We obtain 


| 
Tjo(b —1,) + 2jo(Uh — Åz) + jo" + 6jw(h - h) 
€ 


+ 2jw(h —1,) =0 


or 
. , l . 
—9jol, + (170 + =) bL — 8joh = 0 [4] 
jo 


Finally, for the third mesh, 
6jo(h — kh) +2jod, — hb) + 3h = 0 
or 
2jol; — 8jol, + 34+ 6jo)h =0 [5] 


Equations [3] to [5] may be solved by any of the conventional methods. 


PRACTICE | 





13.3 For the circuit of Fig. 13.11, write an appropriate mesh equation 
in terms of the phasor currents 1, and I, for the (a) left mesh; (b) nght 
mesh. 


iy 
— 3 mH 


aN 
+ 


@ FIGURE 13.11 | 


30, fi 


"s (*) 


a a a aaa a aaas 
Ans: V, = 3 + 10); — j15lz;0 = —j 15h + (10 + j25)k. 
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rn III T 
Let us now consider the energy stored in a pair of mutually coupled induc- 


tors. The results will be useful in several different ways. We will first justify 
our assumption that Mj. = M2,, and we may then determine the maximum 
possible value of the mutual inductance between two given inductors. 








500 HAAA eeM 





C 
@ FIGURE 13.12 A pair of coupled coils with a 
mutual inductance of 
M; p M —_ M 
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Equality of Mn and Ma, 
The pair of coupled coils shown in Fig. 13.12 has currents, voltages. and po- 
larity dots indicated. In order to show that Mi = Mz, we begin by letting 
all currents and voltages be zero. thus establishing zero initial energy stor- 
age in the network. We then open-circuit the right-hand terminal pair and in- 
crease 4; from zero to some constant (dc) value /; at time ¢ = 1,1. The power 
entering the network from the lett at any instant is 
diy. 
vy = Lii] 


at 


and the power entering from the right is 


since i> = Q. 
The energy stored within the network when 7, = /; is thus 


a h H 5 
vii, dt = Lyi, di, = -L:i 
0 D 2 


We now hold 7; constant. (4; = /,). and let 7 change from zero at f = f; t0 
some constant value /> at z = 1». The energy delivered from the right-hand 


source is thus 
t> Is | 
. . . 4 
vaio dt = Lb dis = ~Lily 
fi 0 2 7 


However, even though the value of 7; remains constant, the left-hand source 
also delivers energy to the network during this time interval: 


{> Ir dis fs 
| inde = | M,> tid = Mish f dix = Mph Ih 
ti T dt 0 


The total energy stored in the network when both 7, and is have reached 
constant values is 





Woa = 3h .17 + 5LF + Mphh 


Now, we may establish the same final currents in this network by allow- 
ing the currents to reach their final values in the reverse order, that is, first 
increasing iz from zero to J and then holding iz constant while i; increases 
from zero to /,. If the total energy stored is calculated for this experiment. 
the result 1s found to be 


Woa = Lil? + 4L + Myth 


The only difference is the interchange of the mutual inductances M2, and 
M>. The initial and final conditions in the network are the same, however. 
and so the two values of the stored energy must be identical. Thus. 


Mo = Ma=M 
and 


W= iLi +L: + Mhh [6] 
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if one current enters a dot-marked terminal while the other leaves a dot- 
marked terminal, the sign of the mutual energy term is reversed: 


W = 41,17 +iL -Mhh [7] 


Although Eqs. [6] and [7] were derived by treating the final values of the 
two currents as constants, these “constants” can have any value, and the 
energy expressions correctly represent the energy stored when the instanta- 
neous Values of i, and i, are J; and Js, respectively. In other words, lower- 
case symbols might just as well be used: 


w(t) = 5L fio) + 5L OF + M lila) [8] 


The only assumption upon which Eq. [8] is based is the logical establish- 
ment of a zero-energy reference level when both currents are zero. 


Establishing an Upper Limit for M 


Equation [8] may now be used to establish an upper limit for the value of M. 
Since w(t) represents the energy stored within a passive network, it cannot 
be negative for any values of 1, i2, Ly, L2, or M. Let us assume first that i, 
and i> are either both positive or both negative; their product is therefore 


positive. From Eq. [8], the only case in which the energy could possibly be 
negative is 


w = Lii] + 5 L213 — Mijin 
which we may write, by completing the square, as 
. . \2 o o 
w = i (VLii — y Liz) + Jf/LyLrtyt, — Mii 


Since in reality the energy cannot be negative, the right-hand side of-this 
equation cannot be negative. The first term, however, may be as small as 
zero, so we have the restriction that the sum of the last two terms cannot be 
negative. Hence, 


VLil > M 


OF 


M<VJL,L, [9] 


There is, therefore, an upper limit to the possible magnitude of the mutual 
inductance; it can be no larger than the geometric mean of the inductances 
of the two coils between which the mutual inductance exists. Although we 
have derived this inequality on the assumption that i; and iz carried the same 
algebraic sign, a similar development is possible if the signs are opposite; it 
is necessary only to select the positive sign in Eq. [8]. 

We might also have demonstrated the truth of inequality [9] from a 
physical consideration of the magnetic coupling; if we think of i) as being 
zero and the current 1; as establishing the magnetic flux linking both L; and 
La, itis apparent that the flux within Ly cannot be greater than the flux within 
L,, which represents the total flux. Qualitatively, then, there is an upper 
limit to the magnitude of the mutual inductance possible between two given 
inductors. 


(myw 


CHAPTER 13 MAGNETICALLY COUPLED CIRCUITS 


The Coupling Coefficient 


The degree to which M approaches its maximum value is described by the 
coupling coefficient, defined as 





M 
Iz= [10] 
LiLo 
Since M < XJ LiL», 
Qaka] 


The larger values of the coefficient of coupling are obtained with coils 
which are physically closer, which are wound or oriented to provide a larger 
common magnetic flux, or which are provided with a common path through 
a material which serves to concentrate and localize the magnetic flux 
(a high-permeability material). Coils having a coefficient of coupling close 
to unity are said to be tightly coupled. 








@ FIGURE 13.13 Two coils with a coupling 
coefficient of 0.6, L, = 0.4 H and L> = 2.5 H. 


30 





@ FIGURE 13.14 


In Fig. 13.13, let L; = 0.4 H, L2 = 2.5 H, k = 0.6, and i; = 4i, = 
20 cos(500¢ — 20°) mA. Evaluate the following quantities at t = 0: 
(a) i2; (b) vı; (c) the total energy stored in the system. 


(a) i2(t) = 5cos(500t — 20°) mA, so i2(0) = 5cos(—20°) = 4.698 mA. 


(b) In order to determine the value of vı, we need to include the contri- 
butions from both the self-inductance of coil 1 and the mutual induc- 
tance. Thus, paying attention to the dot convention, 


To evaluate this quantity, we require a value for M. This is obtained 
from Eq. [10], 


M = ky Lı L2 = 0.6, (0.4)(2.5) = 0.6 H 
Thus, vı (0) = 0.4[—10 sin(—20°)] + 0.6[—2.5 sin(—20°)] = 1.881 V. 


(c) The total energy is found by summing the energy stored in each induc- 
tor, which has three separate components since the two coils are known to 
be magnetically coupled. Since both currents enter a “dotted” terminal, 


w(t) = sLilii()P + 4 Laliz(t)]}? + MO) 2] 


With the knowledge from part (a) that i.(0) = 4.698 mA and i ı(0) = 
4i2(0) = 18.79 mA, we find that the total energy stored in the two coils 
att = 0 is 151.2 yJ: 


PRACTICE 


13.4 Let iş = 2 cos 10t A in the circuit of Fig. 13.14, and find the total 
energy stored in the passive network at t = 0 if k = 0.6 and terminals 
x and y are (a) left open-circuited; (b) short-circuited. 








Ans: 0.8 J; 0.512 J. 
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13.3 _ THE LINEAR TRANSFORMER 


We are now ready to apply our knowledge of magnetic coupling to the 
description of two specific practical devices, each of which may be repre- 
sented by a model containing mutual inductance. Both of the devices are 
transformers. a term which we define as a network containing two or more 
coils which are deliberately coupled magnetically (Fig. 13.15). In this sec- 
tion we will consider the linear transformer, which happens to be an excel- 
lent model for the practical linear transformer used at radio frequencies, or 
higher frequencies. In Sec. 13.4 we will consider the ideal transformer, 
which is an idealized unity-coupled model of a physical transformer that 
has a core made of some magnetic material, usually an iron alloy. 








E FIGURE 13.15 A selection of small transformers for use in electronic applications; 
the AA battery is shown for scale only. 


In Fig. 13.16 a transformer is shown with two mesh currents identified. 
The first mesh, usually containing the source, is called the primary, while the 
second mesh, usually containing the load, is known as the secondary. The 
inductors labeled L; and Ly are also referred to as the primary and secondary, 
respectively, of the transformer. We will assume that the transformer is 
linear. This implies that no magnetic material (which may cause a nonlin- 
ear flux-versus-current relationship) is employed. Without such material, 
however, it is difficult to achieve a coupling coefficient greater than a few 
tenths. The two resistors serve to account for the resistance of the wire out 
of which the primary and secondary coils are wound, and any other losses. 


Reflected Impedance 


Consider the input impedance offered at the terminals of the primary circuit. 
The two mesh equations are 


V; = (R; +jæL hı = joMth, [11] 


| + 


@ FIGURE 13.16 A linear transformer containing a 
source in the primary circuit and a load in the 
secondary circuit. Resistance is also included in both 
the primary and the secondary. 
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Zn 15 the impedance seen looking into the primary coil 
of the transformer. 
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and 
0 = —jwMI, + (Ro+ fol,+ Zp l- [i2] 


We may simplify by defining 


Zi = Ri + Jol, and Z> = R + jol: + Z; 
so that 
V= Zub- joMhL [13] 
O= —joME, + Zul, [14] 


Solving the second equation for I- and inserting the result in the first equa- 
tion enables us to find the input impedance, 


Za = s Zp H [15] 


Before manipulating this expression any further, we can draw several 
exciting conclusions. In the first place, this result is independent of the lc- 
cation of the dots on either winding, for if either dot is moved to the other 
end of the coil. the result is a change in sign of each term involving M in 
Eqs. [11] to [14]. This same effect could be obtained by replacing M by 
(—M), and such a change cannot affect the input impedance, as Eq. [15] 
demonstrates. We also may note in Eq. [15] that the input impedance is sim- 
ply Z;; if the coupling is reduced to zero. As the coupling is increased from 
zero, the input impedance differs from Z|; by an amount w?M*/Zo>, 
termed the reflected impedance. The nature of this change is more evident 
if we expand this expression 


4 


_ Je 


Zin = Zi, 4 





Ro + Xx 
and rationalize the reflected impedance, 


oM? Ra  —jw?M*Xy 
Zin = Zai + — a t 
R5, + X55 n tAn 

Since w M? Rn/(R3» + X3,) must be positive, it is evident that the 
presence of the secondary increases the losses in the primary circuit. In 
other words, the presence of the secondary might be accounted for in the 
primary circuit by increasing the value of R,. Moreover, the reactance 
which the secondary reflects into the primary circuit has a sign which is 
opposite to that of X22, the net reactance around the secondary loop. This 
reactance X»> is the sum of wL> and Xz; it is necessarily positive for induc- 
tive loads and either positive or negative for capacitive loads, depending on 
the magnitude of the load reactance. 


_PRACTICE | 


a a fi ranitriweyre aera PaPE APSR pr epee 
13.5 Element values for a certain linear transformer are R) = 3 Q, Rp = 
6 Q, Li = 2 mH, La = 10mH, and M = 4 mH. If œa = 5000 rad/s, find 
Lin for Z; equal to (a) 10 Q; (b) 720 Q: (c) 10 + 720 Q; (d) — 720 Q. 


Ans: 5.32 + j2.74 Q; 3.49 + j4.33 Q: 4.24 + j4.57 Q; 5.56 — 72.82 Q. 
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T and TI Equivalent Networks 


It is often convenient to replace a transformer with an equivalent network in 
the form of a T or TI. If we separate the primary and secondary resistances 
from the transformer, only the pair of mutually coupled inductors remains, 
as shown in Fig. 13.17. Note that the two lower terminals of the transformer 
are connected together to form a three-terminal network. We do this 
because both of our equivalent networks are also three-terminal networks. 
The differential equations describing this circuit are, once again, 





vi -LË yg ye [16] 
dt dt 
and 
vy = Me 4 hE [17] 
“ dt at 


The form of these two equations is familiar and may be easily inter- 
preted in terms of mesh analysis. Let us select a clockwise i; and a counter- 
clockwise i) so that i; and i are exactly identifiable with the currents in 
Fig. 13.17. The terms M di2/dt in Eq. [16] and M di, /dt in Eq. [17] indi- 
cate that the two meshes must then have a common se/f-inductance M. 
Since the total inductance around the left-hand mesh is L;, a self-inductance 
of Lı — M must be inserted in the first mesh, but not in the second mesh. 
Similarly, a self-inductance of La — M is required in the second mesh, but 
not in the first mesh. The resultant equivalent network is shown in 
Fig. 13.18. The equivalence is guaranteed by the identical pairs of equations 
relating vı, i1, v2, and i> for the two networks. 


Ho LM L,-M ù 





E FIGURE 13.18 The T equivalent of the transformer shown in Fig. 13.17. 


If either of the dots on the windings of the given transformer is placed 
on the opposite end of its coil, the sign of the mutual terms in Eqs. [16] and 
[17] will be negative. This is analogous to replacing M with —M, and such 
a replacement in the network of Fig. 13.18 leads to the correct equivalent 
for this case. The three self-inductance values would then be L; + M, —M, 
and La + M. 

The inductances in the T equivalent are all self-inductances; no mutual 
inductance is present. It is possible that negative values of inductance may 
be obtained for the equivalent circuit, but this is immaterial if our only de- 
sire is a mathematical analysis; the actual construction of the equivalent net- 
work is, of course, impossible in any form involving a negative inductance. 
However, there are times when procedures for synthesizing networks to 
provide a desired transfer function lead to circuits containing a T network 
having a negative inductance; this network may then be realized by use of 
an appropriate linear transformer. 





W FIGURE 13.17 A given transformer which 1s to be 
replaced by an equivalent IT or T network. 
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EXAMPLE 13.5 








Find the T equivalent of the linear transformer shown in 
Fig. 13.19a. 


, , We identify L; = 30 mH. L> = 60 mH, and M = 40 mH, and note that 
Za 40 mH “ 













hii í the dots are both at the upper terminals. as they are in the basic circuit 
el* le ae 
of Fig. 13.17. 
60 mH Hence. Lı — M = --10 mH is in the upper left arm, L> — M = 
20 mH is at the upper right. and the center stem contains M = 40 mH. 
on The complete equivalent T is shown in Fig. 13.19). 

(an To demonstrate the equivalence, let us leave terminals C and D 

open-circuited and apply vag = LOcos 1007 V to the input in 
a Hi) mH 30 mH i Fig. 13. l Oa. Thus. 
= STH —_—0 | . 
hi = J 1Ocos{(100r) dt = 3.33 sin 1007 A 
30 x 10 ~” 


40 mH 


and 
KO fe di, 
ih} tep = M~ = 40 x 1077 x 3.33 x 100cos 1007 
dt 
M@ FIGURE 13.19 (c) A linear transformer usec 
as an example. (b) The T-equivalent network of the = 13.33 cos 1001 V 
transformer. 


Applying the same voltage in the T equivalent, we find that 


l 


i = me l 1Ocos(100r) dt = 3.33 sin 1002 A 
(—10 +40) x 10-3, 


once again. Also, the voltage at C and D is equal to the voltage across 
the 40 mH inductor. Thus. 


vep = 40 x 107° x 3.33 x 100 cos 100% = 13.33 cos 100r V 


and the two networks yield equal results. 


PRACTICE 


cena rp A 
13.6 (a) If the two networks shown in Fig. 13.20 are equivalent, 


specify values for Ly, Lv. and L-. (b) Repeat if the dot on the secondary 
in Fig. 13.206 is located at the bottom of the coil. 





(a) (b) 


@ FIGURE 13.20 


Ans: ~ 1.5. 2.5. 3.5 H: 5.5, 9.5. —3 5 H. 


The equivalent IT network is not obtained as easily. It is more complicated. 
and it is not used as much. We develop it by solving Eq. [17] for di2/di and 
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di M M? di 
v = Li — + —v 


substituting the result in Eq. [16]: 


dt L> "Ly dt 
OF 
dii Lə M 
FFE rT U e e —ED®_ 2 
dt L,L.— MĀ L,L.— M- 


If we now integrate from 0 to ¢, we obtain 


t 


iy — i (0u (t) = vdt [18] 


L> ' , 
—— vidt — ——— 
LiL — M4 Jo LiL — M4 Jo 
In a similar fashion, we also have 


a — i (Oju (t) —M [ dt 4+ -—<! [ dt’ {19) 
h — In(Q)u(t) = -s v —— I 
ae Lila- M? Jy `” Leb- M h ” l 


Equations [18] and [19] may be interpreted as a pair of nodal equations; 
a step-current source must be installed at each node in order to provide the 
proper initial conditions. The factors multiplying each integral have the 
general form of inverses of certain equivalent inductances. Thus, the second 
coefficient in Eq. [18], M/(Lı L2 — M7), is 1/Lz, or the reciprocal of the 
inductance extending between nodes | and 2, as shown on the equivalent I] 
network, Fig. 13.21. So 





E FIGURE 13.21 The TI network which is equivalent to the transformer shown in Fig. 13.17 


The first coefficient in Eq. [18], L2/(L,;L2 — M*), is 1/L4 + 1/Le. Thus, 
1 Ls M 
La  LyL.—M? Lili- M? 


OT 
L; L> — M? 
La = —-—— 
L—M 
Finally, 
LiL — M° 
Le = ~ 
Lı- M 


No magnetic coupling is present among the inductors in the equivalent H, 
and the initial currents in the three self-inductances are zero. 

We may compensate for a reversal of either dot in the given transformer 
by merely changing the sign of M in the equivalent network. Also, just as 
we found in the equivalent T, negative self-inductances may appear in the 
equivalent II network. 





f 
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EXAMPLE 13.6 


Find the equivalent I network of the transformer in Fig. 13.19a, 
assuming zero initial currents. 


» Toa a 
Since the term L;i L — M7 is common to La. Ly. and Le, we begin by 
Ea 5 mH a evaluating this quantity, obtaining 







30 x 1073 x 60 x 10°" — (40 x 1074)? = 2 x 107 H? 








10 mH -20 mH Thus, 

oo | (LiL. -M*) 2x107 
ip G nor L 4 = 7 MM) = 0 x 10-3) 10 mH 
@ FIGURE 13.22 The N equivalent of the linear (L>—~ M) (<0 x ) 

transformer shown in Fig. 13.19q It is assumed that (LiL — M7) 0 mH 

(0) = O andio) = 0. Le = 7 = muU Mm 

E dilü) (L,; ~ M) 

and 
(LiL — M7) 
Lg = -———— = 5 mH 


M 


The equivalent [I network is shown in Fig. 13.22. 

If we again check our result by letting vag = lO0cos 1007 V with 
terminals C-D open-circuited. the output voltage is quickly obtained by 
voltage division: 


—20 x 10°? 


5x 10-2 20x 103 (PCOS 100t = 13.33 cos 100r V 
2 x PO T- 


tcp = 


as before. Thus, the network in Fig. 13.22 is electrically equivalent to 
the networks in Fig. 13.19a and b. 





PRACTICE 


maanantai inerea 
(hì 13.7 If the networks in Fig. 13.23 are equivalent, specify values 
# FIGURE 13.23 (in mH) for La, Lg, and Lc. 


Ans: La = 169.2 mH, Ly = 129.4 mH, Le = —314.3 mH. 






COMPUTER-AIDED ANALYSIS 


The ability to simulate circuits that contain magnetically coupled 
inductances is a useful skill, especially with modern circuit dimensions 
continuing to decrease. As various loops and partial loops of conductors 
are brought closer in new designs, various circuits and subcircuits that 
are intended to be isolated from one another inadvertently become 
coupled through stray magnetic fields, and interact with one another. 
PSpice allows us to incorporate this effect through the component 
K_Linear, which links a pair of inductors in the schematic by a 
coupling coefficient k in the range of 0 < k < J. 
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For example, let’s simulate the circuit of Fig. 13. 19a, which consists 
of two coils whose coupling is described by a mutual inductance of 
M = 40 mH, corresponding to a coupling coefficient of k = 0.9428. 
The basic circuit schematic is shown in Fig. 13.24. Note that no “dot” 
appears next to the inductor symbols. When first placed horizontally in 
the schematic, the dotted terminal is on the left, and this is the pin about 
which the symbol is rotated. Also note that the K_Linear component is 
not “wired” into the schematic anywhere; its location is arbitrary. The 
two coupled inductors, L1 and L2, are specified along with the cou- 
pling coefficient through the component dialog box. 
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@ FIGURE 13.24 Schematic of circuit based on Fig. 13.19a. 


The circuit is connected to a 100 rad/s (15.92 Hz) sinusoidal voltage 
source, a fact which is incorporated by performing a single-frequency 
ac sweep. It is also necessary to add two resistors to the schematic in 
order for PSpice to perform the simulation without generating an error 
message. First, a small series resistance has been inserted between the 
voltage source and L1; a value of 1 p&2 was selected to minimize its 
effects. Second, a 1000 MQ resistor (essentially infinite) was connected 
to L2. The output of the simulation is a voltage magnitude of 13.33 V 
and a phase angle of —3.819 x 10~* degrees (essentially zero), in 
agreement with the values calculated by hand in Example 13.5. 

PSpice also provides two different transformer models, a 
linear transformer, XFRM_LINEAR, and an ideal transformer 
XFRM_ NONLINEAR, a circuit element which is the subject of the 
following section. The linear transformer requires that values be speci- 
fied for the coupling coefficient and both coil inductances. The ideal 
transformer also requires a coupling coefficient, but, as we shall see, an 
ideal transformer has infinite or nearly infinite inductance values. Thus, 
the remaining parameters required for the part XFRM_NONLINEAR 
are the number of turns of wire that form each coil. 








@ FIGURE 13.25 An ideal transformer is connected 
to a general load impedance. 
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transformer in which the coupling coefficient is essentially unity and beth 
the primary and secondary inductive reactances are extremely large in com- 
parison with the terminating impedances. These characteristics are closely 
approached by most well-designed iron-core transformers over a reasonable 
range of frequencies for a reasonable range of terminal impedances. The 
approximate analysis of a circuit containing an iron-core transformer may 
be achieved very simply by replacing that transformer with an ideal trans- 
former: the ideal transformer may be thought of as a first-order model of an 
iIron-core transformer. 


Turns Ratio of an Ideal Transformer 


One new concept arises with the ideal transformer: the turns ratio a. The 
self-inductance of a coil is proportional to the square of the number of 
turns of wire forming the coil. This relationship is valid only if all the flux 
established by the current flowing in the coil links all the turns. In order to 
develop this result quantitatively it is necessary to utilize magnetic field 
concepts. a subject that is not included in our discussion of circuit analysis. 
However, a qualitative argument may suffice. If a current į flows through a 
coil of N turns. then N times the magnetic flux of a single-turn coil will be 
produced. If we think of the N turns as being coincident. then all the flux 
certainly links all the turns. As the current and flux change with time. a 
voltage is then induced in each turn which is N times larger than that 
caused by a single-turn coil. Thus, the voltage induced in the N-turn coil 
must be N` times the single-turn voltage. From this, the proportionality 
between inductance and the square of the numbers of turns arises. It 
follows that 














lL. NÈ 
= =a [20] 
L, N? 
or 
| N> | 
d= |! 21 
| N [21] 





Figure 13.25 shows an ideal transformer to which a secondary load is 
connected. The ideal nature of the transformer is established by several con- 
ventions: the use of the vertical lines between the two coils to indicate the 
iron laminations present in many iron-core transformers, the unity value of 
the coupling coefficient, and the presence of the symbol !:a, suggesting a 
turns ratio of N; to N>. 

Let us analyze this transformer in the sinusoidal steady state in order to 
interpret Our assumptions in the simplest context. The two mesh equations 
are 


Vi 


li 


jæøLihl - joMb [22] 
and 


0 = -joMh + (Z: + joLyh 123] 
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We first determine the input impedance of an ideal transformer. By solving 
Eq. [23] for i- and substituting in Eq. [22]. we obtain 





w- M? 
V, =hjel, +h- 
{JL} Z; + jol: 
and 
aw M°? 
Za = = = jwl, + 
" OD jol: 
Since k = 1. M? = Li La so 
why Ls 
Lia = Jol, + =——-— 
" J i Zi + Jol, 


Besides a unity coupling coefficient, another characteristic of an ideal 
transformer is an extremely large impedance for both the primary and sec- 
ondary coils. regardless of the operating frequency. This suggests that the 
ideal case would be for both Lı and L; to tend to infinity. Their ratio, how- 
ever, Must remain finite, as specified by the turns ratio. Thus, 


L- = a? L, 
leads to 
7 oL + wa Le 
n —= Ftp —_—_—_— 
n = Te) Z, + jwa L, 


Now if we let L; become infinite, both of the terms on the right-hand side of 
the preceding expression become infinite, and the result is indeterminate. 
Thus, it is necessary to first combine these two terms: 


a r2? > 9, % 
jwl,Z, — wa Li + oat Ly 


Lin = 24 
j Z, + jwa? L, [24] 
or 
wL, L Z 
Zin — Jæ d L — L : [25] 
ZL + jwa L, Li /jæL, +a- 
Now as Li — œœ, we see that Zin becomes 
Z 
Zin = — [26] 
a 


for finite Zi. 

This result has some interesting implications, and at least one of them 
appears to contradict one of the characteristics of the linear transformer. 
The input impedance of an ideal transformer is proportional to the load im- 
pedance, the proportionality constant being the reciprocal of the square of 
the turns ratio. In other words, if the load impedance is a capacitive imped- 
ance, then the input impedance is a capacitive impedance. In the linear 
transformer, however, the reflected impedance suffered a sign change in its 
reactive part; a capacitive load led to an inductive contribution to the input 
impedance. The explanation of this occurrence is achieved by first realiz- 
ing that Z; /a* is not the reflected impedance, although it is often loosely 
called by that name. The true reflected impedance is infinite in the ideal 








512} 





CHAPTER 13 MAGNETICALLY COUPLED CIRCUITS 


transformer: otherwise it could not “cancel” the infinite impedance of the 
primary inductance. This cancellation occurs in the numerator of Eq. [24]. 
The impedance Z; /a” represents a small term which is the amount by 
which an exact cancellation does not occur. The true reflected impedance in 
the ideal transformer does change sign in its reactive part; as the primary 
and secondary inductances become infinite. however, the effect of the inti- 
nite primary-coil reactance and the infinite, but negative. reflected reactance 
of the secondary coil is one of cancellation. 

The first important characteristic of the ideal transtormer ts therefore its 
ability to change the magnitude of an impedance, or to change impedance 
level. An ideal transformer having 100 primary turns and 10,000 secondary 
turns has a turns ratio of 10,000/ 100, or 100. Any impedance placed across 
the secondary then appears at the primary terminals reduced in magnitude 
by a factor of 100-. or 10.000. A 20,000 Q resistor looks like 2 Q, a 200 mH 
inductor looks like 20 u H, and a 100 pF capacitor looks like 1 uF. If the pri- 
mary and secondary windings are interchanged, then a = 0.01 and the load 
impedance is apparently increased in magnitude. In practice, this exact 
change in magnitude does not always occur, for we must remember that as 
we took the last step in our derivation and allowed L; to become infinite in 
Eq. [25], it was necessary to neglect Z; in comparison with jw. Since L» 
can never be infinite. it is evident that the ideal transformer model will be- 
come invalid if the load impedances are very large. 


Use of Transformers for Impedance Matching 


A practical example of the use of an iron-core transformer as a device for 
changing impedance level is in the coupling of a vacuum tube audio power 
amplifier to a speaker system. In order to achieve maximum power transfer. 
we know that the resistance of the load should be equal to the internal resis- 
tance of the source: the speaker usually has an impedance magnitude (often 
assumed to be a resistance) of only a few ohms, while the power amplifier 
typically possesses an internal resistance of several thousand ohms. Thus, 
an ideal transformer is required in which Ma < N;. For example, if the 
amplifier (or generator) internal impedance is 4000 Q and the speaker 
impedance is 8 Q, then we desire that 





8 
Z; = 4000 = = = = 
d“ ad“ 
Or 
324 
and thus 
Mag 
N? 


There is a simple relationship between the primary and secondary cur- 
rents I; and k; in an ideal transformer. From Eq. [23], 


bo jaM 
IL Z,+ jw 
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Once again we allow L» to become infinite, and it follows that 


L _ JoM _ Li 
L jola YL> 





Or 





Thus, the ratio of the primary and secondary currents is the turns ratio. If we 
have Nə > N, thena > 1, and it is apparent that the larger current flows in 
the winding with the smaller number of turns. In other words, 


Nil, = Nol 


It should also be noted that the current ratio is the negative of the turns ratio 
if either current is reversed or if either dot location is changed. 

In our example in which an ideal transformer was used to change the im- 
pedance level to efficiently match a speaker to a power amplifier, an rms 
current of 50 mA at 1000 Hz in the primary causes an rms current of 1.12 A 
at 1000 Hz in the secondary. The power delivered to the speaker is (1.12)7(8), 
or 10 W, and the power delivered to the transformer by the power amplifier 
is (0.05)°4000, or 10 W. The result is comforting, since the ideal transformer 
contains neither an active device which can generate power nor any resistor 
which can absorb power. 


Use of Transformers for Voltage Level Adjustment 
Since the power delivered to the ideal transformer is identical with that de- 
livered to the load, whereas the primary and secondary currents are related 
by the turns ratio, it should seem reasonable that the primary and secondary 
voltages must also be related to the turns ratio. If we define the secondary 
voltage, or load voltage, as 

V,=L4Z, 


and the primary voltage as the voltage across L4, then 


Or 


[28] 
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@ FIGURE 13.26 (a) A step-up transformer used to 
increase the generator output voltage for transmission. 
(b) Substation transformer used to reduce the voltage 
from the 220 kV transmission level to several tens of 
kilovolts for local distribution. (c) Step-down transformer 
used to reduce the distribution voltage level to 240 V for 
power consumption. 

Photos courtesy of Dr. Wade Enright, Te Kura Pukaha Vira 
O Te Whare Wananga O Waitaha, Aotearoa. 
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The ratio of the secondary to the primary voltage is equal to the turns 
ratio. We should take care to note that this equation is opposite that of 
Eq. [27]. and this is a common source of error for students. This ratio may 
also be negative if either voltage is reversed or either dot location is 
changed. 

Simply by choosing the turns ratio, therefore, we now have the ability to 
change any ac voltage to any other ac voltage. If a > 1, the secondary volt- 
age will be greater than the primary voltage, and we have what is commonly 
referred to as a step-up transformer. If a < 1, the secondary voltage will be 
less than the primary voltage, and we would have a step-down transformer. 
Utility companies typically generate power at a voltage in the range of 12 to 
25 kV. Although this is a rather large voltage, transmission losses over long 
distances can be reduced by increasing the level to several hundred thou- 
sand volts using a step-up transformer (Fig. 13.26a). This voltage is then re- 
duced to several tens of kilovolts at substations for local power distribution 
using step-down transformers (Fig. 13.26b). Additional step-down trans- 
formers are located outside buildings to reduce the voltage from the trans- 
mission voltage to the 110 or 220 V level required to operate machinery 
(Fig. 13.26c). 

Combining the voltage and current ratios, Eqs. [27] and [28], 


Vl = Vil, 


and we see that the primary and secondary complex voltamperes are 
equal. The magnitude of this product is usually specified as a maximum 
allowable value on power transformers. If the load has a phase angle 
0, or 


Z, = |Z \|/0 


then V, leads I, by an angle 0. Moreover, the input impedance is Z: ja’, 
and thus V; also leads I, by the same angle 0. If we let the voltage and cur- 
rent represent rms values, then |V>| |I2| cos 6 must equal \V,| |L | cos 8, and 
all the power delivered to the primary terminals reaches the load; none is 
absorbed by or delivered to the ideal transformer. 

The characteristics of the ideal transformer that we have obtained have 
all been determined by phasor analysis. They are certainly true in the 
sinusoidal steady state, but we have no reason to believe that they are cor- 
rect for the complete response. Actually, they are applicable in general, and 
the demonstration that this statement is true is much simpler than the 
phasor-based analysis we have just completed. Our analysis, however, has 
served to point out the specific approximations that must be made on a more 
exact model of an actual transformer in order to obtain an ideal transformer. 
For example, we have seen that the reactance of the secondary winding 
must be much greater in magnitude than the impedance of any load that is 
connected to the secondary. Some feeling for those operating conditions 
under which a transformer ceases to behave as an ideal transformer is thus 
achieved. 
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EXAMPLE 13.7 


For 1 h y : circuit given i in Fig. 13.27, determine the average power 
dissipated in the 10 kQ resistor. 


100 Q 


50 V rms iOkO 





m FIGURE 13.27 A simple ideal transformer circult. 


The average power dissipated by the 10 kQ resistor is simply 


P = 10,000|I, (2 The phase angles can be ignored in this example as 
they do not impact the calculation of average power 


The 50 V rms source “sees” a transformer input impedance of Z; /a? dissipated by a purely resistive load. 


or 100 Q. Thus, we obtain 


50 
I, = 100 + 100 = 250 mA rms 
From Eq. [27], kk = (1/a)I,; = 25 mA rms, so we find that the 10 kQ 
resistor dissipates 6.25 W. 





13.8 Repeat Example 13.7 using voltages to compute the dissipated 
power. 


Ans: 6.25 W. 


Voltage Relationship in the Time Domain 


Let us now determine how the time-domain quantities v; and v2 are related 
in the ideal transformer. Returning to the circuit shown in Fig. 13.17 and the 
two equations, [16] and [17], describing it, we may solve the second equa- 
tion for di2/dt and substitute in the first equation: 


1 di + M M? di, 
v = L};— + — wv - — — 
dt Lo ? Lə dt 


However, for unity coupling, M* = Lı L2, and thus 


The relationship between primary and secondary voltage is therefore found 
to apply to the complete time-domain response. 





PRACTICAL APPLICATION ) 


Superconducting Transformers 


For the most part, we have neglected the various types of 
losses that may be present in a particular transformer. 
When dealing with large power transformers, however, 
close attention must be paid to such nonidealities, de- 
spite overall efficiencies of typically 97 percent or more. 
Although such a high efficiency may seem nearly ideal, 
it can represent a great deal of wasted energy when the 
transformer is handling several thousand amperes. 
So-called ¿°R (pronounced “eye-squared-R”) losses rep- 
resent power dissipated as heat, which can increase the 
temperature of the transformer coils. Wire resistance 
increases with temperature, so heating only leads to 
greater losses. High temperatures can also lead to 
degradation of the wire insulation, resulting in shorter 
transformer life. As a result, many modern power trans- 
formers employ a liquid oil bath to remove excess heat 
from the transformer coils. Such an approach has its 
drawbacks, however, including environmental impact 
and fire danger from leaking oil as a result of corrosion 
over time (Fig. 13.28). 

One possible means of improving the performance of 
such transformers is to make use of superconducting 
wire to replace the resistive coils of a standard trans- 
former design. Superconductors are materials that are 
resistive at high temperature, but suddenly show no re- 
sistance to the flow of current below a critical tempera- 





@ FIGURE 13.28 Fire that broke out in 2004 at the 340,000 V 


American Electric Power Substation near Mishawaka, Indiana. 
ture. Most elements are superconducting only near © AP/Wide World Photos 





a a ate a a e 


An expression relating primary and secondary current in the time 
domain is most quickly obtained by dividing Eq. [16] throughout by Lı, 


U] = dij 4 M dir E di, i. diz 
fi, dt La a dt 








and then invoking one of the hypotheses underlying the ideal transformer: 
L, must be infinite. If we assume that v, is not infinite, then 


dij dip 





dt dt 


Integrating, 


l] = —Aal> +A 


A TALES 





absolute zero, requiring expensive liquid helium—based 
cryogenic cooling. With the discovery in the 1980s of ce- 
ramic superconductors having critical temperatures of 
90 K (— 183°C) and higher, it became possible to replace 
helium-based equipment with significantly cheaper 
liquid nitrogen systems. 

Figure 13.29 shows a prototype partial-core super- 
conducting transformer being developed at the Univer- 
sity of Canterbury. This design employs environmentally 
benign liquid nitrogen in place of an oil bath, and is also 
significantly smaller than a comparably rated conven- 
tional transformer. The result is a measurable improve- 
ment in overall transformer efficiency, which translates 
into operational cost savings for the owner. 

Still, all designs have disadvantages that must be 
weighed against their potential advantages, and super- 
conducting transformers are no exception. The most sig- 
nificant obstacle at present is the relatively high cost of 
fabricating superconducting wire several kilometers in 
length compared to copper wire. Part of this is due to the 
challenge of fabricating long wires from ceramic materi- 
als, but part of it is also due to the silver tubing used to 
surround the superconductor to provide a low-resistance 
current path in the event of a cooling system failure (al- 
though less expensive than silver, copper reacts with the 
ceramic and is therefore not a viable alternative). The net 
result is that although a superconducting transformer is 
likely to save a utility money over a long period of 
time—many transformers see over 30 years of service— 





@ FIGURE 13.29 Prototype 15 kVA partial core superconducting power 
transformer. 


Photo courtesy of Department of Electrical and Computer Engineering, 
University of Canterbury. 


the initial cost is much higher than for a traditional resis- 
tive transformer. At present, many companies (including 
utilities) are driven by short-term cost considerations 


and are not always eager to make large capital invest- 


ments with only long-term cost benefits. 





where A is a constant of integration that does not vary with time. Thus, if we 
neglect any direct currents in the two windings and fix our attention only on 


the time-varying portion of the response, then 


| = —al? 


The minus sign arises from the placement of the dots and selection of the 


current directions in Fig. 13.17. 


The same current and voltage relationships are therefore obtained in 
the time domain as were obtained previously in the frequency domain, pro- 
vided that dc components are ignored. The time-domain results are more 
general, but they have been obtained by a less informative process. 

The characteristics of the ideal transformer which we have established 
may be utilized to simplify circuits in which ideal transformers appear. 
Let us assume, for purposes of illustration, that everything to the left of the 
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primary terminals has been replaced by its Thévenin equivalent, as has the 
network to the right of the secondary terminals. We thus consider the circuit 
shown in Fig. 13.30. Excitation at any frequency w is assumed. 





E FIGURE 13.30 [he networks connected to the primary and secondary terminals 
of an ideal transformer are represented by their Thévenin equivalents. 


Equivalent Circuits 


Thévenin’s or Norton’s theorem may now be used to achieve an equivalent 
circuit that does not contain a transformer. For example, let us determine the 
Thévenin equivalent of the network to the left of the secondary terminals. 
Open-circuiting the secondary. I = 0 and therefore 1; = 0 (remember that 
Li is infinite). No voltage appears across Z,;, and thus V; = V,; and 
Vou. =a Vç. The Thévenin impedance is obtained by killing V,, and utiliz- 
ing the square of the turns ratio, being careful to use the reciprocal turns ra- 
tio, since we are looking in at the secondary terminals. Thus, Zp = Lye. 

As a check on our equivalent, fet us also determine the short-circuit sec- 
ondary current kze. With the secondary short-circuited, the primary genera- 
tor faces an impedance of Zi. and, thus, I; = V,, /Z1. Therefore, 
bse = Voi /a&y;. The ratio of the open-circuit voltage to the short-circuit 
current is a7Z,1, as it should be. The Thévenin equivalent of the transformer 
and the primary circuit is shown in the circuit of Fig. 13.31. 





E FIGURE 13.31 The Thévenin equivalent of the network to 
the left of the secondary terminais in fig. 13.30 is used to 
simplify that circuit. 


Each primary voltage may therefore be multiplied by the turns ratio, 
each primary current divided by the turns ratio, and each primary imped- 
ance multiplied by the square of the turns ratio; and then these modified 
voltages, currents, and impedances replace the given voltages, currents, and 
impedances plus the transformer. If either dot is interchanged, the equiva- 
lent may be obtained by using the negative of the turns ratio. 
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Note that this equivalence, as illustrated by Fig. 13.31, is possible only 
if the network connected to the two primary terminals, and that connected 
to the two secondary terminals, can be replaced by their Thévenin equiva- 
lents. That is, each must be a two-terminal network. For example, if we 
cut the two primary leads at the transformer, the circuit must be divided into 
two separate networks; there can be no element or network bridging across 
the transformer between primary and secondary. 

A similar analysis of the transformer and the secondary network shows 
that everything to the right of the primary terminals may be replaced by an 
identical network without the transformer, each voltage being divided by a, 
each current being multiplied by a, and each impedance being divided by 
a’. A reversal of either winding requires the use of a turns ratio of —a. 


EXAMPLE 13.8 





For the circuit given in Fig. 13.32, determine the equivalent circuit 
in which the transformer and the secondary circuit are replaced, 
and also that in which the transformer and the primary circuit are 
replaced. 


100 Q 


50 V rms (>) 


10 KQ 





@ FIGURE 13.32 A simple circuit in which a resistive load is matched 
to the source impedance by means of an ideal transformer. 


This is the same circuit we analyzed in Example 13.7. As before, the 
input impedance is 10,000/(10)?, or 100 Q and so |I; | = 250 mA rms. 
We can also compute the voltage across the primary coil 


IVi] = |SO — 1001,| = 25 V rms 


and thus find that the source delivers (25 x 10~*)(50) = 12.5 W, of 
which (25 x 107°)? (100) = 6.25 W is dissipated in the internal resis- 
tance of the source and 12.5 — 6.25 = 6.25 W is delivered to the load. 
This is the condition for maximum power transfer to the load. 

If the secondary circuit and the ideal transformer are removed by the 
use of the Thévenin equivalent, the 50 V source and 100 & resistor sim- 
ply see a 100 Q impedance, and the simplified circuit of Fig. 13.33a is 
obtained. The primary current and voltage are now immediately evident. 

If, instead, the network to the left of the secondary terminals is 
replaced by its Thévenin equivalent, we find (keeping in mind the 
location of the dots) V,, = —10(50) = —500 V rms, and Z;;, = 
(—10)2(100) = 10 kQ; the resulting circuit is shown in Fig. 13.33b. 


100 Q 








@ FIGURE 13.33 The circuit of Fig. 13.32 IS 
simplified by replacing (a) the transformer and 
secondary circuit by the Thévenin equivalent or (b) the 
transformer and primary circuit by the Thévenin 
equivalent. 
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PRACTICE 


mI an nan _ S E 
13.9 Let N; = 1000 turns and X- = 5000 turns in the ideal 
transformer shown in Fig. 13.34. If Z = 500 — /400 Q, find the 
average power delivered to Z; tor (a) In = 1.4/20° Arms; 
(b) Va = 900/40" V rms: (c) V; = 80/1007 V rms; (d) I, = 
60/457 A rms; (e) V, = 200/0° V rms. 


h oQ 





@ FIGURE 13.34 
Ans: 980 W; 988 W: 195.1 W: 720 W: 692 W. 


SUMMARY AND REVIEW 


3 Mutual inductance describes the voltage induced at the ends of a coil 
due to the magnetic held generated by a second coil. 


J The dot convention allows a sign to be assigned to the mutual 
inductance term. 


+ According to the dot convention, a current entering the dotted terminal 
of one coil produces an open-circuit voltage with a positive voltage 
reference at the dotted terminal of the second coil. 


2 The total energy stored in a pair of coupled coils has three separate 
terms: the energy stored in each self-inductance G Li*), and the energy 
stored in the mutual inductance (M1i,i>). 

4 The coupling coefficient is given by k = M/V Lı L>, and is restricted 
to values between 0 and 1. 

4 A linear transformer consists of two coupled coils: the primary 
winding and the secondary winding. 


. An ideal transformer is a useful approximation for practical iron-core 
transformers. The coupling coefficient is taken to be unity, and the in- 
ductance values are assumed to be infinite. 


The turns ratio a = N2/N; of an ideal transformer relates the primary 
and secondary coil voltages: V> = aV]. 


a The turns ratio a also relates the currents in the primary and secondary 
coils: I, = ah. 


READING FURTHER 


Almost everything you ever wanted to know about transformers can be 
found in 


M. Heathcote, JAP Transformer Book, \2th ed. Oxford: Reed Educational 
and Professional Publishing Ltd.. 1998. 
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Another comprehensive transformer title is 


W.T. McLyman, Transformer and Inductor Design Handbook, 3rd ed. 
New York: Marcel Dekker, 2004. 


A good transformer book with a strong economic focus is 


B.K. Kennedy, Energy Efficient Transformers. New York: McGraw-Hill. 
1998. 


EXERCISES 


13.1 Mutual Inductance 


|. Consider the circuit of Fig. 13.35. If i(t) = 400 cos 1207 A and the 
maximum value of v2(t) is 100 V., what is the value of the mutual inductance 
linking Ly and L>? 





@ FIGURE 13.35 


2. In the circuit of Fig. 13.36, the voltage v;(t) is known to be 
115./2 cos(120mt — 16°) V. If the peak value of the current iz is measured as 
45 A, what is the value of the mutual inductance linking the two inductors L; 
and L>? 


3. The physical construction of three pairs of coupled coils is shown in 
Fig. 13.37. Show the two different possible locations for the two dots on each 
pair of coils. 


‘at E 





(a) (b) (c) 
@ FIGURE 13.37 


4. The two coupled inductors of Fig. 13.38 are connected in a circuit with volt- 
ages and currents as shown. L; = | H, L2 = 3H, and M = 0.5 H. If i; = 
30sin 807 A and i2 = 30 cos 807 A, compute (a) v1; (b) v2. 








E FIGURE 13.36 


E FIGURE 13.38 
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5. The two coupled inductors of Fig. 13.39 are connected in a circuit with volt- 
ages and currents as shown. L] = 22 gH. L: = 15 pH. and M = 5 uH. lt 
iy = 3 cos 8007 nA and 2 = 2 cos 8001 NA, compute (a) vps (D) vo. 





B FIGURE 13.39 


6. Referring to Fig. 13.40. assume that vi = Se | Vand rs = 3e 7 V.If 
Liy = L> = 8 Hand M = 0.4 H. determine (a) di, /dt. (b) dis/dt. (cy ao it 
there is no energy stored ats = 0. 





B FIGURE 13.40 


L! . M pa 7. In Fig. 13.41, assume that vy = 2e V and və = 4e V. If Li = L= 2 mH 
- and M = 1.5 mH. determine (a) dii /dr: (b) diz/dt: (c) i(t) if there is no en- 
ergy stored at t = 0. 


8. Find v(t) for each network shown in Fig. 13.42 if f = 50 Hz. 





40 04H 


F aaae S 


1/0 A(+) ERE: 


@ FIGURE 13.41 









40 0.4 H 


re 


4Q O.4H 





ev) 


E FIGURE 13.42 








EXERCISES 


9. In the circuit shown in Fig. 13.43, find the average power absorbed by (a) the 
source; (b) each of the two resistors: (c) each of the two inductances; (d) the 
mutual inductance. 


500 





100 /0° V 


kO 
w = 100 rad/s 


@ FIGURE 13.43 


10. Let iyi) = 4¢ A and i(t) = 10t A in the circuit shown in Fig. 13.44. Find 
(a) vagi (b) vegi tO veg. 





M FIGURE 13.44 


i1. (a) Find the Thévenin equivalent network faced by the 2 KQ resistor in the 
circuit of Exer. 9. (b) What is the maximum average power that can be drawn 
trom the network by an optimum value of Z; (instead of 2 kQ)? 


12. For the circuit of Fig. 13.45, find the currents i(t), ix(f), and i3(t) if f = 50 Hz. 


100/0° V 





@ FIGURE 13.45 


13. Determine an expression for ic (t) valid for t > 0 in the circuit of Fig. 13.46, if 
v(t) = 10r*u(t)/(t? +0.01) V. 





E FIGURE 13.46 
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14. (a) For the network of Fig. 13.474. write two equations giving val and pg ir) 
as functions of jo and bi). (b) Write two equations giving Vy (ja) and 
Vai se) as functions of Ey (je) and Igt jo) for the network of Fig, 13.47. 

15. Note that there is no mutual coupling between the 5 H and 6 H inductors in the 
circuit of Fig. 13.48. (a) Write a set of equations in terms of lije bt fo), 
and [y( jes). (b) Find [yt feo) thie = 2 rad/s. 














1 4H 

SFI. 
pA ae 7 
| 3H = 2H q 
| , aan 
| * SH wie 6H | 
GH | 

100/00 V S 60 5Q 

bace Se 


@ FIGURE 13.48 





lo. Find Vi (joo) and Vac jer) in terms of Ti (je) and Int jw) for each circuit of 
Fig. 13.49. 





(DH 
@ FIGURE 13.47 





(a2) 





ib) 
@ FIGURE 13.49 


17. (a) Find Zin(j@) for the network of Fig. 13.50. (b) Plot Zin over the trequeney 
range of 0 < w < 1000 rad/s. (© Find Zint j@) for w = 50 rad/s. 
18. With reference to the circuit of Fig. 13.51. what value of M will cause exact!y 


3.2 W average power to be delivered to the 8 Q bass speaker at an audio 
frequency of 160 Hz? 





Æ FIGURE 13.50 


20 (08 


V rms 


80 
ispeaker} 





M FIGURE 13.51 
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19. Let i = 2cos 107 A and ip = 1.2 cos 10f Ain Fig. 13.52. Find (a) vi (t); 
(b) v(t); (c) the average power being supplied by each source. 





m JOH rity 


m FIGURE 13.52 


20. It is possible to arrange three coils physically in such a way that there is mutual 
coupling between coils A and B and between B and C, but not between A and 
C. Such an arrangement is shown in Fig. 13.53. Find u(t). E FIGURE 13.53 





21. Find ¥,. in the circuit shown in Fig. 13.54. 






100/0° V © 


@ FIGURE 13.54 


13.2 Energy Considerations 


22. Let i, = 2cos 10r A in the circuit of Fig. 13.55. Find the total energy stored at 
t = 0 if (a) a-b is open-circuited as shown; (b) a-b is short-circuited. 


SH k= 


E FIGURE 13.55 


23. Let V, = 12/0° V rms in the linear transformer of Fig. 13.56. With w = 


100 rad/s, find the average power supplied to the 24 Q resistor as a function 
of k. 





M FIGURE 13.56 


24. Two mutually coupled coils for which Lı = 2 uH, Lz = 80 uH, and k = | 


have a load Z, = 2 + j10 Q connected across Ly. Find Zin at the terminals of 
Li if w = 250 krad/s. 
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25. Let æ = 100 rad/s in the circuit of Fig. 13.57 and find the average power: 
(a) delivered to the 10 Q load: (b) delivered to the 20 Q load: (c) generated h 
the source. 








i= 05 
"3 IH iDO 
LOO V rms | 
o | s 
iH i H 200 
ee hee 
@ FIGURE 13.57 
Leo 7 26. For the coupled coils shown in Fig. 13.58, let i (1) = 4e7'/'9 A and 
= w ix(1) = Seo A. Find ta) M: (b) bU) (0) the total energy stored in the system 


atr = 0. 


27. Let æ = 1000 rad/s for the circuit of Fig. 13.59 and determine the value of the 
ratio V/V, if (a) Li = 1 mH. L> = 25 mH, and k = i; (bì) Ly = 1H, 
L> = 25 H, and k = 0.99: (0) Lı = I H, Lo = 25 H, and k = I. 





@ FIGURE 13.58 





E FIGURE 13.59 


28. (a) An inductance bridge used on the coupled coils of Fig. 13.60 measures 
the following values under short-circuit or open-circuit conditions: 
Lagcp-oc = 10 mH, Lep ageoc = 5 mH. Lag cp-sc = 8 mH. Find &. 
(b) Assuming dots at A and D. and with 7; = 5 A, what value should iz have in 
order tor 100 mJ to be stored in the system? 


Ly L- 


B 2 
@ FIGURE 13.60 


29. For the circuit shown in Fig. 13.61, f = 60 Hz. Calculate V2 as a function of Á 
and plot |V2{ versus Å. 


50 k 


> jH 250 





@ FIGURE 13.61 
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30. If ji = 2cos 500r A in the network of Fig. 13.62, find the value of the 
maximum energy stored in the network. 


13.3 The Linear Transformer 


31. The load impedance Z; of the circuit in Fig. 13.63 ts known to be 7/32° Q at 
the operating frequency of 50 Hz. The mutual inductance linking the primary 
and secondary coils has a value of 800 nH. Calculate the (a) reflected imped- 
ance and (b) the input impedance seen by V,, 





E FIGURE 13.63 
32. if the circuit of Fig. 13.64 is operating at 60 Hz and Re{Z,} = 2 Q, what 
reactance is required of Z, for the reflected impedance to equal Z, when 


M = 1 mH? (Zi; 2 R + jøæLi). 


R,=' 0 R,= 150 
M 





R FIGURE 13.64 


33, The networks of Fig. 13.65 are equivalent. Calculate values for L,, L2, and M. 





B D 
(a) (b) 
E FIGURE 13.65 


34. What values for L., Ly, and L3 are required if the two networks of Fig. 13.66 
are to be equivalent? 


L, L 


L; 





B D 
(a) (b) 
@ FIGURE 13.66 


b SS aaasta j 


@ FIGURE 13.62 
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35, Find the equivalent inductance seen at terminals | and 2 in the network of 
Fig. 13.67 if the following terminals are connected together: (a) none: 
(PA to BO B tO CiD A tC. 

30. Refer to Fig. 13.68 and (a) use the equivalent T to help find the ratio 
I, (jm)/V jæ). (b) Seti = 100u(t) V and find i; (t). [Hint: You may 
want to write the two ditferential equations for the circuit to help find di, /d1 
att =O" || 





E FIGURE 13.67 E FIGURE 13.68 


37, Determine equivalent T's tor both dot locations in a lossless linear transformer 
for which Li = 4 mH. L> = I8 mH. and M = 8 mH. Use the T's to find the 
three equivalent input inductances obtained when the secondary is (a) open- 
circuited: (b) short-circuited; (¢} connected in parallel with the primary. 


38. Find H( jw) = V,,/¥V, for the circuit shown in Fig. 13.69. 





E FIGURE 13.69 


39. Use the equivalent T to help determine the input impedance Z( jw) for the 
network shown in Fig. 13.70. 


40. Let V; = 100/0° V rms and w = 100 rad/s in the circuit of Fig. 13.71. Find the 
Thévenin equivalent of the network: (a) to the right of terminals a and b; (b) to 
the left of terminals c and d. 


lO 


100 





E FIGURE 13.70 E FIGURE 13.71 


41. A load Z; is connected to the secondary of a linear transformer that is 
characterized by inductances L; = | H and Lo = 4 H and a unity 
coefficient of coupling. If @ = 1000 rad/s, find the equivalent series network 
(R. L, and C values) seen at the input terminals if Z; is (a) 1008: (b) 0.1 H; 
(c) ID LE. 


42. A linear transformer has Lı = 6 H, L: = 12 H, and M = 5 H. Find the eight 
different values of Lin that can be obtained for the eight different possible 
methods for obtaining a two-terminal network (single inductances, series and 
parallel combinations, short-circuited transformers, various dot combinations. 
Show each network and give its Lin. 











EXERCISES 


Bi 43. In the circuit of Fig. 13.72, let Z; be a 100 uF capacitor having impedance 200 k 20 
— j31.83 Q. Calculate Zin when k = (a) 0; (b) 0.5; (c) 0.9; (d) 1. Verify with Maoi 

appropriate PSpice simulations. e 

Cb 44. Repeat Exer. 41 if Li is increased to 125 H, Ls is increased to 20 H, and M is Z —— 100 mH 


increased such that k = 1. Verify with an appropriate PSpice simulation. 
13.4 The Ideal Transformer 


[Jb 45. Find the average power delivered to each of the four resistors in the circuit of E FIGURE 13.72 
Fig. 13.73. Verify with an approprtate PSpice simulation. 


309 


E 


46. (a) What is the maximum value of average power that can be delivered to R; in 
the circuit shown in Fig. 13.74? (b) Let R; = 100 Q and connect a 40 Q resis- 
tor between the upper terminals of the primary and secondary. Find Pz. 


100 1-4 
mao | o; i 


E FIGURE 13.74 


3:2 


2 Arms 


40 














E FIGURE 13.73 


47. Find the average power delivered to the 8 Q load in the circuit of Fig. 13.75 if 
c equals (a) 0; (b) 0.04 S; (c) —0.04 S. 


300 Q 


5:1 | 
e + 
100 V rms (~) <p : | sna SV, 


E FIGURE 13.75 


48. Find the Thévenin equivalent at terminals a and b for the network shown in 
Fig. 13.76. 


1:4 600 
ao 
| e a 
bho 


E FIGURE 13.76 
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49. Select values for a and 6 in the circuit of Fig. 13.77 so that the ideal source 
supplies 1000 W. half of which is delivered to the 100 Q load. 


100 © 


100 V rms © 


E FIGURE 13.77 











50. For the circuit shown in Fig. 13.78. tind (a) 1): (b) be: (e) Ly: (a) Pos: (e) Pa: 
Cf) Pao. 


100/0? V rms 





M FIGURE 13.78 


51. Find V+ in the circuit of Fig. 13.79. 


60/0° V rms 





@ FIGURE 13.79 


52. Find the power being dissipated in each resistor in the circuit of Fig. 13.80. 


10 V rms 





E FIGURE 13.80 








© 


53. 


54, 





57. 


58. 


EXERCISES 


Find 1, in the circuit of Fig. 13.81. 


SQ 


100 Y rms 





@ FIGURE 13.83 


(a) Find the average power delivered to each 10 Q resistor in the circuit shown 
in Fig. 13.82. (b) Repeat after connecting A to C and B to D. 


5. Show how two ideal transformers may be used to match a generator having an 


output impedance of 4 + jO kQ to a load consisting of one 8 W and one 10 W 
speaker so that the 8 W speaker receives twice the average power that the 10 W 
speaker does. Draw a suitable circuit diagram and specify the required turns 
ratios. 


. A transformer whose nameplate reads | 2300/230 V, 25 KVA | operates with 


primary and secondary voltages of 2300 V and 230 V rms, respectively, and 
can supply 25 kVA from its secondary winding. If this transformer is supplied 
with 2300 V rms and is connected to secondary loads requiring 8 kW at unity 
PF and 15 kVA at 0.8 PF lagging, (a) what is the primary current? (b) How 
many kilowatts can the transformer stil! supply to a load operating at 0.95 PF 
lagging? (c) Verify your answers with PSpice. 


Late at night, an advertisement on TV is selling a device for $19.95 that will 
measure your IQ. In a moment of weakness, you reach for the phone and place 
an order; 4 to 6 weeks later, your purchase arrives. You are instructed to turn 

a dial marked Ry to your height (cm), a dial marked Ry to your mass (kg), and 
a third dial R4 to your age (years). Disgusted with the number on the display, 
you toss it across the room where the back panel falls off, revealing the 
schematic shown in Fig. 13.83. You note that cm, kg, and years all correspond 
to ohms, and the power measured by the wattmeter in mW is displayed as IQ. 
(a) What IQ would it predict for your roommate? (b) What are the characteris- 
tics of the individual who would show the greatest IQ? (c) How much money 
are you out? 





@ FIGURE 13.85 


The company for which you work asks you to travel from Fresno, California. 
where power is supplied as 120 V rms, 60 Hz to Rostock, Germany (where 
power is supplied as 240 V rms. 50 Hz) for 6 weeks to help set up a new semi- 
conductor fabrication facility. Fortunately your laptop power supply can be 
plugged into outlets in either country provided you have a plug adapter. 


Cw 
en | 
OS 


E FIGURE 13.82 
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50 Q 
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Í 





© 


m FIGURE 13.84 
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60. 


However. vour external CD writer runs only on 120 V ac. Design a circul to 
allow you to use your CD writer m Germany, assuming that it can run on 

50 Hz. (Transtormers designed only for use at 60 Hz typically have a hghter 
weight iron core than those designed for 50 Hz, so they will likely overheat au 
50 Hz. Many transformers. however, are marked 50/60 Hz.) 


_ As your first assignment in a new job, you are asked to design a circuil te 


allow a hchum cryocompressor designed in the United States to be used tn 
Australia. The cryocompressor consists of a three-phase motor which draws 
10 Arms per phase at a line voltage of 208 V. The only three-phase power 
avaiable at the site in Australia is 400 V rms. Design the necessary circuit, 
The network shown in Fig. 13.84 has the unusual property of allowing only 
positive voltages rg) to pass through to the output, negative values result 1 
v(t) = 0. (a) If an output voltage v,(/) 1s required having a peak voltage o; 

5 V., design an appropriate circuit using a 115 V rms supply and the network o! 
Fig. 13.84. Sketch the output of vour design. (b) If a “smoother” output ts 
desired (.e., one with less “ripple `). suggest a modification to your design. 
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Circuit Analysis 


in the s-Domain 


INTRODUCTION 

In Chap. 14 we developed the concept of complex frequency and 
were introduced to using Laplace transforms as a means of solving 
the types of differential equations we encounter in circuit analysis. 
After a little practice, we became adept at moving back and forth 
between the time domain and the frequency domain as necessary. 
Now we are ready to bring these formidable techniques to bear on 
the analysis of circuits in a structured fashion. The resulting set 

of skills will enable us to efficiently analyze any linear circuit to 
obtain the complete response—transient plus steady-state— 


regardless of the nature of the excitation sources. 


15.1 _ Z(s) AND Y(s) 


The key concept that makes phasors so useful in the analysis of 
sinusoidal steady-state circuits is the transformation of resistors, 
capacitors, and inductors into impedances. Circuit analysis then 
proceeds using the basic techniques of nodal or mesh analysis, su- 
perposition, source transformation, as well as Thévenin or Norton 
equivalents. As we may already suspect, this concept can be ex- 
tended to the s-domain, since the sinusoidal steady state is included 
in s-domain analysis as a special case (where o = 0). 


Resistors in the Frequency Domain 


Let’s begin with the simplest situation, that of a resistor connected 
to a voltage source v(t). Ohm’s law specifies that 


vit) = Ri (t) 
Taking the Laplace transform of both sides, 


V(s) = RI(s) 
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# FIGURE 15.1 (0) Inductor in the ime domain. 
(M The complete model for an inductor in the 
frequency domain, consisting of an Impedance $f and 
ad vollage source --£7(0 ) that incorporates the effects 
of nonzero inital conditions on the element. 
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we find that the ratio of the frequency-domain representation of the voltage 
to the frequency-domain representation of the current 1s simply the resis- 
tance. R. Thus, 


Since we are working tn the frequency domain, we refer to this quantity as 
an impedance tor the sake of clarity, but stil assign it the unit ohms ($2). 
Just as we found in working with phasors in the sinusoidal steady state, the 
impedance of a resistor does not depend on frequency, The admittance Y(s) 
of a resistor, defined as the ratio of is) to V(s). is simply 1/R: the unit of 
admittance is the siemen ($). 


Inductors in the Frequency Domain 
Next, we consider an inductor connected to some time-varying voltage 


source UC). as Shown in Fig. 15.14. We know that 


di 
v(t) = 1 — 
dt 
Taking the Laplace transform of both sides of this equation, we find 
Vís) = Lish(s) — 1(07 )] [2] 


We now have two terms: SLE(s) and LitO }. In situations where we have 
zero initial energy stored in the inductor (1.e., 7(Q7 ) = 0), then 


Vis) = sLI(s) 
so that 
Vis) 


Z(s) = 
( ls) 


[3] 

Equation [3] may be further simplified if we are only interested in the 
sinusoidal steady-state response. It is permissible to neglect the initial con- 
ditions in such instances as they only affect the nature of the transient 
response. Thus, we substitute s = j@ and find 


“Z( jw) = jol 


as was obtained previously in Chap. 10. 


Modeling Inductors in the s-Domain 

Although we refer to the quantity in Eq. [3] as the impedance of an induc- 
tor, we must remember that it was obtained by assuming zero initial current. 
in the more general situation where energy is stored in the element at 
t = 0, this quantity is not sufficient to represent the inductor in the fre- 
quency domain. Fortunately, it is possible to include the initial condition by 
modeling an inductor as an impedance in combination with either a voltage 
or current source. To do this, we begin by rearranging Eq. [2] as 


Vis} = sLIt(s} — Li) {4] 


The second term on the right will be a constant: the inductance Z in henrys 
multiplied by the initial current ¿(07 ) in amperes. The result is a constant 
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voltage term that is subtracted from the frequency-dependent term sLI(s). 
A small leap of intuition at this point leads us to the realization that we can 
model a single inductor L as a two-component frequency-domain element, 
as shown in Fig. 15.1. 

The frequency-domain inductor model shown in Fig. 15.15 consists of 
an impedance sL and a voltage source Li(O”). The voltage across the im- 
pedance sL is given by Ohm’s law as sLI(s). Since the two-element com- 
bination in Fig. 15.15 is linear, every circuit analysis technique previously 
explored can be brought to bear in the s-domain as well. For example, it 
is possible to perform a source transformation on the model in order to ob- 
tain an impedance sZ in parallel with a current source [—Li(QO-)|/sL = 
—i(07)/s. This can be verified by taking Eq. [4] and solving for I(s): 


Vis) + Li(0 ) 
SL 
Vís) i(07) 
=A 3; 


I(s) = 
[5] 





We are once again left with two terms. The first term on the right is simply an 
admittance 1/sL times the voltage V(s). The second term on the right is a 
current, although it has units of ampere - seconds. Thus, we can model 
this equation with two separate components: an admittance |/sZ in parallel 
with a current source / (07 )/s; the resulting model is shown in Fig. 15.2. The 
choice of whether to use the model of Fig. 15.1b or that shown in Fig. 15.2 is 
usually made depending on which one will result in simpler equations when 
analyzing a complete circuit containing the inductor. Note that although 
Fig. 15.2 shows the inductor symbol labeled with an admittance Y(s) = 
1 /sL, it can also be viewed as an impedance Z(s) = sL; again, the choice of 
which to use is generally based on personal preference and convenience. 





E FIGURE 15.2 An alternative frequency-domain model for the inductor, 
consisting of an admittance 1/si and a current source f (07) /S. 


A brief comment on units is in order. When we take the Laplace trans- 
form of a current i (t), we are integrating over time. Thus, the units of I(s) 
are technically ampere-seconds; in a similar fashion, the units of V(s) are 
volt-seconds. However, it is the convention to drop the seconds and assign 
I(s) the units of amperes, and to measure V(s) in volts. This convention 
does not present any problems until we scrutinize an equation such as 
Eq. [5], and see a term like ¿(07 )/s seemingly in conflict with the units of 
I(s} on the left-hand side. Although we will continue to measure these 
phasor quantities in “amperes” and “volts,” when checking the units of an 
equation to verify algebra, we must remember the seconds! 
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EXAMPLE 15.1 






Calculate the voltage v(t) shown in Fig. 15.3a, given an initial 
current i{07) = 1 A. 


3e utn 
volts 





{a] 





(b) 


W FIGURE 15.3 (¢) A simple resistor-inductor circuit for which the voltage v (t) 
is desired. (b) The equivalent frequency-domain circuit, including the initial current 
in the inductor through the use of a series voltage source —Li(07). 


We begin by first converting the circuit in Fig. 15.3a to its frequency- 
domain equivalent, shown in Fig. 15.3: the inductor has been replaced 
with a two-component model: an impedance sL = 2s Q, and an inde- 


pendent voltage source —Li(0”) = —2 V. 
A We seek the quantity labeled V(s), as its inverse transform will 
Canady result in u(t). Note that V(s) appears across the entire inductor model, 


and not just the impedance component. 
Taking a straightforward route, we write 





3 
fs) = Lea *?| 8+ 95 
1+ 2s (s + 8)(s + 0.5) 
and 
V(s) = 2sI(s) — 2 
so that 


B 2s(s + 9.5) 
T (§ + 8)(s + 0.5) 


Before attempting to take the inverse Laplace transform of this ex- 
pression, it is well worth a little time and effort to simplify it first. Thus. 


2s — 8 
(s+ 8)(s + 0.5) 


V(s) 


Vis) = 


Employing the technique of partial fraction expansion (on paper or 
with the assistance of MATLAB), we find that 


2 1.2 


ae Am + im 


Vis) = 





s+8 s+0.5 
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Referring to Table 14.1, then, the inverse transform is found to be 


v(t) = (3.2e7* — 1.2e7° ]u(t) volts 





15.1 Determine the current į (t) in the circuit of Fig. 15.4. 


Ans: 3[1 — 13e~*Ju(t) A. 


Modeling Capacitors in the s-Domain 


The same concepts apply to capacitors in the s-domain as well. Following 
the passive sign convention as illustrated in Fig. 15.5a, the governing equa- 
tion for capacitors 1$ 


E 
iis 








s) 
t 
4 | Lís) = sC 
elt} C ¥(s)=scC CxO) Ves) 
-. v(O7) 
5 
(a) T 


(b) 
(c) 


E FIGURE 15.5 (q) Capacitor in the time domain, with v (t) and / (t) labeled. 
(b) Frequency-domain model of a capacitor with initial voltage v (07}. (c) An equivalent 
model obtained by performing a source transformation. 


Taking the Laplace transform of both sides results in 
I(s) = C[sV(s) — v0) 


or 
I(s) = sC V(s) — Cv(0) [6] 


which can be modeled as an admittance sC in parallel with a current source 
Cv(07) as shown in Fig. 15.5b. Performing a source transformation on this 
circuit (taking care to follow the passive sign convention) results in an 
equivalent model for the capacitor consisting of an impedance 1/sC in 
series with a voltage source u(O7 )/s, as shown in Fig. 15.5c. 

In working with these s-domain equivalents, we should be careful not to 
be confused with the independent sources being used to include initial 
conditions. The initial condition for an inductor is given as i (07); this term 
may appear as part of either a voltage source or a current source, depending 
on which model is chosen. The initial condition for a capacitor is given as 
v(0`); this term may thus appear as part of either a voltage source or a 


4 ut) Y (*) 


m FIGURE 15.4 





QO 
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A current source. A very common mistake for students working with s-domain 
CERUHON: analysis for the first time is to always use u(O”) for the voltage source 
He component of the model. even when dealing with an inductor. 






EXAMPLE 15.2 








Find v(é) in the circuit of Fig. 15.6a, assuming an initial voltage 
vc (0) = —2 V. 


Identify the goal of the problem. 


We are in need of an expression for the capacitor voltage. vc (t). 


Collect the known information. 





Out Vv so> Lo. . ~ 
The problem specifies an initial capacitor voltage of —2 V. 
Devise a plan. 
ta) Our first step is to draw the equivalent s-domain circuit: in doing so, 
we must choose between the two possible capacitor models. With no 
20 clear benefit in choosing one over the other, we select the current- 


source-based model. as in Fig. 15.60. 


Construct an appropriate set of equations. 
We proceed with the analysis by writing a single nodal equation: 





i Ve Ve-9/s 
(h) 2/s 3 
i FIGURE 15.6 (9) A circuit for which the current Determine if additional information is required. 
v< (£) 18 required. (b) Frequency-domain equivalent We have one equation in one unknown., the frequency-domain 
dreun, employing the current-source based model to representation of the desired capacitor voltage 
account for the mitial condition of the capacitor. pres ‘ capac age. 


Attempt a solution. 
Solving for Vc, we find that 


_ 18/s-6 , (8-3) 


C 3S2  “s(s+2/3) 
Partial fraction expansion yields 
9 [I 
Ve = - — — 
s s+2/3 


We obtain ve (t) by taking the inverse Laplace transform of this 
expression, resulting in 


vc(t) = Sut) — bien" Fut) V 
or, more compactly, 


velt) = [9 — Leo Jun) V 


Verify the solution. Is it reasonable or expected? 

A quick check for = 0 yields ve (1) = —2 V, as it should based on our 
knowledge of the initial condition. Also. as f —> Oc, uc (ft) > 9 V. as 
we would expect from Fig. 15.6a once the transient has died out. 





PRACTICE 
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a inne ER PTR rer 


13.2 Repeat Example 15.2 using the voltage-source-based capacitor 


model. 


Ans: [9 — }le7/"Ju(r) V. 


The results of this section are summarized in Table 15.1. Note that in 
each case, we have assumed the passive sign convention. 


TABLE 15.1 Summary of Element Representations in 
the Time and Frequency Domains 


Time Domain 


Resistor 
v(t) =R i(t) Vis) = RI(s) 
| i(t) | Hs) 


+ 


Vis) Z(s)=R 


inductor 


vty=L “ Vis) = sLI(s) -Li (07) 


itn RO 


Zs = sL 


-Li (07) 


Capacitor 


TET Vis) = 49) 200 


[i ji (s) 


-Í 
Z(s) = + 


(0) 
S 





Frequency Domain 


I(s) = EVO 
{ 4 
is) 


+ 


I 
Vis = — 
s} Y(s) R 


I(s)= V(s) + we 


sb 


pls) 
e 


I(s) = sC V(s) - Cv(0°) 
KO) 
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15.2 _ NODAL AND MESH ANALYSIS IN THE s-DOMAIN 


In Chap. 10, we learned how to transform time-domain circuits driven by 
sinusoidal sources into their frequency-domain equivalents. The benefits of 
this transformation were immediately evident, as we were no longer required 
to solve integrodifferential equations. Nodal and mesh analysis of such 
circuits (restricted to determining only the steady-state response) resulted in 
algebraic expressions in terms of jæ. w being the frequency of the sources. 
We have now seen that the concept of impedance can be extended to the 
more genera! case of complex frequency (s = o + jw). Once we transform 
circuits from the time domain into the frequency domain, performing nodal 
or mesh analysis will once again result in purely algebraic expressions, this 
time in terms of the complex frequency s. Solution of the resulting equa- 
tions requires the use of variable substitution, Cramer's rule, or software 
capable of symbolic algebra manipulation (e.g., MATLAB). In this section, 
we present two examples of reasonable complexity so that we may examine 
these issues in more detail. First, however. we consider how MATLAB can 


be used to assist us in such endeavors. 






COMPUTER-AIDED ANALYSIS 


In Chap. 14, we saw that MATLAB can be used to determine the 
residues of rational functions in the s-domain, making the inverse 
Laplace transform process significantly easier. However, the software 
package is actually much more powerful. having numerous built-in 
routines for manipulation of algebraic expressions. In fact, as we will 
see in this example, MATLAB is even capable of performing inverse 
Laplace transforms directly from the rational functions we obtain 
through circuit analysis. 

Let’s begin by seeing how MATLAB can be used to work with alge- 
braic expressions. These expressions are stored as character strings, 
with the apostrophe symbol (`) used in the defining expression. For ex- 
ample, we previously represented the polynomial p(s) = s? — 12s + 6 
as a Vector: 


However, we can also represent it symbolically: 
PDL» p= ‘'s*3 — 12*s + 6’; 


These two representations are not equal in MATLAB; they are two 
distinct concepts. When we wish to manipulate an algebraic expression 
symbolically, the second representation is necessary. This ability is 
especially useful in working with simultaneous equations. 

Consider the set of equations 


(3s + 10h — 10h = 





—10F, + (4s + 10) = 
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Using MATLAB’s symbolic notation, we define two string variables: 
PEM’) eqni = *(3*s+10O)*TL — 10*12 = 4/(s+2); 
Pil - eqn2 = ‘—10*I1 + (4*s+10)*12 = —2/(s+1): 


Note that the entire equation has been included in each string; our goal 
is to solve the two equations for the variables I] and I2. MATLAB 
provides a special routine, so/ve(), that can manipulate the equations for 
us. It is invoked by listing the separate equations (defined as strings), 
followed by a list of the unknowns (also defined as strings): 


bi. solution = solve(eqn], eqn2, ‘Il’, TI?) 
The answer is stored in the variable solution, although in a somewhat 
unexpected form. MATLAB returns the answer in what is termed a struc- 


ture, a construct that will be familiar to C programmers. At this stage, 
however, all we need to know is how to extract our answer. If we type 


EDH TL = solution.!1 
we obtain the response 


TE 


ni pte, ca 
a -4 plow: 


ao x er crn Zoofa Ino haa 
TEE SAT Kpa PEGS A 


indicating that an s-polynomial expression has been assigned to the 
variable Il; a similar operation is used for the variable I2. 

We can now proceed directly to determining the inverse Laplace 
transform using the function ilaplace(Q): 


FDU» il = Haplace(11) 
TES 


H9 expt. po 172/607 “expt 3S/6* = 2/2 38 expt 2*0 


In this manner, we can quickly obtain the solution to simultaneous 
equations resulting from nodal or mesh analysis, and also obtain the 
inverse Laplace transforms. The command ezplot(il) allows us to see 
what the solution looks like, if we’re so inclined. It should be noted that 
complicated expressions sometimes may confuse MATLAB; in such 
situations, ilaplace() may not return a useful answer. 

It is worth mentioning a few related functions, as they can also be 
used to quickly check answers obtained by hand. The function numden() 
converts a rational function into two separate variables: one containing 
the numerator, and the other containing the denominator. For example, 


EDU» [N,D] = numden(11) 


returns two algebraic expressions stored in N and D, respectively: 


(sb DPOF S 244TH SATO} 


(Continued on next page) 
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In order to apply our previous experience with the function residue(), 
we need to convert each symbolic (string) expression into a vector 
containing the coefficients of the polynomial. This is achieved using 
the command syvm2polv(): 


n = sym2poly(N): 
and 


d = sym2poly(D) 


after which we can determine the residues: 


[r p y] = residue(n,d) 


which is in agreement with what we obtained using ilaplace(). 


With these new MATLAB skills, (or a deep-seated desire to try an alter- 
native approach such as Cramer's rule or direct substitution), we are ready 
to proceed to analyze a few circuits. 


Determine the two mesh currents i 1 and iz in the circuit of Fig. 15.7a. 
There is no energy initially stored in the circuit. 





(a) 


44s 4s Q 





(b) 


€ FIGURE 15.7 (c) A two-mesh circuit for which the individual mesh 
currents are desired. (b) The frequency-domain equivalent circuit. 


As always, our first step is to draw the appropriate frequency-domain 
equivalent circuit. Since we have zero energy stored in the circuit at 
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t = 0”, we replace the : F capacitor with a 3/s {2 impedance, and the 
4 H inductor with a 4s Q impedance, as shown in Fig. 15.7b. 
Next, we write two mesh equations just as we have before: 


F 





3 
+ -I, + i0 — IOL = 0 
S 





s+2 
or 
G + 10) I, ~ 101, = 
s+ 2 
and 
9 
~——- + 101, — 101; + 4sk = 0 
s+ | 
or 
101, + (4s + 10)1 2 — 
~ S 2 = — nagsh 2h 
~ s+l 


Solving for I, and Ih, we find that 


L = 2s(4s* + 19s + 20) 
'  (20s4 + 66s? + 73s? + 57s + 30) 
and 
B 30s? + 43s +6 
(s+ 2)(20s3 + 26s? + 21s + 15) 
All that remains is for us to take the inverse Laplace transform of each 
function, after which we find that 
i (t) = —96.39e7~ — 344.8e7! + 841.2079! cos 0.85291 


+ 197.7e 70!" sin 0.8529t mA 


h 


and 


i (t) = —481.9e7%” — 241.4e™ + 723.37?!" cos 0.85291 
+ 472.8e79 | sin 0.8529t mA 





15.3 Find the mesh currents i, and iz in the circuit of Fig. 15.8. You 
may assume no energy is stored in the circuit att = 07. 





M FIGURE 15.8 


Ans: i; = e777 cos (4 v2r) + (V2/8)e2 sin (4v2r) A: 
iy = —2 + Ge? cos (4v2) + (132/24) e7” sin (4v2) A. 


We were (indirectly) told that no current flows through 
the inductor at £ = 07. Therefore, /.(0~ } = 0, and 
consequently /.(0+) must be zero as well. Does this 
result hold true for our answer? 





a 
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EXAMPLE 15.4 


Caiculate the voltage v, in the circuit of Fig. 15.9 using nodal _ | 
analysis techniques. 


2 r 4H 





24 Sutt) V (*) (*) 4u(t) V 


Ref 


M FIGURE 15.9 A simple four-node circuit containing two energy 
storage elements. 


The first step is lo draw the corresponding s-domain circuit. We see that 
the + F capacitor has an initial voltage of 2 V across it att = 07, 
requiring that we employ one of the two models of Fig. 15.5. Since we 
are to use nodal analysis, perhaps the model of Fig. 15.5 is the better 
route. The resulting circuit is shown in Fig. 15.10. 

With two of the three nodal voltages specified, we have only one 
nodal equation to write: 








W FIGURE 15.10 The s-domain equivalent circuit of 








Fig. 15.9. V.- 7 V, — 4 
-1 = — $ +V, + +4 
s 
so that 
va tt OO Sa O 
* s22 + 48+1) J2 /2 
s(s+1+F)(s+1-%) 


The nodal voltage v, is found by taking the inverse Laplace transform, 
whereby we find that 


v, = [4 + 6.864e7 1-78" — 5 8646792929 ]u(t) 
or 


Uv. = 4 —e! (ov2 sinh 2, — cosh Sr) uo 


Is our answer correct? One way to check is to evaluate the capacitor 
voltage at t = 0, since we know it to be 2 V. Thus, 


7 v= 4s? + 28s + 3 
S T §(2s? + 4s + 1) 
Multiplying Vc by s and taking the limit as s — oo, we find that 
4s? + 288 + 3 
Ue Or = H — a == 2 -V 
ve) im 2s? + 4s + 1 | 


as expected. 
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-PRACTICE 


15.4 Employ nodal analysis to calculate v, (¢) for the circuit of Fig. 15.11. 





l 
=F 
2 r 4H 





Ref 
@ FIGURE 15.11 For Practice Problem 15.4. 


Ans: [5 + 5.657(e7! 70" — e7092 y ]ju{t). 











Use nodal analysis to determine the voltages vı, 0 and vs in the 
circuit of Fig. 15.12a. No energy is stored in the circuit at t= 0~. 








nin WON mir) 6H ett 






O.1e7* u(t) 
amperes 


(b) 


@ FIGURE 15.12 (c) A four-node circutt containing two capacitors and one 
inductor, none of which are storing energy att = 07. (6) The frequency- 
domain equivalent circuit 


This circuit consists of three separate energy storage elements, none of 
which is storing any energy at t = 07. Thus, each may be replaced by 
their corresponding impedance as shown in Fig. 15.125. We also note 


the presence of a dependent current source controlled by the nodal 
voltage v2(t). 


Beginning at node 1, we can write the following equation: 
0i Vi- V2 
s+3 100 


(Continued on next page) 
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(308) aw ———— CHAPTER 15 CIRCUIT ANALYSIS IN THE s-DOMAIN 


Or 





and at node 2, 
V: — V; + V, 4 N23 
100 7/s 6s 








or 
—42sV, + (600s” + 42s + 700)V> — 700V; = 0 
and finally, at node 3, 
V;-—V2 V; 


= 


6s + 375 





—-Q.2V> = 
or 
(1.28 — DV: + (38° + 1)V3 =0 
Solving this set of equations for the nodal voltages, we obtain 


100s? + 7s? + 150s + 49 
(s + 3)(30s? + 45s + 14) 


I — 


3 2 
V, oz Stl 
(s + 3)30s? + 45s + 14) 
6s — 5 


V; = —1.4—_____-__—__— 
3 (s + 3)(30s? + 45s + 14) 


The only remaining step is to take the inverse Laplace transform of 

each voltage, so that, for £ > 0, 

vi (t) = 9.789e* + 0.061732e70 74" + 0, 148829 '47"' cos(1.25 In) 
+ 0.05172” Y" sin(1.251t) V 


v(t) = —0.2105e7* + 0,061732e7 024! 4 0. L488e9!47" cos(1.2510 
+ 0.05172%!" sin(1.2511) V 


v3(t) = —0.03459e7* + 0.06631e 72?! — 0.031722 T" cos(1.2514) 
— 0.06362e°'4"" sin(1.251t) V 


Note that the response grows exponentially as a result of the action of 
the dependent current source. In essence, the circuit is “running away,” 
indicating that at some point a component will melt, explode, or fail in 
some related fashion. Although analyzing such circuits can evidently 
entail a great deal of work, the advantages to s-domain techniques are 
clear once we contemplate performing the analysis in the time domain! 





15.5 Use nodal analysis to determine the voltages v,, v2, and v3 in 
the circuit of Fig. 15.13. Assume there is zero energy stored in the 
inductors att = 0°. 





Ans: v(t) = —3086(2) — 14u(t) Vs uo (t) = —l4u (t) V3 v(t) = 248 (t) — l4ut V. 


@ FIGURE 15.13 
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15.3 _ ADDITIONAL CIRCUIT ANALYSIS TECHNIQUES 


Depending on the specific goal in analyzing a particular circuit. we often 
find that we can simplify our task by carefully choosing our analysis 
technique. For example, it is scldom desirable to apply superposition to a 
circuit containing 215 independent sources, as such an approach requires 
analysis of 215 separate circuits! By treating passive elements such as ca- 
pacitors and inductors as impedances, however, we are free to employ any 
of the circuit analysis techniques studied in Chaps. 3, 4, and 5 to circuits that 
have been transformed to their s-domain equivalents. 

Thus, superposition, source transformations, Th venin’s theorem, and 
Norton’s theorem all apply in the s-domain. 





Simplify the circuit of Fig. 15.144 using source transformations, — 
and determine an expression for the voltage v(t). 


With no initial currents or voltages specified, and a u(t) multiplying the 
voltage source, we conclude that there is no energy initially stored in 
the circuit. Thus, we draw the frequency-domain circuit as shown in 
Fig. 15.145. 

Our strategy will be to perform several source transformations in 
succession in order to combine the two 2/s &2 impedances and the 10 2 
resistor; we must leave the 9s Q impedance alone as the desired quan- 
tity V(s) appears across its terminals. We may now transform the 
voltage source and the leftmost 2/s 82 impedance into a current source 


2s S s? 
Is) = ( ——— =) = A 
‘s) (a5) (5 s°+9 
in parallel with a 2/s $2 impedance. 
As depicted in Fig. 15.15a, after this transformation, we have Z; = 
(2/s){[10 = 20/(10s + 2) Q facing the current source. Performing an- 
other source transformation, we obtain a voltage source V2(s) such that 


Va) s? 20 
2(s) = | ——— ———_ 
i s +9 10s + 2 


2 
32 


-+ 
s? r 
- ACH) 9s Q B Vis) 
s° +9 





Vis) 





(a) . (b) 
E FIGURE 15.15 (a) Circuit after first source transformation. (6) Final circuit to be analyzed for V(s). 


This voltage source is in series with Z, and also with the remaining 2/s 
impedance; combining Z, and 2/s into a new impedance Zz yields 
20 2 40s + 4 
La = eee + — = 
10s+2 s  s(l0s+2) 


{Continued on next page) 
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0.5 F 0.5 F 
2 cos 3t u(t) m 
volts 102 9H% sin 
(a) 
2/s O 2s O 
+ 

2 t 
-55 y 100 950 Z Vis) 
s- +9 


(b) 


M FIGURE 15.14 (a) Circuit to be simplified using 
source transformations. (b) Frequency-domain 
representation. 
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Note that each term having a complex pole has a 
companion term that is its complex conjugate. For any 
physical system, complex poles wil) always occur in 
conjugate pairs. 


A 


Sat) V 





E FIGURE 15.16 


The resulting circuit is shown in Fig. 15.155. At this stage, we are 
now ready to obtain an expression for the voltage V(s) using simple 
voltage division: 


( 57 )( 20 9s 
249 Oeno] Y T ALA l 
s° +9 10s + 2 6+ | ae 


Vis) 


i} 


s(tOs + 2) 
180s" 
(s- + 9)(90s? + 18s? + 40s + 4) 
Both terms in the denominator possess complex roots. Employing 
MATLAB to expand the denominator and then determine the residues, 


HIN odt =°s°2 +9; 

FIN -d2 = `°90*s°3 + 18*s°2 + 40*s 4+ 4; 
LD d = symmul(dl,d2); 

bis = denominator = expand(d):; 

iL den = sym2poly(denominator); 
LGE- num = [180 0 0 0 0]: 

ixo [rp y} = residue(num,den); 


we find 


Vís) = 1.047 + j0.0716 t.047 — j0.0716 0.0471 + j0.0191 
s— j2 s+ j3 s + 0.04885 — 70.6573 
0.0471 — 70.0191 5.590 x 107° 
© s + 0.04885 + j0.6573 s +. 0.1023. 
Taking the inverse transform of each term, writing 1.047 + 70.0716 as 
1.049e/7-"!" and 0.0471 + j0.0191 as 0.05083e/!°?° results in 
v(t) =1.049e/99"? ef u(t) + 1.04967? euf) 
+ 0.05083¢~/ 157-9 e- 0.048851 — 0.65731 y (f) 
+ 0.05083¢ +1 157-9 9 0.048851 + j0.65731 (4) 
+ 5.590 x 10° Oy (4) 
Converting the complex exponentials to sinusoids then allows us to 
write a slightly simplified expression for our voltage 
v(t) =[5.590 x 107° e791" +. 2.098 cos(3t + 3.912°) 
+ 0.101720 88 cos(0.65731 + 157.9°)Ju(t) V 





{5.6 Using the method of source transformation, reduce the circuit of 
Fig. 15.16 to a single s-domain current source in parallel with a single 
impedance. 


35 728° + 252s 


Ans: I, = ——— A. Z, = —-->- 
nS: is = 218s 4 63) s gs? + 6382 + 12s 4 28 
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Find the frequency-domain Th venin equivalent of the highlighted 
network shown in Fig. 15.17a. 


This particular circuit is known as the “hybrid z” model 
for a special type of single-transistor circuit known as 
the common base amplifier. The two capacitors, C» and 
C, represent capacitances internal to the transistor, 
and are typically on the order of a few pF. The resistor 
R, in the circuit represents the Th venin equivalent 
resistance of the output device, which could be a 
speaker or even a semiconductor laser. The voltage 
source vs and the resistor R together represent the 
Th venin equivalent of the input device, which may be 
a microphone, a light-sensitive resistor, or possibly a 
radio antenna. 





(b) 


@ FIGURE 15.17 (a) An equivalent circuit for the “common base” transistor amplifier. 
(b) The frequency-domain equivalent circuit with a 1 A test source substituted for the 
input source represented by v; and R.. 


We are being asked to determine the Th venin equivalent of the circuit 
connected to the input device; this quantity is often referred to as the 
input impedance of the amplifier circuit. After converting the circuit 

to its frequency-domain equivalent, we replace the input device (v, and 
Rs) with a 1 A “test” source, as shown in Fig. 15.17b. The input imped- 
ance Zin is then 


or simply Vin. We must find an expression for this quantity in terms of 
the | A source, resistors and capacitors, and/or the dependent source 





parameter g. 
Writing a single nodal equation at the input, then, we find that 
V. 
l+eV, = — 
Leg 
where 
l Rer 
Ze = Re a n 
sC, ra + Re +SRerrCr 














Since V,, = —V;n, we find that 


Rerz 


Bin = Vn = m Em. 
re + Re tSREraCr + gRern 








D Vv 





# FIGURE 15.18 





id) 





(h) 


€ FIGURE 15.19 (c) A simpie resistor-capacitor 
circuit, with an input voltage and output voltage 
specified. (b) The s-domain equivalent creut. 


When computing magnitude, it is customary to 
consider +oo and — as as being the same frequency 
The phase angle of the response at very large positive 
and negative values of « need not be the same, 
however. 
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PRACTICE 


nn rn 
15.7 Working in the s-domain, find the Norton equivalent connected to 
the 1 Q resistor in the circuit of Fig. 15.18. 








Ans: Ie = 3is + D/4s Al Za = AS +1) Q. 














poles, zeros, and transfer functions. 
Consider the simple circuit in Fig. 15.19a. The s-domain equivalent is 
given in Fig. 15.19). and nodal analysis yields 


Vou , Vou T Vin 





OF 








7 


where H(s) is the transfer function of the circuit, defined as the ratio of the 
output to the input. We could just as easily specify a particular current as ci- 
ther the input or output quantity. leading to a different transfer function for the 
same circuit. Circuit schematics are typically read from left to right, so 
designers often place the input of a circuit on the left of the schematic and the 
output terminals on the right, at least to the extent where it is possible. 

The concept of a transfer function is very important, both in terms of cir- 
cuit analysis as well as other areas of engineering. There are two reasons for 
this. First. once we know the transfer function of a particular circuit, we can 
easily find the output that results from any input. All we need to do is mul- 
uply H(s) by the input quantity, and take the inverse transform of the re- 
sulting expression. Second. the form of the transfer function contains a 
great deal of information about the behavior we might expect from a partic- 
ular circuit (or system). 

As alluded to in the Practical Application of Chap. 14, in order to eval- 
uate the stability of a system it is necessary to determine the poles and zeros 
of the transfer function H(s): we will explore this issue in detail shortly. 
Equation [7] may be written as 


1/RC 


His) = 
s+1/RC 


[8 | 
The magnitude of this function approaches zero as s —> oo. Thus, we say 
that H(s) has a zero at s = oo. The function approaches infinity ats = —1/ 
RC. we therefore say that H(s) has a pole ats = —1/ RC. These frequen- 
cies are termed critical frequencies, and their early identification simplifies 
the construction of the response curves we will develop in Section 15.7. 
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15.5 _ CONVOLUTION 


The s-domain techniques we have developed up to this point are very use- 
ful in determining the current and voltage response of a particular circuit. 
However, in practice we are often faced with circuits to which arbitrary 
sources can be connected, and require an efficient means of determining the 
new output each time. This is easily accomplished if we can characterize the 
basic circuit by a transfer function called the system function. Interestingly 
enough, we are about to see that this system function is the Laplace trans- 
form of the unit impulse response of the circuit. 

The analysis can proceed in either the time domain or the frequency do- 
main, although it is generally more useful to work in the frequency domain. 
In such situations, we have a simple four-step process: 


. Determine the circuit system function (if not already known). 


. Obtain the Laplace transform of the forcing function to be applied; 


fa be = 


. Multiply this transform and the system function; and finally 


> 


Perform an inverse transform operation on the product to find the 
output. 


By these means some relatively complicated integral expressions will be 
reduced to simple functions of s, and the mathematical operations of inte- 
gration and differentiation will be replaced by the simpler operations of al- 
gebraic multiplication and division. With these remarks in mind, let us now 
proceed to examine the unit-impulse response of a circuit and establish its 
relation to the system function. Then we can look at some specific analysis 
problems. 


The Impulse Response 


Consider a linear electrical network N, without initial stored energy, to which 
a forcing function x(t) is applied. At some point in this circuit, a response 
function y(t) is present. We show this in block diagram form in Fig. 15.20a 
along with sketches of generic time functions. The forcing function is shown 
to exist only in the interval a < t < b. Thus, y(t) exists only fort > a. 

The question that we now wish to answer is this: “If we know the form 
of x(t), then how is y(t) described?” To answer this question, we need to 
know something about N. Suppose, therefore, that our knowledge of N 
consists of knowing its response when the forcing function is a unit impulse 
6(t). That is, we are assuming that we know A(t), the response function re- 
sulting when a unit impulse is supplied as the forcing function at t = 0, as 
shown in Fig. 15.20b. The function A(t) is commonly called the unit-impulse 
response function, or the impulse response. This is a very important 
descriptive property for an electric circuit. 

Based on our knowledge of Laplace transforms, we can view this from 
a slightly different perspective. Transforming x(t) into X(s) and y(t) into 
Y(s), we define the system transfer function H(s) as 


_ Y(s) 


H(s) = XG) 
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NE} yar 
ms n= y — vi) 
- \ t i 
d p a b 
(et} 
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' OF} — y Air} 
—» f 7 
ib) 
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id} 


f awun da —| N j J rahu-ada 


(e) 


un —} N j ay heap = yo 


(f) 
@ FIGURE 15.20 A conceptual development of the convolution integral. 


If x(t) = S(t), then according to Table 14.1, X(s) = 1. Thus, H(s) = Y(s) 
and so in this instance h(t) = v(t). 

Instead of applying the unit impulse at time f = 0, let us now suppose 
that it is applied at time t = 4 (lambda). We see that the only change in the 
output is a time delay. Thus, the output becomes A(t — A) when the input is 
d(t — A}, as shown in Fig. 15.20c. Next, suppose that the input impulse has 
some strength other than unity. Specifically, let the strength of the impulse 
be numerically equal to the value of x(t) when ¢ = 4. This value x(A) is a 
constant, we know that the multiplication of a single forcing function in a 
linear circuit by a constant simply causes the response to change propor- 
tionately. Thus, if the input is changed to x(A)d(f — A), then the response 
becomes x({A)/(t — A), as shown in Fig. 15.20d. 

Now let us sum this latest input over all possible values of A and use the 
result as a forcing function for N. Linearity decrees that the output must be 
equal to the sum of the responses resulting from the use of all possible val- 
ues of A. Loosely speaking, the integral of the input produces the integral of 
the output, as shown in Fig. 15.20e. But what is the input now? Given the 
sifting property! of the unit impulse, we see that the input is simply x(t), the 
original input. Thus, Fig. 15.20e may be represented as in Fig. 15.20. 


(ti The siting property of the impulse function. descrtbed in Section 14.5. states that 
PS ANSU = tide = flip). 
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The Convolution Integral 


If the input to our system N is the forcing function x (7), we know the output 


must be the function y(t) as depicted in Fig. 15.20a. Thus, from Fig. 15.20f 
we conclude that 


nc 

yt) = | x(A)h(t — A) da [9] 
-IC 

where h(t) is the impulse response of N. This important relationship is 

known far and wide as the convolution integral. In words, this last equation 

states that the output is equal to the input convolved with the impulse 

response. It is often abbreviated by means of 


yu) = x(t) * At) 


where the asterisk is read “convolved with.” 
Equation [9] sometimes appears in a slightly different but equivalent 


form. If we let z =t ~ A, then dA = —dz, and the expression for y(t) 
becomes 


= OD Oo 
y(t) = Í —x(t — zh (z) dz = | x(t — z)h(z) dz 
OO ox 
and since the symbol that we use for the variable of integration is unimpor- 
tant, we can modify Eq. [9] to write 


y(t) = x(t) * A(t) =) x(z)h(t — z) dz 
œ [10] 
= | x(t — z)h(z) dz 


— OO 


Convolution and Realizable Systems 


The result that we have in Eq. [10] is very general; it applies to any linear 
system. However, we are usually interested in physically realizable 
systems, those that do exist or could exist, and such systems have a property 
that modifies the convolution integral slightly. That 1s, the response of the 
system cannot begin before the forcing function is applied. In particular, 
h(t) is the response of the system resulting from the application of a unit 
impulse at t = 0. Therefore, h(t) cannot exist for t < 0. It follows that, in 
the second integral of Eq. [10], the integrand is zero when z < Q; in the first 
integral, the integrand is zero when (t — z) is negative, or when z > t. 
Therefore, for realizable systems the limits of integration change in the 
convolution integrals: 


f 


y(t) = x(t) * h(t) =) x(z)h(t — z) dz 


“OO 


[11] 


= | x(t — z)h(z) dz 
0 





Be careful not to confuse this new notation with 
multiplication! 
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@ FIGURE 15.21 Graphical concepts in evaluating a 
convolution integral 
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Equations [10] and [11] are both valid. but the latter is more specific when 
we are speaking of realizable linear systems, and well worth memorizing. 


Graphical Method of Convolution 
Before discussing the significance of the impulse response of a circuit any 
further, let us consider a numerical example that will give us some insight 
into just how the convolution integral can be evaluated. Although the ex- 
pression itself is simple enough. the evaluation is sometimes troublesome. 
especially with regard to the values used as the limits of integration. 
Suppose that the input is a rectangular voltage pulse that starts at t = 0. 
has a duration of | second, and is | V in amplitude: 


XQ) = b(t) = ut) ~ u(t — 4) 


Suppose also that this voltage pulse is applied to a circuit whose impulse 
response is known to be an exponential function of the form: 


h(t) = 2e Tult) 
We wish to evaluate the output voltage velz), and we can write the answer 


immediately in integral form, 


vr) = volt) = v(t) x Alt) = | vit — DACs) dz 


JQ 


I 


| [u(t — 2) — u(t = Dle uo dz 
( 


Obtaining this expression for v,,(7) is simple enough. but the presence of the 
many unit-step functions tends to make its evaluation confusing and possi- 
bly even a little obnoxious. Careful attention must be paid to the determina- 
tion of those portions of the range of integration in which the integrand 
IS zero. 

Let us use some graphical assistance to help us understand what the con- 
volution integral says. We begin by drawing several z axes lined up one 
above the other, as shown tn Fig. 15.21. We know what v; (7) looks like, and 
so we know what u (z) looks like also; this is plotted as Fig. 15.214. The 
function v,(—z) is simply v;(z) run backward with respect to z, or rotated 
about the ordinate axis; it is shown in Fig. 15.21b. Next we wish to repre- 
sent v;(¢ — 2), which is v;(—z) after it is shifted to the night by an amount 
z =f as shown in Fig. 15.21lc. On the next z axis, in Fig. 15.21. our 
impulse response A(z) = 2e7*u(z) is plotted. 

The next step is to multiply the two functions v;(¢ — z) and A(z); the re- 
sult for an arbitrary value of f < | ts shown in Fig. 15.21e. We are after a 
value for the output v(t), which is given by the area under the product 
curve (shown shaded tn the figure). 

Let’s first consider ¢ < 0. In this case, there is no overlap between 
v(t — z) and A(z), so v, = 0. As we increase t, we slide the pulse shown in 
Fig. 15.21c to the right, leading to an overlap with A(z) once 1 > 0. The area 
under the corresponding curve of Fig. 15.2 1e continues to increase as we in- 
crease the value of runtil we reach f = 1. As f increases above this value. a 
gap opens up between z = 0 and the leading edge of the pulse, as shown in 
Fig. 15.21 As a result. the overlap with A(z) decreases. 
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In other words, for values of ¢ that lie between zero and unity, we must 
integrate from z = 0 to z = t; for values of t that exceed unity, the range of 
integration is f — | < z < t. Thus, we may write 

0 t< 0 


t 
| 2e*dz=2(1 -e) O=f = ! 
Uo (t) a= JO 


t 
| 227 dz =2(e — je” r>1 
t—l 
This function is shown plotted versus the time variable r in Fig. 15.22, and 


our solution is completed. 


v(t) 


> 


~ 


t 
0 l 2 3 


-— 


@ FIGURE 15.22 The output function vo obtained by graphical convolution. 








EXAMPLE 15.8 


Apply a unit-step function, x(t) = u(t), as the input to a system 
whose impulse response is h(t) = u(t) — 2u(t — 1) + u(t — 2), and 
determine the corresponding output y(t) = x(t) * h(t). 


Our first step is to plot both x(t) and A(t), as shown in Fig. 15.23. 


h(t) 


x(t) 





(a) 


E FIGURE 15.23 Sketches of (a) the input signal x(t) = u(t) and (b) the unit- 
impulse response h(t) = u(t) — 2u (t — 1) +u(t — 2), for a linear system. 


We arbitrarily choose to evaluate the first integral of Eq. [11], 


t 
y(t) -=f x(z)h(t — z) dz 


— O0 


and prepare a sequence of sketches to help select the correct limits of 
integration. Figure 15.24 shows these functions, in order: the input x(z) 
as a function of z; the impulse response A(z); the curve of h(—z), 


(Continued on next page) 
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which is just A(z) rotated about the vertical axis: and k(t — z}, obtained 
by sliding A(—z) to the right f units. For this sketch, we have selected 
t in the range 0 <t < |. 


A(z) 


xiz) 








(d) 


E FIGURE 15.24 (2) The input signal and (6) the impulse response are plotted as functions of z. 
(© h{~z) is obtained by flipping A(z) about the vertical axis, and (7) A(¢ — z) results when 
h(—z) is slid £ units to the right. 


It is now easy to visualize the product of the first graph, x(z), and 
the last, h(t — z), for the various ranges of t. When t is less than zero, 
there is no overlap, and 

y(t) =0 t<0 


For the case sketched in Fig. 15.24d, h(t — z) has a nonzero overlap 
with x(z) from z = 0 to z = ż, and each is unity in value. Thus, 


i 
yy = f x dde=r O<t<] 
0 
When t lies between 1 and 2, A(t — z} has slid far enough to the right 


to bring under the step function that part of the negative square wave 
extending from z = 0 to z = t — 1. We then have 


t—1 t 
yy = f [1x (lds + f (x Ddz=—z 
0 t—1 


raf] Z 





z=0 


gt] 


Therefore, 
v(t) =-( —1L+r-(@—-—1)=2-—-1, l<t<? 


Finally, when ¢ is greater than 2, A(t — z) has slid far enough to the 
right so that it lies entirely to the right of z = 0. The intersection with 
the unit step is complete, and 


Eo 


—2 


z=r—2 


t—l t 
yin) = f [1 x Daz + f (x Dadz=— 
j i—i 
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OT 
yt) = ~(t—l)+0@-—2)+t—(t—1)=0, t>2 


These four segments of y(t) are collected as a continuous curve in 
Fig. 15.25. 


PRACTICE _ 


a aaa a n SE aH eA AS Aa 
15.8 Repeat Example 15.8 using the second integral of Eq. [11]. 
15.9 The impulse response of a network is given by A(t) = Su(¢ — 1). 
If an input signal x(t) = 2[u(r) — u(t — 3)] is applied, determine the 
output y(t) at t equal to (a) —0.5; (b) 0.5; (c) 2.5; (d) 3.5. 


Ans: 15.9: 0, 0, 15, 25. 


Convolution and the Laplace Transform 


Convolution has applications in a wide variety of disciplines beyond linear 
circuit analysis, including image processing, communications, and semi- 
conductor transport theory. It is often helpful therefore to have a graphical 
intuition of the basic process, even if the integral expressions of Eqs. [10] 
and [11] are not always the best solution route. One very powerful alterna- 
tive approach makes use of properties of the Laplace transform—hence our 
introduction to convolution in this chapter. 

Let F; (s) and F>(s) be the Laplace transforms of fı (t) and f2(t), respec- 
tively, and consider the Laplace transform of fi) * ha), 


AAR fh =L If Arar fale — nar} 


One of these time functions will typically be the forcing function that is 
applied at the input terminals of a linear circuit, and the other will be the 
unit-impulse response of the circuit. 

Since we are now dealing with time functions that do not exist prior to 
t = O` (the definition of the Laplace transform forces us to assume this), the 
lower limit of integration can be changed to O~. Then, using the definition 
of the Laplace transform, we get 


Lai hE = | e™ f Fila) fa(t — A) an| dt 
0 0- 


Since e7™™“ does not depend upon 4, we can move this factor inside the 
inner integral. If we do this and also reverse the order of integration, the 
result is 


UO fan = f p eA A di laa 
N 


Continuing with the same type of trickery, we note that fı (à) does not de- 
pend upon ż, and so it can be moved outside the inner integral: 


Lifa) flo} = Í fi) | e™ f(t — aat di 
o- g 
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y(t) 


@ FIGURE 15.25 The result of convolving the x (t) 
and f(t) shown in Fig, 15.23. 





EXAMPLE 15.9 | 
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We then make the substitution x = t — A in the bracketed integral (where 
we may treat A as a constant): 


xS OO 
L{fi(t) * fo(t)} =f fi (a) p e fata) dx dì. 
QO J—À 
= fi(ase BA p e =A) dx dir 
() —À 


a OC i 
= fi(Aye “| Fr(s)] da 
Jo 
me 4 
= Fs) | fide “da 
0 


Since the remaining integral is simply F; (s), we find that 





l ; 
| Li filt) * fa(t)} = Fy (s) - Fr(s) [12] 





Stated slightly differently, we may conclude that the inverse transform 
of the product of two transforms is the convolution of the individual inverse 
transforms, a result that is sometimes useful in obtaining inverse transforms. 


Find v(t) by applying convolution techniques, given that V(s)= 
1/[(s + æ) (s + p). 


We obtained the inverse transform of this particular function in 
Sec. 14.5 using a partial-fraction expansion. We now identify V(s) as 
the product of two transforms, 








iid (Ss +a) 
and 
V- (S) = : 
i (s + B) 
where 
vilt) =e “u(t) 
and 


v(t) =e u(t) 


The desired v(t) can be immediately expressed as 
OO 
v(t) = L'{Vi(s)V2(8)} = vi (t) * v2(t) = Í v1 (A)u2(t — A) da 
ne 


oo t 
= | E “uOe PF" u(t —A) dA = | ee Pd 
( 


ean ry | 


t 
= eth eP Gq) = e Ft ult) 
0- p-a 
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or, more compactly, 





v(t) = (eo — eo P jy 


-q 
which is the same result that we obtained before using partial-fraction 
expansion. Note that it is necessary to insert the unit step u(r) in the 
result because all (one-sided) Laplace transforms are valid only for 
nonnegative time. 


PRACTICE 


—_._.__ a 
15.10 Repeat Example 15.8, performing the convolution in the s-domain. 


Further Comments on Transfer Functions 

As we have noted several times before, the output v,(t) at some point in a 
linear circuit can be obtained by convolving the input v; (ft) with the unit- 
impulse response A(t). However, we must remember that the impulse re- 
sponse results from the application of a unit impulse at t = 0 with all initial 
conditions zero. Under these conditions, the Laplace transform of v,(f) is 


L{vo(t)} = Vo(s) = L{v;(t) * h(t)} = Vi(s)[L{A(t)}] 
Thus, the ratio V,,(s)/V;(s) is equal to the transform of the impulse re- 
sponse, which we shall denote by H(s), 
Vo(S) 
V; (s) 


From Eq. [13] we see that the impulse response and the transfer function 
make up a Laplace transform pair, 


Lik} = HG) = 





[13] 


h(t) & H(s) 


This is an important fact that we shall explore further in Sec. 15.7, after 
becoming familiar with the concept of pole-zero plots and the complex- 
frequency plane. At this point, however, we are already able to exploit this 
new concept of convolution for circuit analysis. 






Determine the impulse response of the circuit in Fig. 15.26a, and _ 
use this to compute the forced response v,(¢) if the input v;,(¢) = 
6e~‘u(t) V. 3 input 


500 mF IQ 500 mF IQ 





(a) (b) 


@ FIGURE 15.26 (a) A simple circuit to which an exponential input is applied att = 0. 
(b) Circuit used to determine h(t). 


(Continued on next page) 
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Was the result easier to obtain by this method? Not 
unless one is in love with convolution integrals! The 
partial-fraction-expansion method is usually simpler, 
assuming that the expansion itself is not too cumber- 
some. However, the operation of convolution is easier 
to perform in the s-domain, since it only requires 
multiplication. 











@ FIGURE 15.27 Circuit used to find H(s). 
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We first connect an impulse voltage pulse (1) V to the circuit as shown 
in Fig. 15.265. Although we may work in either the time domain with 
h(t) or the s-domain with H(s), we choose the latter, so we next 
consider the s-domain representation of Fig. 15.26b as depicted in 
Fig. 15.27, 
The impulse response H(s) is given by 
© Vo 
H(s) = T 
so our immediate goal is to find V, —a task easily performed by simple 
voltage division: 


; S 
Vo! = = — = H(s) 
ARETE 2 s+ 1 





We may now find v,(t) when Vin = 6e u(t) using convolution, as 
vin = £7'{Vin(s) - H(s)} 
Since Vin(s) = 6/(s + 1), 
-S _ 6 6 
(Stl)? s+1l1 (s+1) 


Taking the inverse Laplace transform, we find that 


0 


volt) = 6e™ (1 — t)u(t) V. 


PRACTICE 


nana e N aa a a a aa a a 
15.11 Referring to the circuit of Fig. 15.26a, use convolution to obtain 
Volt) if Vin = tut) V. 


Ans: v,(t) = (1 — ev u(t) V. 


15.6 THE COMPLEX-FREQUENCY PLANE 


We now plan to develop a more general graphical presentation by plotting 
quantities as functions of s; that is, we wish to show the response simulta- 
neously as functions of both o and w. Such a graphical portrayal of the 
forced response as a function of the complex frequency s is a useful, en- 
lightening technique in the analysis of circuits, as well as in the design or 
synthesis of circuits. After we have developed the concept of the complex- 
frequency plane, or s-plane, we will see how quickly the behavior of a 
circuit can be approximated from a graphical representation of its critical 
frequencies in this s-plane. 

The converse procedure is also very useful: if we are given a desired 
response curve (the frequency response of a filter, for example), it will be 
possible to decide upon the necessary location of its poles and zeros in the 
s-plane and then to synthesize the filter. The s-plane is also the basic tool 
with which the possible presence of undesired oscillations is investigated in 
feedback amplifiers and automatic control systems. 
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Response as a Function of o 


Let us develop a method of obtaining circuit response as a function of s 
by first considering the response as a function of either o or œw. Consider, 
for example, the input or “driving-point” impedance of a network 
composed of a 3 Q resistor in series with a 4 H inductor. As a function of s, 
we have 


Z(s) = 3+ 4s 2 


If we wish to obtain a graphical interpretation of the impedance variation 
with o, we lets = o + jO: 


Zio) =3+ 40 R 


and recognize a zero at o = -ł and a pole at infinity. These critical fre- 


quencies are marked on a ø axis, and after identifying the value of Z(o) at 
some convenient noncritical frequency [perhaps Z(0) = 3], it is easy to 
sketch |Z(a)| versus o as shown in Fig. 15.28. This provides us with infor- 
mation regarding the impedance when connected to a simple exponential 
forcing function e°‘. In particular, note that the dc case (o = w = 0) results 
in an impedance of 3 Q, as we would expect. 


iZi | 





-3/4 


E FIGURE 15.28 Plot of the function |Z(a)| as a function 
of frequency o. 


Response as a Function of w 
In order to plot the response as a function of the radian frequency w, we let 
s=O0O+ jw: 


Zw) =3 + j4o 


and then obtain both the magnitude and phase angle of Z(jw) as functions 
of w: 
IZ(jw)| = V9 + 16w? [14] 


4 
ang Z(jw) = tan! [15] 





Fie Edt View Insert Toots Window Help 
OmmMSBa rR AAS HPT 
sqrt(9+16 w?) 














ura Me 
Fie Edt View Insert Tools Window Help 
OweeSB rk AALS APP” 


atan(s w3) 





@ FIGURE 15.29 (a) Plot of |Z(/w)| asa 
function of frequency. The plot was generated 
using the MATLAB command line 

ezplot(‘sqrt(9 + 16*w%* 2)’) 
(b) Plot of the angle of Z( jæ) as a function 
of frequency. 


jo 


s-plane 


@ FIGURE 15.30 The complex-frequency plane, or 
s-plane. 
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The magnitude function shows a single pole at infinity and a minimum at 
w = 0; it can be sketched readily as a curve of |Z(jq@)| versus w. As the 
frequency is increased, the magnitude of the impedance also increases, 
which is precisely the behavior we expect from the inductor. The phase an- 
gle is an inverse tangent function, zero at w = 0 and £90° at w = +00; it is 
also easily presented as a plot of ang Z(j@) versus w. Equations [14] and 
[15] are plotted in Fig. 15.29. 

In graphing the response Z(j) as a function of w, two two-dimensional | 
plots are required: both the magnitude and phase angle as functions of w. 
When exponential excitation is assumed, we can present all the information 
on a single two-dimensional graph by allowing both positive and negative 
values of Z(a) versus o. However, we chose to plot the magnitude of Z(c ) 
in order that our sketches would compare more closely with those depicting 
the magnitude of Z( jw). The phase angle (0°, +180° only) of Z(o) was 
largely ignored. The important point to note is that there is only one inde- 
pendent variable, ø in the case of exponential excitation and @ in the sinu- 
soidal case. Now let us consider what alternatives are available to us if we 
wish to plot a response as a function of s. 


Graphing on the Complex Frequency Plane 


The complex frequency s requires two parameters, o and w, for its complete 
specification. The response is also a complex function, and we must there- 
fore consider sketching both the magnitude and phase angle as functions of s. 
Either of these quantities—for example, the magnitude—is a function of the 
two parameters o and w, and we can plot it in two dimensions only as a 
family of curves, such as magnitude versus w, with ø as the parameter. 

A better method of representing the magnitude of some complex re- 
sponse graphically involves using a three-dimensional model. Although 
such a model is difficult to draw on a two-dimensional sheet of paper, we 
will find that the model is not difficult to visualize; most of the drawing will 
be done mentally, since in one’s head few supplies are needed and con- 
struction, correction, and erasures are quickly accomplished. Let us think of 
ao axis and a jw axis, perpendicular to each other, laid out on a horizontal 
surface such as the floor. The floor now represents a complex-frequency 
plane, or s-plane, as sketched in Fig. 15.30. To each point in this plane there 
corresponds exactly one value of s, and with each value of s we may asso- 
ciate a single point in this complex plane. 

Since we are already quite familiar with the type of time-domain func- 
tion associated with a particular value of the complex frequency s, it is now 
possible to associate the functional form of a forcing function or forced 
response with a specific region in the s-plane. The origin, for example, 
represents a dc quantity. Points lying on the ø axis represent exponential 
functions, decaying for o < 0, increasing foro > 0. Pure sinusoids are as- 
sociated with points on the positive or negative jw axis. The right half of the 
s-plane, usually referred to simply as the RHP, contains points describing 
frequencies with positive real parts and thus corresponds to time-domain 
quantities that are exponentially increasing sinusoids, except on the o axis. 
Correspondingly, points in the left half of the s-plane (LHP) describe the 
frequencies of exponentially decreasing sinusoids, again with the exception 
of the negative o axis. Figure 15.31 summarizes the relationship between 
the time domain and the various regions of the s-plane. 
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Jw 


t ` FIEF 1 t 


E FIGURE 15.31 The nature of the time-domain function Is sketched in the region of the complex- 
frequency plane to which it corresponds. 


Let us now return to our search for an appropriate method of representing 
a response graphically as a function of the complex frequency s. The 
magnitude of the response may be represented by constructing a model out 
of clay whose height above the floor at every point corresponds to the mag- 
nitude of the response at that value of s. In other words, we have added a third 
axis, perpendicular to both the o axis and the jw axis and passing through the 
origin; this axis is labeled IZI, 1Y], |V2/V1l, or with another appropriate sym- 
bol. The response magnitude is determined for every value of s, and the 
resultant plot is a surface lying above (or just touching) the s-plane. 


Oe a S 


Sketch the admittance of the series combination of a 1 H inductor 
and a 3 & resistor as a function of both jw and o. 7 





The admittance of these two series elements is given by 


Substituting s = o + jæ, we find the magnitude of the function is 





|Y(s)| = 


l 
J(o +3)? + w? 


(Continued on next page) 
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When s = —3 + j0, the response magnitude is infinite; when s is 
infinite, the magnitude of Y(s) is zero. Thus our model must have infi- 
nite height over the point (—3 + j0), and it must have zero height at all 
points infinitely far away from the origin. A cutaway view of such a 
model is shown in Fig. 15.32a. 


|Y] 





|Y] 
|y] 


w o 
(b) : -3 
(c) 


@ FIGURE 15.32 (a) A cutaway view of a clay model whose top surface 
represents |¥(s)| for the series combination of a 1 H inductor and a 3 Q resistor. 


Pie Eat Vew Inert Tode Window Hep (b) |¥(s)| as a function of w. (c) |¥(s)| as a function of ø.. 
DÈS R AAS HPP” 


Once the model is constructed, it is simple to visualize the variation 
of |Y| as a function of w (with o = 0) by cutting the model with a 
perpendicular plane containing the jw axis. The model shown in 
Fig. 15.32a happens to be cut along this plane, and the desired plot of 
[Y| versus w can be seen; the curve is also drawn in Fig. 15.325. Ina 
similar manner, a vertical plane containing the o axis enables us to 
obtain |Y| versus ø (with w = 0), as shown in Fig. 15.32c. 





ea a wD 
i alia i "4 


15.12 Sketch the magnitude of the impedance Z(s) = 2 + 5s as a 
function of o and jw. 





@ FIGURE 15.33 Solution for Practice Problem 15.12, 
generated with the following code: 
LDU» sigma = linspace(— 10,10,21); Ans: See Fig. 15.33. 
tDU» omega = linspace(— 10,10,21); : 
EDU» [X, Y] = meshgrid(sigma,omega); 
EDU» Z = abs(2 + 5*X + j*5*Y); 
DU» colormap(hsv); 


Uns = [-53 8} Pole-Zero Constellations 


EDU» surfl(X,Y,Z,s); This approach works well for relatively simple functions, but a more prac- 
EDU» view (—20,5) tical method is needed in general. Let us visualize the s-plane once again as 
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the floor and then imagine a large elastic sheet laid on it. We now fix our 
attention on all the poles and zeros of the response. At each zero, the re- 
sponse is zero, the height of the sheet must be zero, and we therefore tack 
the sheet to the floor. At the value of s corresponding to each pole, we may 
prop up the sheet with a thin vertical rod. Zeros and poles at infinity must be 
treated by using a large-radius clamping ring or a high circular fence, re- 
spectively. If we have used an infinitely large, weightless, perfectly elastic 
sheet, tacked down with vanishingly small tacks, and propped up with infi- 
nitely long, zero-diameter rods, then the elastic sheet assumes a height that 
is exactly proportional to the magnitude of the response. 

These comments may be illustrated by considering the configuration of 
the poles and zeros, sometimes called a pole-zero constellation, that locates 
all the critical frequencies of a frequency-domain quantity—for example, 
an impedance Z(s). A pole-zero constellation for an example impedance is 
shown in Fig. 15.34; in such a diagram, poles are denoted by crosses and 
zeros by circles. If we visualize an elastic-sheet model, tacked down at 
s= —2 + j0 and propped up at s= —1 + j5 and at s = —]| — j5, we 
should see a terrain whose distinguishing features are two mountains and 
one conical crater or depression. The portion of the model for the upper 
LHP is shown in Fig. 15.34b. 





(a) (b) 


@ FIGURE 15.34 (c) The pole-zero constellation of some impedance Z(s). (b) A portion of the 
elastic-sheet model of the magnitude of Z(s). 


Let us now build up the expression for Z(s) that leads to this pole-zero 
configuration. The zero requires a factor of (s + 2) in the numerator, and 
the two poles require the factors (s + 1— j5) and (s+ 1 + j5) in the 
denominator. Except for a multiplying constant k, we now know the form 
of Z(s): 


s+2 
Z(s) = k — 
(s+1—j5)\(s+1+ 75) 
OT 
l S+2 
Z(s) = k——___—— 16 
(9 = X57 554 26 [16] 


In order to determine k, we require a value for Z(s) at some s other than 
a critical frequency. For this function, let us suppose we are told Z(Q) = 1. 
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By direct substitution in Eq. {16}. we find that k is 13, and therefore 


si 2 Da 
Z(s) = {3——__—___ [17] 
Ss- + 2s + 26 
The plots |Z(a)} versus o and |Z(j@)| versus œ may be obtained ex- 
actly from Eq. [17], but the general form of the function is apparent from 
the pole-zero configuration and the elastic-sheet analogy. Portions of these 
two curves appear at the sides of the model shown in Fig. 15.346. 


PRACTICE 


rc O en 
15.13 The parallel combination of 0.25 mH and 5 Q is in series with 
the parallel combination of 40 uF and 5 2. (a) Find Z;,(s), the input 
impedance of the series combination. (b) Specify all the zeros of Zi,(s). 
(c) Specify all the poles of Zi, (5). (d) Draw the pole-zero configuration. 


Ans: 5(s> + 10,000s + 10%) /(s* + 25.000s + 10*) 2; —5 + 78.66 krad/s; 
—5, —20 krad/s. 


Frequency Dependence of Magnitude and Phase Angle 


Thus far, we have been using the s-plane and the elastic-sheet model to 
obtain qualitative information about the variation of the magnitude of the 
s-domain function with frequency. It is possible, however, to get quantita- 
tive information concerning the variation of both the magnitude and phase 
angle. The method provides us with a powerful new tool. 

Consider the representation of a complex frequency in polar form, as 
suggested by an arrow drawn from the origin of the s-piane to the complex 
frequency under consideration. The length of the arrow is the magnitude of 
the frequency, and the angle that the arrow makes with the positive direction 
of the o axis is the angle of the complex frequency. The frequency 
Sı = —3+ j4 = $/126.9° is indicated in Fig. 15.35a. 








(a) ib) (c) 


E FIGURE 15.35 (2) The complex frequency 5; = —3 + /4 1s indicated by drawing an arrow from 
the origin to s,. (6) The frequency s = /7 is also represented vectorially. (© The difference s — S} is 
represented by the vector drawn from $, tos. 
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We can also represent the difference between two values of s as an arrow 
or vector on the complex plane. Let us select a value of s that corresponds to 
a sinusoid s = j7 and indicate it also as a vector, as shown in Fig. 15.35b. 
The differences — s; is seen to be the vector drawn from the last-named point 
sı to the first-named point s: the vector s — s; is drawn in Fig. 15.35c. Note 
that sı + (s — sı) = s. Numerically, s — sı = j7 — (—3 + j4) = 3 + j3 = 
4.24/45", and this value agrees with the graphical difference. 

Let us see how this graphical interpretation of the difference (s — sı) 
enables us to determine frequency response. Consider the admittance 


Y(s) =s+2 


This expression has a zero at s2 = —2 + j0. The factor s + 2, which may be 
written as s — $2, is represented by the vector drawn from the zero location 
s2 to the frequency s at which the response is desired. If the sinusoidal re- 
sponse is desired, s must lie on the jæ axis, as illustrated in Fig. 15.36a. The 
magnitude of s + 2 may now be visualized as w varies from zero to infinity. 
When s is zero, the vector has a magnitude of 2 and an angle of 0°. Thus 
Y(0) = 2. As w increases, the magnitude increases, slowly at first, and then 
almost linearly with œw; the phase angle increases almost linearly at first, and 
then gradually approaches 90° as œw becomes infinite. The magnitude and 
phase of Y(s) are sketched as functions of œ in Fig. 15.36b. 





(b) 


E FIGURE 15.36 (2) The vector representing the admittance ¥(s) = s + 2 is shown for s = jæ. (b) Sketches of |¥(je)| and 
ang Y( jæ) as they might be obtained from the performance of the vector as s moves up or down the Jæ axis from the origin. 


Let us now construct a more realistic example by considering a frequency- 
domain function given by the quotient of two factors, 





V(s) = 
(s) s+3 
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We again select a value of s that corresponds to sinusoidal excitation and 
draw the vectors s + 2 ands + 3, the first from the zero to the chosen point 
on the jæ axis and the second from the pole to the chosen point. The two 
vectors are sketched in Fig. 15.37a. The quotient of these two vectors has a 
magnitude equal to the quotient of the magnitudes, and a phase angle equal 
to the difference of the numerator and denominator phase angles. An ìn- 
vestigation of the variation of |V{(s)| versus œ is made by allowing s to 
move trom the origin up the jæ axis and considering the ratio of the dis- 
tance from the zero to s = jw and the distance from the pole to the same 
point on the jw axis. The ratio is z at w = 0 and approaches unity as w 
becomes infinite, as shown in Fig. 15.37b. 








ang Vijw) 





(c) 
M FIGURE 15.37 (c) Vectors are drawn from the two critical frequencies of the voltage response 


V(s) = (s + 2)/(s + 3). (b, c) Sketches of the magnitude and the phase angie, respectively, of 
V( jæ) as obtained from the quotient of the two vectors shown in part a. 


A consideration of the difference of the two phase angles shows that 
ang V( jw) is 0° atw = 0. It increases at first as w increases, since the angle 
of the vector s + 2 is greater than that of s + 3. It then decreases with a fur- 
ther increase in w, finally approaching 0° at infinite frequency, where both 
vectors possess 90° angles. These results are sketched in Fig. 15.37c. 
Although no quantitative markings are present on these sketches, it is im- 
portant to note that they could be obtained easily. For example, the complex 
response at s = j4 must be given by the ratio 


J4+ 16 /tan (3 
vga = YET en) 


~ J/T+ 16 jtan~' (3) 
= J ¥ /(tan~'2 — tan~! ($)) 
= 0.894/10.3" 
In designing circuits to produce some desired response, the behavior of 


the vectors drawn from the respective critical frequencies to a general point 
on the jw axis is an important aid. For example, if it were necessary to 
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increase the hump in the phase response of Fig. 15.37c, we can see that we 
would have to provide a greater difference in the angles of the two vectors. 
This may be achieved in Fig. 15.37a either by moving the zero closer to the 
origin or by locating the pole farther from the origin, or both. 

The ideas we have been discussing to help in the graphical determina- 
tion of the magnitude and angular variation of some frequency-domain 
function with frequency will be needed in Chap. 16 when we investigate the 
frequency performance of highly selective filters, or resonant circuits. 
These concepts are fundamental in obtaining a quick, clear understanding 
of the behavior of electrical networks and other engineering systems. The 
procedure is briefly summarized as follows: 


1. Draw the pole-zero constellation of the frequency domain function, and 
locate a test point corresponding to the frequency at which the function 
is to be evaluated, 


t 


. Draw an arrow from each pole and zero to the test point. 

3. Determine the length of each arrow, and the value of each pole-arrow 
angle and each zero-arrow angle. 

4. Divide the product of the zero-arrow lengths by the product 
of the pole-arrow lengths. This quotient is the magnitude of the 
frequency-domain function for the test frequency (within a 
multiplying constant, since F(s) and kẸ (s) have the same 
pole-zero constellations), 

5. Subtract the sum of the pole-arrow angles from the sum of the 

zero-arrow angles. The result is the angle of the frequency-domain 

function, evaluated at the frequency of the test point. The angle 

does not depend upon the value of the real multiplying constant Ñ. 


an ininde oeei O OOA 
15.14 Three pole-zero constellations are shown in Fig. 15.38. Each 
applies to a voltage gain G. Obtain an expression for each gain that is 
a ratio of polynomials in s. 
15.15 The pole-zero configuration for an admittance Y (s) has one 
pole at s = —10 + jO s~! and one zero at s = z; + jO, where zı < 0. 
Let Y(0) = 0.1 S. Find the value of z;if (a) ang Y(j5) = 20°; 
(b) (Y(J5) = 0.2 S. 


Ans: 15.14 (15s? + 45s)/(s* + 6s + 8); (2s? + 22s? + 88s + 120)/(s? + 4s + 8): 
(38s? + 27)/(s* + 2s). 15.15: —4.73 Np/s: --2.50 Np/s. 


15.7 _ NATURAL RESPONSE AND THE s-PLANE 


At the beginning of this chapter, we explored how working in the frequency 
domain through the Laplace transform allows us to consider a broad 
range of time-varying circuits, discarding integrodifferential equations and 
working algebraically instead. This approach is very powerful, but it 
does suffer from not being a very visual process. In contrast, there is 





G(0) = 15 








E FIGURE 15.38 





jw 


jæ 








@ FIGURE 15.39 An example that iliustrates the 
determination of the complete response through a 
knowledge of the critical frequencies of the impedance 
faced by the source. 


What does it mean to “operate” at a complex 
frequency? How could we possibly accomplish such a 
thing in a real laboratory? in this instance, it is important 
to remember how we invented complex frequency to 
begin with: it is a means of describing a sinusoidal 
function of frequency w multiplied by an exponential 
function e°. Such types of signals are very easy to 
generate with real (i.e., nonimaginary) laboratory equip- 
ment. Thus, we need only set the value for a and the 
value for «w in order to “operate” ats = o + fu. 
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a tremendous amount of information contained in the pole-zero plot of a 
forced response. In this section. we consider how such plots can be used 
to obtain the complete response of a circuit—natural plus forced—provided 
the initial conditions are known. The advantage of such an approach is a 
more intuitive linkage between the location of the critical frequencies, 
easily visualized through the pole-zero plot, and the desired response. 

Let us introduce the method by considering the simplest example. a se- 
res RL circuit as shown in Fig. 15.39. A general voltage source ©, (1) 
causes the current ¿(7 } to flow after closure of the switch at? = 0. The com- 
plete response f(t) for ¢ > 0 is composed of a natural response and a forced 
response: 


H(t) = 4,1) + p(t) 


We may find the forced response by working in the frequency domain, as- 
suming, of course, that v,(t) has a functional form that we can transform to 
the frequency domain: if v0) = 1/1 + 1”), for example. we must proceed 
as best we can from the basic differential equation for the circuit. For the 
circuit of Fig. 15.39. we have 





E (s) = _*s 
: R+sbL 
or 
F(s) = Ns [18] 
| Ls+ R/L 


Next we consider the natural response. From previous experience, we 
know that the form will be a decaying exponential with the time constant 
L/R, but let’s pretend that we are finding it for the first time. The form of 
the natural (source-free) response is. by definition. independent of the forc- 
ing function; the forcing function contributes only to the magnitude of the 
natural response. To find the proper form, we kill all independent sources; 
here, v(t) is replaced by a short circuit. Next, we try to obtain the natural 
response as a limiting case of the forced response. Returning to the 
frequency-domain expression of Eq. [18], we obediently set V, == 0. On 


_ the surface, it appears that 1(s) must also be zero, but this is not necessarily 


true if we are operating at a complex frequency that is a simple pole of Hs). 
That is, the denominator and the numerator may both be zero so that Ks) 
need not be zero. 

Let us inspect this new idea from a slightly different vantage point. We 
fix our attention on the ratio of the desired forced response to the torcing 
function. We will designate this ratio H(s) and define it to be the circuit 
transfer function. Then, 


1; l 
V, Lis + R/L) 


In this example, the transfer function is the input admittance faced by V,. 
We seek the natural (source-free) response by setting V, = 0. However, 
L(s) = V,H(s), and if V, = 0, a nonzero value for the current can be 
obtained only by operating at a pole of H(s). The poles of the transfer func- 
tion therefore assume a special significance. 
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In this particular example, we see that the pole of the transfer function 
occurs ats = —R/L + j0, as shown in Fig. 15.40. If we choose to operate 
at this particular complex frequency, the only finite current that could result 
must be a constant in the s-domain (i.e., frequency independent). We thus 
obtain the natural response 


I{s= r+J0)=A 


where A is an unknown constant. We next desire to transform this natural 
response to the time domain. Our knee-jerk reaction might be to attempt to 
apply inverse Laplace transform techniques in this situation. However, we 
have already specified a value of s, so that such an approach is not valid. 
Instead, we look to the real part of our general function e“, such that 


in(t) = Re{Ae*}] = Re{Ae~*""} 
In this case we find 
Lo Ae” 
so that the total response is then 
i(t) = Ae *®'/" + f(t) 


and A may be determined once the initial conditions are specified for this 
circuit. The forced response i,(t) is obtained by finding the inverse Laplace 
transform of I;(s). 


A More General Perspective 


Figure 15.41a and b shows single sources connected to networks containing 
no independent sources. The desired response, which might be some current 
I,(s) or some voltage V>2(s), may be expressed by a transfer function that 
displays all the critical frequencies. To be specific, we select the response 
V2(s) in Fig. 15.41a: 





V2(s) (5 =S) (6 — 83)--- 
= H(s) = k ——_- 19 
V, (S — S2)(S — S4)--- me 
The poles of H(s) occur at s = $2, S4, ..., and so a finite voltage V2(s) at 


each of these frequencies must be a possible functional form for the natural 


+ V3(s) ~ 





(b) 


@ FIGURE 15.41 The poles of the response, l, (s) or V>(s), produced by (a) a voltage 
source V; or (b) a current source I,. The poles determine the form of the natural response, 
I p(t) OF Vap (t), that occurs when V; is replaced by a short circuit or |; by an open circuit 
and some initial energy is available. 


Jw 


@ FIGURE 15.40 Polezero constellation of the 
transfer function H(s) showing the single pole at 
s=—R/L. 
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response. Thus, we think of a zero-volt source (which is just a short-circuit) 
applied to the input terminals; the natural response that occurs when the 
input terminals are short-circuited must therefore have the form 


Vso, (t) = A e°” + Ayos +}- 


where each A must be evaluated in terms of the initial conditions (including 
the initial value of any voltage source applied at the input terminals). 

To find the form of the natural response i, (t) in Fig. 15.41a, we should 
determine the poles of the transfer function, H(s) = I,(s)/V,. The transfer 
functions applying to the situations depicted in Fig. 15.41b would be 
Ii (s)/I; and V>(s)/I,, and their poles then determine the natural responses 
ijn (t) and v2, (t), respectively. 

If the natural response is desired for a network that does not contain any 
independent sources, then a source V, or I, may be inserted at any conve- 
nient point, restricted only by the condition that the original network is ob- 
tained when the source is killed. The corresponding transfer function is 
then determined and its poles specify the natural frequencies. Note that the 
same frequencies must be obtained for any of the many source locations 
possible. If the network already contains a source, that source may be set 
equal to zero and another source inserted at a more convenient point. 


A Special Case 


Before we illustrate this method with an example, completeness requires us 
to acknowledge a special case that might arise. This occurs when the net- 
work in Fig. 15.41a or b contains two or more parts that are isolated from 
each other. For example, we might have the parallel combination of three 
networks: R; in series with C, R in series with L, and a short circuit. 
Clearly, a voltage source in series with R; and C cannot produce any current 
in R2 and L; that transfer function would be zero. To find the form of the nat- 
ural response of the inductor voltage, for example, the voltage source must 
be installed in the R2L network. A case of this type can often be recognized 
by an inspection of the network before a source is installed; but if it is not, 
then a transfer function equal to zero will be obtained. When H(s) = 0, we 
obtain no information about the frequencies characterizing the natural 
response, and a more suitable location for the source must be used. 








@ FIGURE 15.42 A circuit for which the natural 
responses / ; and/> are desired. 


for i; mad stort > 8 Gee the initial conditions (0) = i,(0) = 
11 amperes. — 
Let us install a voltage source V, between points x and y and find the 


transfer function H(s) = I,(s)/V,, which also happens to be the input 
admittance seen by the voltage source. We have 


W: _ (3s+2)V, 


CQ) e Mall 
(8) 2s+1+6s/3s+2) 6s?+13s+2 
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or 
Hy) = WO 2st) 
V, (s+ 2)(s+ 2) 
From recent experience, we know at a glance that i; must be of the 
form 


i\(t) = Ae + Be t/® 


The solution is completed by using the given initial conditions to estab- 
lish the values of A and B. Since i, (0) is given as 1! amperes, 


il= A+B 
The necessary additional equation is obtained by writing the KVL 
equation around the perimeter of our circuit: 
. diy . 
li, t27 +2i = 0 

and solving for the derivative: 

di 

dt |,<0 


22411 l 
+ =-2A -=B 





I 
= ~5[2i2) + H (0)] = — 


Thus, A = 8 and B = 3, and so the desired solution is 
i (t) = 8e77 + 3e7"/6 amperes 


The natural frequencies constituting íz are the same as those of i), and a 
similar procedure used to evaluate the arbitrary constants leads to 


in(t) = 12e°-% —e™ amperes 





15.16 If a current source i;(t) = u(t) A is present at a-b in Fig. 15.43 
with the arrow entering a, find H(s) = V.a/1ı, and specify the natural 
frequencies present in Vea (t). 


0.1 pF 


300 2 200 2 


b d 
B FIGURE 15.43 


Ans: 120s/(s + 20,000) 2, —20,000 s~?. 


The process that we must pursue to evaluate the amplitude coefficients 
of the natural response is a detailed one, except in those cases where the ini- 
tial values of the desired response and its derivatives are obvious. However, 
we should not lose sight of the ease and rapidity with which the form of the 
natural response can be obtained. 








Design of Oscillator Circuits 


At several points throughout this book, we have investi- 
gated the behavior of various circuits responding to sinu- 
soidal excitation. The creation of sinusoidal waveforms, 
however, is an interesting topic in itself. Generation of 
large sinusoidal voltages and currents is straightforward 
using magnets and rotating coils of wire, for example, but 
such an approach is not easily scaled down for creation of 
small signals. Instead, low-current applications typically 
make use of what is known as an oscillator, which ex- 
ploits the concept of positive feedback using an appropri- 
ate amplifier circuit. Oscillator circuits are an integral 
component of many consumer products, such as the 
global positioning satellite (GPS) receiver of Fig. 15.44. 





m FIGURE 15.44 Many consumer electronic products, such as this GPS 
receiver, rely on oscillator circuits to provide a reference frequency. 
(© Royalty-Free/CORBIS) 


One straightforward but useful oscillator circuit 
is known as the Wien-bridge oscillator, shown in 
Fig. 15.45. 

The circuit resembles a noninverting op amp circuit, 
with a resistor R, connected between the inverting input 
pin and ground, and a resistor Ry connected between the 
output and the inverting input pin. The resistor Ry 





l 


@ FIGURE 15.45 A Wien-bridge oscillator circuit. 


supplies what is referred to as a negative feedback path, 
since it connects the output of the amplifier to the invert- 
ing input. Any increase AV, in the output then leads to a 
reduction of the input, which in turn leads to a smaller 
output; this process increases the stability of the output 
voltage V,. The gain of the op amp, defined as the ratio of 
V, to V;, is determined by the relative sizes of R; and Ry. 

The positive feedback loop consists of two sepa- 
rate resistor-capacitor combinations, defined as Z, = 
R + 1/sC and Z, = R|\(1/sC). The values we choose 
for R and C allow us to design an oscillator having a 
specific frequency (the internal capacitances of the op 
amp itself will limit the maximum frequency that can be 
obtained). In order to determine the relationship between 
R, C, and the oscillation frequency, we seek an expres- 
sion for the amplifier gain, V,/V;. 

Recalling the two ideal op amp rules as discussed in 
Chap. 6 and examining the circuit in Fig. 15.45 closely, 
we recognize that Z, and Z, form a voltage divider such 
that 


Ly 


¥, = ¥,— 
ae A 


[20] 


Simplifying the expressions for Zp = R\||(1/sC) = 
R/(1 + sRC), and Z, = R + 1/sC = (1+sRC)/sC, 





15.8 _ A TECHNIQUE FOR SYNTHESIZING THE 
” VOLTAGE RATIO H(s) = Vout/Vin 


Much of the discussion in this chapter has been related to the poles and 
zeros of a transfer function. We have located them on the complex- 
frequency plane, we have used them to express transfer functions as ratios 
of factors or polynomials in s, we have calculated forced responses from 





we find that 


R 
Me | +sRC 
A | + SRC n R 
sC 1+ SKC 
sRC 


SoA IP [21] 
1+ 3sRC +s°R*C- 


Since we are interested in the sinusoidal steady-state op- 
eration of the amplifier, we replace s with jœ, so that 


Yo J@RC 
Vo 14 3 jw@RC + (jæ)? R?C? 
J@RC 


= 1 —@?R2C2 + 3j@RC 


This expression for the gain is real only when w = 
1/RC. Thus, we can design an amplifier to operate at a 
particular frequency f = w/227 = 1/2m RC by select- 
ing values for R and C. 

As an example, let’s design a Wien-bridge oscillator 
to generate a sinusoidal signal at a frequency of 20 Hz, 
the commonly accepted lower frequency of the audio 
range. We require a frequency w = 27 f = (6.28)(20) = 
125.6 rad/s. Once we specify a value for R, the neces- 
sary value for C is known (and vice versa). Assuming 
that we happen to have a 1 uF capacitor handy, we thus 
compute a required resistance of R = 7962 Q. Since this 
is not a standard resistor value, we will likely have to use 
several resistors in series and/or parallel combinations to 
obtain the necessary value. Referring back to Fig. 15.45 
in preparation for simulating the circuit using PSpice, 
however, we notice that no values for Ry or R; have 
been specified. 

Although Eq. [20] correctly specifies the relationship 
between V, and V;, we may also write another equation 
relating these quantities: 


Vi Vi = Vo 


0=— + 
Ri R; 





which can be rearranged to obtain 


2 E a i [23] 


Therefore, we need to select values of R; and Ry such 
that R¢/R, = 2. Unfortunately, if we proceed to perform 
a transient PSpice analysis on the circuit selecting 
Rf = 2 KQ and R; = 1 KQ, for example, we will likely 
be disappointed in the outcome. In order to ensure that 
the circuit is indeed unstable (a necessary condition for 
oscillations to begin), it is necessary to have R;/R, 
slightly greater than 2. The simulated output of our final 
design (R = 7962 2, C=1 uF, Rp = 2.01 kQ, and 
R, = 1 kQ) is shown in Fig. 15.46. Note that the magni- 
tude of the oscillations is increasing in the plot; in 
practice, nonlinear circuit elements are required to stabi- 
lize the voltage magnitude of the oscillator circuit. 








1.2s 
U(U1:0UT) 


@ FIGURE 15.46 Simulated output of the Wien-bridge oscillator 
designed for operation at 20 Hz. 





them, and in Sec. 15.7 we have used their poles to establish the form of the 


natural response. 


Now let us see how we might determine a network that can provide a 
desired transfer function. We consider only a small part of the general prob- 
lem, working with a transfer function of the form H(s) = Vour(S)/Vin(s), as 
indicated in Fig. 15.47. For simplicity, we restrict H(s) to critical frequen- 
cies on the negative o axis (including the origin). Thus, we will consider 





@ FIGURE 15.47 Given H(s) = V,,/V,,, we seek a 
network having a specified H(s). 








w FIGURE 15.48 For an ideal op amp, 
H(s) = Vein = Zr /Z), 





(a) 





(i) 


E FIGURE 15.49 (c) The transfer function H(s} = 
Vour/Vin has a pole ats = —1/R + Cy. (b) Here, there 
iSazero ats = —1/R,C). 


CHAPTER 15 CIRCUIT ANALYSIS IN THE s-DOMAIN 


transfer functions such as 


1O{s + 2) 
Hj(s) = ————— 
s+5 
or 
— 3S 
H:(s) = ——>5 
(s + 8) 
or 


Hís) = 0.is(s + 2) 


Let us begin by finding the voltage gain of the network of Fig. 15.48. 
which contains an ideal op amp. The voltage between the two input termi- 
nals of the op amp is essentially zero, and the input impedance of the op 
amp 1s essentially infinite. We therefore may set the sum of the currents 
entering the inverting input terminal equal to zero: 








Zi Ly 

OT 
Vout Ly 
Va Z 


If Z; and Z, are both resistances, the circuit acts as an inverting amplifier, 
or possibly an attenuator (if the ratio is less than unity). Our present inter- 
est, however, lies with those cases in which one of these impedances is a re- 
sistance while the other is an RC network. 

In Fig. 15.49a, we let Z, = Ri. while Zy is the parallel combination ot 
R; and Cp. Therefore, 





o BSC Ry O 
1 Re+ Ad/sCò  1+8sCR;,  s+(1/R;Cp) 
and 
V Ly 1/R\C 
His) = —“ = -2 = LYRIC 
Vin Lı s+ (1/ReCp) 


We have a transfer function with a single (finite) critical frequency, a pole at 
= —1/RyfCy. 
Moving on to Fig. 15.496, we now let Z; be resistive while Z, is an RC 
parallel combination: 





~ Vü 
$4 (1/R1C)) 
and 
Vout Z; _ l ) 
H(s) = = —— = RC [s + —— 
‘s) Vin Z, ! ( TRG 


The only finite critical frequency is a zero at s = —1/ RC). 
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For our ideal op amps, the output or Th venin impedance is zero and 
therefore Vou and Vour/Vin are not functions of any load Z; that may be 
placed across the output terminals. This includes the input to another op 
amp, as well, and therefore we may connect circuits having poles and zeros 
at specified locations in cascade, where the output of one op amp is 
connected directly to the input of the next, and thus generates any desired 
transfer function. 






EXAMPLE 15.13 
Synthesize a circuit that will yield the transfer function 
H(s) = Vout/Vin = 10(s + 2)/(s + 5). 


The pole at s = —5 may be obtained by a network of the form of 

Fig. 15.49a. Calling this network A, we have 1/RjaCra = 5. We arbi- 
trarily select Rsa = 100 k2; therefore, Cfa = 2 uF. For this portion of 
the complete circuit, 


H,(s) = — I/RiaC ra — 5 x 10°/Ria 
s+ (1/RpaCpa) s+5 
Next, we consider the zero at s = —2. From Fig. 15.498, 


1/RigCig = 2, and, with Rig = 100 kQ, we have Cig = 5 uF. Thus 





H = —RrgC 
B(S) fBCIB (s+ a) 


= —5 x 10°°Ryg(s + 2) 
and 
Rep s+2 


H(s) =H H = 2,5—— 
(s) A(S)Hiag(s) Russ 





We complete the design by letting Rfg = 100 KQ and R14 = 25 KQ. 
The result is shown in Fig. 15.50. The capacitors in this circuit are 
fairly large, but this is a direct consequence of the low frequencies 
selected for the pole and zero of H(s). If H(s) were changed to 
10(s + 2000) /(s + 5000), we could use 2 and 5 nF values. 


100 kO 





E FIGURE 15.50 This network contains two ideal op amps and gives the voltage transfer 
function H(S) = Vout/Vin = 10(s + 2) /(s + 5). 
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PRACTICE 


in A 
15.17 Specify suitable element values for Z; and Zp in each 
of three cascaded stages to realize the transfer function H(s) = 
—20s"/(s + 1000). 





Ans: | uF |} xc. 1] MQ: l uF if oo. PMR: 100k i 10nF. 5 MQ. 


SUMMARY AND REVIEW 


. Resistors may be represented in the frequency domain by an 
impedance having the same magnitude. 

3 Inductors may be represented in the frequency domain by an 
impedance sL. If the initial current 1s nonzero, then the impedance 

| These models are summarized in Tabie 15.1. must be placed in series with a voltage source —Li(O~) or in parallel 
| with a current source ¿(07 )/S. 

3 Capacitors may be represented in the frequency domain by an 
impedance I /sC. If the initial voltage is nonzero, then the impedance 
must be placed in series with a voltage source v(O7 )/s or in parallel 
with a current source Cv(Q07 ). 

3 Nodal and mesh analysis in the s-domain lead to simultaneous 
equations in terms of s-polynomials. MATLAB is a particularly useful 
tool for solving such systems of equations. 


3 Superposition, source transformation, and the Th venin and Norton 
theorems all apply in the s-domain. 


3 Acircuit transfer function H(s) is defined as the ratio of the s-domain 
output to the s-domain input. Either quantity may be a voltage or 
current. 


3 The zeros of H(s) are those values that result in zero magnitude. The 
poles of H(s) are those values that result in infinite magnitude. 

3 Convolution provides us with both an analytic and a graphical means 
of determining the output of a circuit from its impulse response A(t). 


3 There are several graphical approaches to representing s-domain 
expressions in terms of poles and zeros. Such plots can be used to 
synthesize a circuit to obtain a desired response. 


READING FURTHER a 


More details regarding s-domain analysis of systems, use of Laplace 
transforms, and properties of transfer functions can be found in: 


K. Ogata, Modern Control Engineering, 4th ed. Englewood Cliffs, N.J.. 
Prentice-Hall, 2002. 


A good discussion of various types of oscillator circuits can be found in: 


R. Mancini. Op Amps for Everyone, 2nd ed. Amsterdam: Newnes, 2003. 
and 





G. Clayton and S. Winder, Operational Amplifiers, Sth ed. Amsterdam: 
Newnes, 2003. 








EXERCISES 





EXERCISES 
15.1 Z(s) and Y(s) 


1. Draw all possible s-domain equivalents (¢ > D) of the circuit shown in 
Fig. 15.51. 12 mA 


2. Draw all possible s-domain equivalents (t > 0) of the circuit shown in 
Fig. 15.52. 








t=0 


120 kQ 


E FIGURE 15.51 
IQ 730 2000 uF 






30 mH Z 


W FIGURE 15.52 


Lae 


. Refer to Fig. 15.53 and find (a) Zin(S) as a ratio of two polynomials in s; 
(b) Zin(—80): (c) Zin( J80); (d) the admittance of the parallel RL branch, 
Y ri (S), as a ratio of polynomials in s. (e) Repeat for Y gc (s). (f) Show that 
Zin(S) = (Yat + Yrc)/YRLYRC. 


200 





M@ FIGURE 15.53 


P 


Find the Th venin equivalent impedance seen looking into the terminals of the 
circuit depicted in Fig. 15.54. 


mo 


m FIGURE 15.54 


A 


, (a) Find Zin(s) for the network of Fig. 15.55 as a ratio of two polynomials in s. 
(b) Find Zin( j8) in rectangular form. (c) Find Zin(—2 + j6) in polar form. 
(d) To what value should the 16 Q resistor be changed in order that Zin = 0 at 
s = —5 + j0? (e) To what value should the 16 Q resistor be changed in order 
that Zin = œ ats = —5 + j0? 


0.02 F 


552 100 9 





E FIGURE 15.55 
2 mF { mH 
6. (a) Find the Th venin equivalent impedance seen looking into the terminals of 
the circuit depicted in Fig. 15.56. (b) Plot the magnitude of the impedance as a 
function of frequency w for the case of o = 0. E FIGURE 15.56 
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7. Determine the input impedance Zin of the circuit shown in Fig. 15.57, a linear 
circuit model of a common-emitter bipolar junction transistor amplifier valid 
for frequencies up to several MHz. Express your answer as a ratio of ordered 
s-polynomials. 





€ FIGURE 15.57 


8. Find v(t) for the circuit of Fig. 15.58 by initially working in the s-domain. 


49th 






——— 


HND 3.3 pF 





2u) N 9 u(t) V 11 MOQ 
WHO y=4V 
E FIGURE 15.58 @ FIGURE 15.59 
100 mH 9, Use s-domain analysis techniques to determine the current i (7) through the 


capacitor of Fig. 15.59. 








10. (a) Convert the circuit of Fig. 15.60 to an appropriate s-domain representation. 
(b) Find an expression for p(t), the power absorbed in the resistor. 


25 w(t) WA (+) 
15.2 Nodal and Mesh Analysis in the s-Domain 


RE 11. Consider the circuit of Fig. 15.61. Using s-domain techniques, find the 
E FIGURE 15.60 indicated nodal voltages v; (1) and yo(r) if vı (07) = —2 V. 





E FIGURE 15.61 


12. Consider the circuit of Fig. 15.62. (a) Using s-domain techniques, find the 
indicated nodal voltages vı (£) and v2(1). (b) Sketch v; (t). 





@ FIGURE 15.62 
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13. The simple circuit of Fig. 15.63 contains two meshes. (a) Determine both i) (t) 
and iz (t) using mesh analysis in the s-domain if ve (07) = 9 V. (b) Verify your 
answer using PSpice. Submit a properly labeled schematic, along with your 
simulation result compared to your analytic solution from part (a). 





62 % 100 





m FIGURE 15.63 





14. The simple circuit of Fig. 15.64 contains two meshes. (a) Determine both 1) (t) 
and i7(t) using mesh analysis in the s-domain if ¿1 (07) — i2 (07) = 8 A. (b) 
Verify your answer using PSpice. Submit a properly labeled schematic, along 
with your simulation result compared to your analytic solution from part (a). 





E FIGURE 15.64 0.5 H 59 


15. (a) Let v, = 10e7% cos(10t + 30°)u(t) V in the circuit of Fig. 15.65, and 
work in the frequency domain to find I,. (b) Find i, (¢). 


16. Find the nodal voltage v;(f) in the circuit of Fig. 15.66, assuming zero initial 
energy. 


(+) 0.1 F 


50 » OSF » 100 M FIGURE 15.65 





E FIGURE 15.66 


17. Determine a time-domain expression for the central mesh current of the circuit 
in Fig. 15.66, assuming zero initial energy. 


18. Find the nodal voltage v;(t) in the circuit of Fig. 15.66 if the capacitor voltage 
vci (0) = 9 V but no other element is initially storing any energy. 


19. Let ig) = 20e7* cos 4t u(t) A and i = 30e—>' sin 4¢ u(t) A in the circuit of 
Fig. 15.67. (a) Work in the frequency domain to find V,. (b) Find v, (t). 


işl 





E FIGURE 15.67 
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20. (a) Determine a time-domain expression for v(t) in the circuit shown in 
Fig. 15.68 if (07) = 75 V. and no energy is initially stored in the inductor. 
(b) Use your answer to part (a) to determine the steady-state current that flows 
from the 115 V rms source. (¢) Verify your answer to part (b) using phasor 
analysis. 


200) 





1 
t 


115 ETNO l uF 


| 


20D 
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te 


. Determine the mesh currents F; (7) and 7>(t) in Fig. 15.69 if the current through 
the | mH inductor (f — ig) is | Aat? = 07. Verify that your answer 
approaches the answer obtained using phasor analysis as the circuit response 
eventually reaches steady state. 


6 cos (27 -13°) u(t) V 6 cos 2t u(t) V 





@ FIGURE 15.69 


22. Assuming no energy initially stored in the circuit of Fig. 15.70, determine the 
value of v2 at t =: (a) 1 ms; (b) 100 ms; (c) 10s. 





E FIGURE 15.70 


23. If the dependent voltage source in the circuit of Fig. 15.71 is damaged by a 
power surge during a lightning storm so that it no longer functions (i.e., is now 


UAL 





E FIGURE 15.71 
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an open circuit), find an expression for the power absorbed by the 2 Q resistor. 
You should assume that the only energy initially stored in the circuit is in the 
inductor, such that the current through the 1 mH inductor (fo — i4) is | mA at 
t= 0. 


. (a) For the circuit of Fig. 15.71. a linear circuit model of a common-emitter 


bipolar junction transistor amplifier, determine an expression for the voltage 
gain V,/V,. You may assume zero energy initially stored in the capacitors; 
express your answer as a ratio of ordered s-polynomials. (b) How many poles 
exist for this transfer function? 


15.3 Additional Circuit Analysis Techniques 


25, 


27. 


28. 


(a) Convert the circuit in Fig. 15.72 to an appropriate s-domain representatton. 
(b) Find the Th venin equivalent seen by the 1 Q resistor. (c) Analyze the 
simplified circuit to find an expression for i(t), the instantaneous current 
through the | Q resistor. 


. Replace the current source in Fig. 15.72 with a voltage source 20u(1) V, 


positive reference at the top. (a) Convert the circuit to an appropriate s-domain 
representation. (b) Find the Norton equivalent seen by the | Q resistor. 
(c) Analyze the simplified circuit to obtain an expression for ic (t). 


For the s-domain circuit of Fig. 15.73, determine the Th venin equivalent seen 
by the 7s? 2 impedance. and use it to determine the current F(s). 





E FIGURE 15.73 


For the s-domain circuit of Fig. 15.74, determine the Th venin equivalent seen 
looking into the terminals marked a and b. 


2s Q 





M FIGURE 15.74 


29. (a) Employ superposition in the s-domain to find V,(s) and V2(s) for the 


circuit of Fig. 15.75. (b) Find vı (z) and v2(t). 





@ FIGURE 15.75 


30. Determine the power p(t) absorbed by the 56 Q resistor of Fig. 15.75 by first 


3h, 


performing appropriate source transformations in the s-domain. 


(a) Find the s-domain Norton equivalent seen by the 10 u(r) V source of 
Fig. 15.75. (b) Determine the current fiowing out of the 10u(t) V source at 
f= 1.5 ms. 








@ FIGURE 15.72 
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32. (a) Use superposition in the s-domain to find an expression for Vj (S) as 
labeled in Fig. 15.76. (b) Find v4 (1). 


Teos tru V 


25 0) 





S cos 27 u(t) V 
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33. (a) Employ source transformation in the s-domain to determine I{s) for the 
circuit of Fig. 15.77. (b) Find i(t). (c) Find the steady-state value of 7(1). 


60 cos (1040 u(r) V 


inn ALA 





E FIGURE 15.77 


15.4 Poles, Zeros, and Transfer Functions 
34. Determine the poles and zeros of the following transfer functions: 
7s ib) s | 
s(3s? — 9844) (s? + 254 4)(s? + 1) 
35. State all poles and zeros of each of the following s-domain functions: 
38° “(by s? + 2s ~ 1 
s(s°+4)(s— 1)” s#(4s? + 2s + IXs? — 1) 
36. The series combination of a 5 &2 resistance and a 0.2 F capacitance is in paral- 
lel with the series combination of a 2 Q resistance and a 5 H inductance. 
(a) Find the input admittance, Y (s), of this parallel combination as a ratio of 
two polynomials in s. (b) Identify all the poles and zeros of Yı (s). (c) Identify 
all the poles of the input admittance obtained if a 10 Q resistance is connected 


in parallel with Y,(s). (d) Identify all the zeros of the input admittance 
obtained if a 10 Q resistance is connected in series with Yı (8). 


37. Determine all the poles and zeros of (a) the input impedance defined in 
Fig. 15.54; (b) the input impedance defined in Fig. 15.56. 

38. An admittance Y(s) has zeros at s = 0 and s = —10, and poles at s = —5 and 
—20s7!. If ¥(s) > 12 S ass —> œ, find (a) Y(j10): (b) ¥(— 10): 
(c) ¥(~15); (d) the poles and zeros of 5 + Y(s). 

39. (a) Find Zin(s) for the network shown in Fig. 15.78. (b)Find all the critical fre- 
quencies of Zin(S). 


40. A given circuit has a transfer function H(s) = (s + 2)/[(s + 5)(s° + 6s + 25). 


(a) 


(a) 





(c) {2cos 5r ju(t);, (d) te u(t). (e) State the poles and zeros of each output 


res mse. 
M FIGURE 15.78 pons 
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15.5 Convolution 


41. The impulse response of a certain linear system is A(t) = Ssinat[u(t) — 
u(t — 1)]. An input signal x (r) = 2[u(t) — u(t — 2)] is applied. Use convolu- 
tion to find and sketch the output y(t). 


42. Let f(y = e~™u(t) and p= (1- e~"yu(t). Find y(t) = fit) PO) by 
(a) convolution in the time domain; (b) £7'{F 1 (s)F2(s)}. 

43, When an impulse 6(¢) V is applied to a certain two-port network. the output 
voltage is u,(t) = 4u(t) — 4u(t — 2) V. Find and sketch v, (t) if the input 
voltage is 2u(t — 1) V. 

44. Let h(t) = 2e~ u(r) and x(t) = u(t) — 6(t). Find y(t) = A(t) * x(t) by 
(a) using convolution in the time domain; (b) finding H(s) and X(s) and then 
obtaining £~'{H(s)X(s)}. 

45. The impulse voltage response of a particular circuit is given as 
A(t) = Su(t) — Su(t — 2). Find the s-domain and time-domain voltage 
response if the excitation voltage vin(t)} =: (a) 36(t) V; (b) 3u(t) V: 

(c) 3u(t) — 3u(t — 2) V: (d) 3cos 3t V. (e) Sketch the time-domain voltage 
response for parts (a)-(d). 


46. (a) Determine the impulse response A(t) of the network shown in Fig. 15.79. 
(b) Use convolution to determine v, (t) if vig (t) = 8u(t) V. 





E FIGURE 15.79 


47. (a) Determine the impulse response h(t) of the network shown in Fig. 15.80. 
(b) Use convolution to determine v(t} if vin(t) = 8e u(t) V., 


15.6 The Complex-Frequency Plane 


48. Find H(s) = Vou/Vin for the network of Fig. 15.81 and locate all its critical 
frequencies. 


0.1 F 





E FIGURE 15.81 


49. The pole-zero configuration of H(s) = V2(s)/Vj(s) is shown in Fig. 15.82. Let 
H(O) = 1. Sketch |H(s)| versus: (a) a if œw = 0; (b) œw if ø = 0. (c) Find 
\H(j@)| max. 

50. A piece of electrical machinery has an input impedance characterized by 
two zeros ats = —1, a pole ats = —0.5 + jV/3/2, another pole at s = 


—0.5 — j/3/2, and is equal to unity ohms at s = 0. (a) Sketch the pole-zero 
constellation of this impedance. (b) Draw the elastic-sheet model of the 





E FIGURE 15.80 
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impedance magnitude. (0) Find a combination of resistors, inductors, and 
capacitors that have the same impedance. (Hint: Work backward from the 
§-domMain EXPression. } 


51. Given the voltage gain H(s) = (10s- + 55s + 75) /(s" + 16): (a) indicate the 
critical frequencies on the s plane: (b) calculate H(O) and H(oo). (c) TF a scale 
model of }H(s)}] has a height of 3 cm at the origin, how high is it ats = 73” 
(7) Roughly sketch |H(o)| versus o and |H(/w)| versus w. 


52. In the back corner of a top-secret government laboratory, an odd-shaped meta! 
box 1s discovered by a researcher whose lunch has been mischievously hidden 
by colleagues with apparently too much time on their hands. With no sign of 
food anywhere, the researcher decides to measure the admittance of the box, 
finding that the admittance can be modeled as Y(s) = (5s? + 5s + 2)/ 

(58° + 15s + 2) S. (a) Sketch the pole-zero constellation of this admittance. 
(b) Draw the elastic-sheet model of the admittance magnitude. (c) Determine 
the location of the missing lunch if the coefficients of the denominator polyno- 
mial correspond to latitude (degrees, minutes, seconds), and the coefficients of 
the numerator polynomial correspond to longitude (degrees, minutes, seconds). 
Clearly, the researcher's colleagues have WAY too much time on their hands. 


53. The pole-zero constellation shown in Fig. 15.83 applies to a current gain 
H(s) = lou/lin. Let H(—2) = 6. (a) Express H(s) as a ratio of polynomials 
ins. (b) Find H(0) and H(oo). (c) Determine the magnitude and direction of 
each arrow from a critical frequency tos = j2. 


Jw 
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54. The three-element network shown in Fig. 15.84 has an input impedance 
Za(S) that has a zero ats = —10 + jO. if a 20 Q resistor is placed in series 
with the network, the zero of the new impedance shifts tos = —3.6+ /0. 
Find R and C. 


55. Let H(s) = 100(s + 2)/(s* + 2s + 5) and (a) show the pole-zero plot for 
Hís); (b) find H(jw): (c) find |H(jw)}; id) sketch JH(jw)j versus w; (e) tind 
Wmax, the frequency at which |H(j@)| is a maximum. 


15.7 Natural Response and the s-Plane 


56. Let Zi, (Ss) = (5s + 20)/(s + 2) Q for the network shown in Fig. 15.85. 
Find (a) the voltage va, (t) between the open-circuited terminals if 


Ugp(O) = 25 V; (b) the current i,,(f) in a short circuit between terminals a 
and b if i.,(0) = 3 A. 









Passive 
network 
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57. Let Zin(s) = 5(s” + 4s + 20)/(s + 1) Q for the passive network of Fig. 15.85. 
Find i4 (t). the instantaneous current entering terminal a. given vap(t) equal to 
(a) 160e~ V; (b) 160e% u(r) V, with i (0) = 0 and di«/dt = 32 A/s at 
t=0. 

58. (a) Determine H(s) = I¢/l, for the circuit shown in Fig. 15.86. (b) Find the 
poles of H(s). (¢) Find œ, wo, and wy for the RLC circuit. (d) Determine the 
forced response ic f (1) completely. (e) Give the form of the natural response 
icn(t). (f) Determine values for ic (0*) and dic /dt att = 0*. (g) Write the 
complete response, i¢-(1). 


A= uA 
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59. For the circuit of Fig. 15.87. (a) find the poles of H(s) = lin/ Vin. (b) Let 
i}(O*) = 5 A and i.(0*) = 2 A, and find ij, (t) if vin(1) = 500u (1) V. 


Ín 50.0 20.0 
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60. (a) Find H(s) = V(s)/1,(s) for the circuit of Fig. 15.88. Find v(t) if i, (¢) 
equals (b) 2u(t) A; (c) 4e7!" A; (d) 4e7 u(t) A. 


50 Q 20 9 
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. For the circuit shown in Fig. 15.89. (a) find H(s) = Vc2/V,; (b) let 
vc} (OF) = 0 and vc2(0*) = O, and find vc2(t) if v, (t) = u(r) V. 


62. Refer to Fig. 15.90 and find the impedance Zi,{s) seen by the source. Use this 
expression to help determine vj,(t) for t > 0. 


E FIGURE 15.89 


20 9 


20 uit) A (+) 10a 25 mF 12.5 mF 





W FIGURE 15.90 

















CHAPTER 15 CIRCUIT ANALYSIS IN THE s-DOMAIN 


15.8 A Technique for Synthesizing the Voltage Ratio H(s) = Vout/Vin 


63. Find H(s) = Vouw/Vin as a ratio of polynomials in s for the op-amp circuit of 
Fig. 15.48. given the impedance values (in Q): (a) Z| (s) = 10° + (108/s), 
Z7 (8) = 5000; (b) Z, (s) = 5000. Z;(s) = 10° + (10°/s): (© Zs) = 
10° + (10*/s), Z;(s) = 10* + (108/8). 


65. In the op-amp circuit of Fig. 15.49a, let Ry = 20 kQ. and then specify values 
for Rı and Cy so that His) = Vou/ Vin equals (a) —S50: (b) — 10° /(s + 10%): 
(c) -10*/(s + 10°): (d) 100/(s + 10°), using two stages. 

66. Use several op amps in cascade to realize the transfer function H(s) = 
Vou/Vin = —1074s(s + 107)/(s + 10°). Use only 10 kQ resistors, open 
circuits, or short circuits, but specify all capacitance values. 

67. Design a Wien-bridge oscillator characterized by an oscillation frequency of 
| kHz. Use only the standard resistor values given on the inside cover. Verify 
your design with an appropriate PSpice simulation. 


68. Design a Wien-bridge oscillator with an oscillation frequency of 60 Hz. Verify 
your design with an appropriate PSpice simulation. 

69. Design an oscillator circuit to provide a sinusoidal signal of 440 Hz using only 
standard resistor values as given on the inside front cover. Verify your design 
with an appropriate PSpice simulation. What musical note is produced by your 
circuit? 

70. Design a circuit that provides a voltage output composed of a 220 Hz sine 
wave and a 440 Hz sine wave. Verify your design with an appropriate Pspice 
simulation. Are the two sine waves in phase with one another? 
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INTRODUCTION Circuits with Inductors 
Frequency response has appeared in several chapters already, so and Capacitors 

that the reader may be wondering why the topic now warrants an e - 

entire chapter. The concept of frequency response 1s extremely Quality Factor 
important in all fields of science and engineering, forming the e — 

foundation for understanding factors that determine the stability Bandwidth 

(or instability) of a particular system, be it electrical, mechanical, e 

chemical, or biological. We will also find that frequency response Frequency and Magnitude 
concepts are required in many electrical engineering applications Scaling 

beyond the issue of stability. For instance, in working with com- E 
munications systems we are often faced with situations that call for Bode Diagram Techniques 
the separation of frequencies (individual radio stations, for exam- . A 

ple), an operation that can be accomplished once we have a solid Low- and High-Pass Filters 
understanding of the frequency response of filtering circuits. In - 

short, we could easily devote several pages to extolling the virtues Bandpass Filter Design 
of studying frequency response. However, we prefer to launch into o—_ 

the subject, beginning with an electrical twist to the concept of Active Filters 


resonance, and culminating in the design of basic filtering circuits 
for use in everyday applications such as audio amplifiers. 


16.1 _ PARALLEL RESONANCE 


tet NETTE mamam 
Mn $ Why should we be interested in the response to sinusoidal forcing 

a functions when we so seldom encounter them in practice? The elec- 
tric power industry is an exception, as the sinusoidal waveform ap- 
pears throughout, although it is occasionally necessary to consider 
other frequencies introduced by the nonlinearity of some devices. 
But in most other electrical systems, the forcing functions and 
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responses are not sinusoidal. In any system in which information is to be 
transmitted. the sinusoid by itself is almost valueless: it contains limited 
information because its future values are exactly predictable from its past 
values. Moreover, once one period has been completed. any periodic non- 
sinusoidal waveform also contains no additional information. 

Let us suppose that a certain forcing function is found to contain sinu- 
soidal components having frequencies within the range of 10 to 100 Hz. Now 
let us imagine that this forcing function is applied to a network that has the 
property that all sinusoidal voltages with frequencies from zero to 200 Hz 
applied at the input terminals appear doubled in magnitude at the output ter- 
minals, with no change in phase angle. The output function is therefore an 
undistorted facsimile of the input function, but with twice the amplitude. If, 
however, the network has a frequency response such that the magnitudes of 
input sinusoids between 10 and 50 Hz are multiplied by a different factor 
than are those between 50 and 100 Hz, then the output would in general be 
distorted: it would no longer be a magnified version of the input. This dis- 
torted output might be desirable in some cases and undesirable in others. 
That is, the network frequency response might be chosen deliberately to re- 
ject some frequency components of the forcing function, or to emphasize 
others. 

Such behavior is characteristic of tuned circuits or resonant circuits, as 
we will see in this chapter. In discussing resonance we will be able to apply 
all the methods we have discussed in presenting frequency response. 


Resonance 


In this section we will begin the study of a very important phenomenon that 
may occur in circuits that contain both inductors and capacitors. The phe- 
nomenon is called resonance, and it may be loosely described as the condi- 
tion existing in any physical system when a fixed-amplitude sinusoidal 
forcing function produces a response of maximum amplitude. However, we 
often speak of resonance as occurring even when the forcing function is not 
sinusoidal. The resonant system may be electrical, mechanical, hydraulic, 
acoustic, or some other kind, but we will restrict our attention, for the most 
part, to electrical systems. 

Resonance is a familiar phenomenon. Jumping up and down on the 
bumper of an automobile, for example, can put the vehicle into rather large 
oscillatory motion if the jumping is done at the proper frequency (about one 
jump per second), and if the shock absorbers are somewhat decrepit. How- 
ever, if the jumping frequency is increased or decreased, the vibrational re- 
sponse of the automobile will be considerably less than it was before. A 
further illustration is furnished in the case of an opera singer who is able to 
shatter crystal goblets by means of a well-formed note at the proper fre- 
quency. In each of these examples, we are thinking of frequency as being 
adjusted until resonance occurs; it is also possible to adjust the size, shape, 
and material of the mechanical object being vibrated, but this may not be so 
easily accomplished physically. 

The condition of resonance may or may not be desirable, depending 
upon the purpose which the physical system is to serve. In the automotive 
example, a large amplitude of vibration may help to separate locked 
bumpers, but it would be somewhat disagreeable at 65 mi/h (105 km/h). 





SECTION 16.1 PARALLEL RESONANCE 


Let us now define resonance more carefully. In a two-terminal electrical 
network containing at least one inductor and one capacitor, we define reso- 
nance as the condition which exists when the input impedance of the net- 
work 1s purely resistive. Thus, 


a network is in resonance (or resonant) when the voltage and current 
at the network input terminals are in phase. 


We will also find that a maximum-amplitude response is produced in the 
network when it is in the resonant condition. 

We first apply the definition of resonance to a parallel RLC network dri- 
ven by a sinusoidal current source as shown in Fig. 16.1. In many practical 
situations, this circuit is a very good approximation to the circuit we might 
build in the laboratory by connecting a physical inductor in parallel with a 
physical capacitor, where the parallel combination is driven by an energy 
source having a very high output impedance. The steady-state admittance 
offered to the ideal current source is 


l l 
Y = — fi æC — J 
til z) E] 


Resonance occurs when the voltage and current at the input terminals 
are in phase. This corresponds to a purely real admittance, so that the nec- 
essary condition 1s given by 





l 
wC — — = 0 
wL 
The resonant condition may be achieved by adjusting L, C, or w; we will 
devote our attention to the case for which œ is the variable. Hence, the res- 
onant frequency wy is 


Wy = -FF rad/s [2] 
or 
h=—= k [3] 
© Da4 LC 


This resonant frequency wọ is identical to the resonant frequency defined in 
Eq. [10]. Chap. 9. 

The pole-zero configuration of the admittance function can also be used 
to considerable advantage here. Given Y(s), 


l l 
or 
74+ s/RC+1/LC 
yis) = CS TSA t / -I / [4] 


we may display the zeros of Y(s) by factoring the numerator: 


(Sta — jwag)(S+ta+ joa) 
S 


Yis)=C 








@ FIGURE 16.1 The parallel combination of a 
resistor, an inductor, and a capacitor, often referred to 
as a parallel resonant circuit 
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M@ FIGURE 16.2 (c) The pole-zero constellation of 
the input admittance of a parallel resonant circutt is 
shown on the s-plane: ws, =at + wy, (b) The 
pole-zere constellation of the input impedance. 
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where œ and w, represent the same quantities that they did when we dis- 
cussed the natural response of the parallel RLC circuit in Sec. 9.4. That is, ¢ 
is the exponential damping coeffictent, 
l 
2RC 





and wy is the natural resonant frequency (not the resonant frequency wo). 


The pole-zero constellation shown in Fig. 16.2a follows directly from the 
factored form. 

In view of the relationship among œ. wy. and wo. It is apparent that the 
distance from the origin of the s-plane to one of the admittance zeros is nu- 
merically equal to œ. Given the pole-zero configuration, the resonant tre- 
quency may therefore be obtatned by purely graphical methods. We merely 
swing an arc, using the origin of the s-plane as a center, through one of the 
zeros. The intersection of this arc and the positive jæ axis locates the point 
s = jw. Itis evident that wo is slightly greater than the natural resonant tre- 
quency wg. but their ratio approaches unity as the ratio of wg to a increases. 


Resonance and the Voltage Response 


Next let us examine the magnitude of the response, the voltage V(s) indicated 
in Fig. 16.1. as the frequency w of the forcing function is varied. If we assume 
a constant-amplitude sinusoidal current source, the voltage response is pro- 
portional to the input impedance. This response can be obtained from the 
pole-zero plot of the impedance 


Z(s) = —— >L 

(Sa — joS +a + jwa) 
shown in Fig. 16.2b. The response of course starts at zero, reaches a maxi- 
mum value in the vicinity of the natural resonant frequency, and then drops 
again to zero as w becomes infinite. The frequency response is sketched in 
Fig. 16.3. The maximum value of the response is indicated as R times the 
amplitude of the source current, implying that the maximum magnitude of 


LY Jow) 





W FIGURE 16.3 The magnitude of the voltage response of a parallel 
resonant circuit is shown as a function of frequency. 
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the circuit impedance is R; moreover, the response maximum is shown to 
occur exactly at the resonant frequency wo. Two additional frequencies, w] 
and œ, which we will later use as a measure of the width of the response 
curve, are also identified. Let us first show that the maximum impedance 
magnitude is R and that this maximum occurs at resonance. 

The admittance, as specified by Eq. [1], possesses a constant conduc- 
tance and a susceptance which has a minimum magnitude (zero) at reso- 
nance. The minimum admittance magnitude therefore occurs at resonance, 
and it is 1/R. Hence, the maximum impedance magnitude is R, and it 
occurs at resonance. 

At the resonant frequency, therefore, the voltage across the parallel reso- 
nant circuit of Fig. 16.1 is simply IR, and the entire source current I flows 
through the resistor. However, current is also present in L and C. For the 
inductor, I, o = Vi o/j@ol = 1R/ja@oL, and the capacitor current at reso- 
nance is Ico = (JaoC) Veco = J@oCRI. Since 1/woC = woL at resonance, 
we find that 


Ico = -Iro = jaoCRI [5] 


and 
Ico + Iro =c = 0 


Thus, the net current flowing into the LC combination is zero. The maxi- 
mum value of the response magnitude and the frequency at which it occurs 
are not always found so easily. In less standard resonant circuits, we may 
find it necessary to express the magnitude of the response in analytical 
form, usually as the square root of the sum of the real part squared and the 
imaginary part squared; then we should differentiate this expression with 
respect to frequency, equate the derivative to zero, solve for the frequency 
of maximum response, and finally substitute this frequency in the magni- 
tude expression to obtain the maximum-amplitude response. The procedure 
may be carried out for this simple case merely as a corroborative exercise; 
but, as we have seen, it 1s not necessary. 


Quality Factor 


It should be emphasized that, although the height of the response curve of 
Fig. 16.3 depends only upon the value of R for constant-amplitude excita- 
tion, the width of the curve or the steepness of the sides depends upon the 
other two element values also. We will shortly relate the “width of the re- 
sponse curve” to a more carefully defined quantity, the bandwidth, but it is 
helpful to express this relationship in terms of a very important parameter, 
the quality factor Q. 

We will find that the sharpness of the response curve of any resonant cir- 
cuit is determined by the maximum amount of energy that can be stored in 
the circuit, compared with the energy that is lost during one complete period 
of the response. 

We define Q as 


maximum energy stored 
total energy lost per period [6 


Q = quality factor = 27 





We should be very careful not to confuse the quality 
factor with charge or reactive power, all of which 
unfortunately are represented by the letter Q. 
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The proportionality constant 27 is included in the definition in order to sim- 
plify the more useful expressions for Q which we will now obtain. Since 
energy can be stored only in the inductor and the capacitor, and can be lost 
only in the resistor, we may express Q in terms of the instantaneous energy 
associated with each of the reactive elements and the average power Pp 
dissipated in the resistor: 


| w'r (t) + we (t) Imax 


= Dy 
Q PRT 


where T is the period of the sinusoidal frequency at which Q is evaluated. 

Now let us apply this definition to the parallel RLC circuit of Fig. 16.1 
and determine the value of Q at the resonant frequency. This value of Q is 
denoted by Qo. We select the current forcing function 


i(t) = L,, cos wot 
and obtain the corresponding voltage response at resonance, 
u(r) = Ri = Rin cos wot 


The energy stored in the capacitor is then 
2 R? 
m z 
z ~ COS” wot 


<x 


wet) = =Cv = 


and the instantaneous energy stored in the inductor is given by 


ta !,(! - OL PRE 7 
wilt) = shi = 5 T vdt = 57 o ON 


so that 


IRC . 
w(t) = os sin” wot 


ir 





The total instantaneous stored energy is therefore constant: 


© ERC 
w(t) = wilt) + welt) = 1 
and this constant value must also be the maximum value. In order to find the 
energy lost in the resistor in one period, we take the average power absorbed 
by the resistor (see Sec. 11.2), 





and multiply by one period, obtaining 
loa 
PrT = >E, R 
2 fo ” 
We thus find the quality factor at resonance: 
I R°C/2 
Qo = 2x nR Cy? 
I; R/2 fo 
or 


Oo = 20 fa RC = wyoRC 7} 


This equation (as well as any expression in Eq. [8]) holds only for the sim- 
ple parallel RLC circuit of Fig. 16.1. Equivalent expressions for Qo which 
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are often quite useful may be obtained by simple substitution: 


C R R 
Qo = R, — = —— = 
L  |Xcol  IXL.ol 
So we see that for this specific circuit, decreasing the resistance de- 
creases Qo; the lower the resistance, the greater the amount of energy lost 
in the element. Intriguingly, increasing the capacitance increases Qo, but 
increasing the inductance leads to a reduction in Qo. These statements, of 
course, apply to operation of the circuit at the resonant frequency. 





[8] 


Other Interpretations of Q 


The dimensionless constant Qo is a function of all three circuit elements in 
the parallel resonant circuit. The concept of Q, however, is not limited to 
electric circuits or even to electrical systems; it is useful in describing any 
resonant phenomenon. For example, let us consider a bouncing golf ball. If 
we assume a weight W and release the golf ball from a height h; above a 
very hard (lossless) horizontal surface, then the ball rebounds to some lesser 
height h2. The energy stored initially is Wh,, and the energy lost in one 
period is W (h; — h2). The Qo is therefore 


hW 2th 
(hi =h) W hy —hy 


A perfect golf bail would rebound to its original height and have an infinite 
Qo; a more typical value is 35. It should be noted that the Q in this me- 
chanical example has been calculated from the natural response and not 
from the forced response. The Q of an electric circuit may also be deter- 
mined from a knowledge of the natural response, as illustrated by Eqs. [10] 
and [11] in the following discussion. 

Another useful interpretation of Q is obtained when we inspect the in- 
ductor and capacitor currents at resonance, as given by Eq. [5], 


Qo = 2x 


Ico = ~io = jæCRI = jQol [9] 


Note that each is Qo times the source current in amplitude and that each is 
180° out of phase with the other. Thus, if we apply 2 mA at the resonant fre- 
quency to a parallel resonant circuit with a Qo of 50, we find 2 mA in the 
resistor, and 100 mA in both the inductor and the capacitor. A parallel reso- 
nant circuit can therefore act as a current amplifier, but not, of course, as a 
power amplifier, since it is a passive network. 

Let us now relate to each other the various parameters which we have 
associated with a parallel resonant circuit. The three parameters a, wg, and 
wg were introduced much earlier in connection with the natural response. 
Resonance, by definition, is fundamentally associated with the forced re- 
sponse, since it is defined in terms of a (purely resistive) input impedance, a 
sinusoidal steady-state concept. The two most important parameters of a 
resonant circuit are perhaps the resonant frequency wo and the quality fac- 
tor Qo. Both the exponential damping coefficient and the natural resonant 
frequency may be expressed in terms of wo and Qo: 


| j 
© 2RC — -2(Qo/woC)C 





ee 
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or 
WO) | 
a = — 10 
2Qo | 
and 
Og = Jor — g? 
or 
iy 
oa = o1 (55 ) [11] 
~o 
Damping Factor 


For future reference it may be helpful to note one additional relationship 


involving wy and Qo. The quadratic factor appearing in the numerator of 
Eq. [4], 
+ + ! 
s7 r ——S$ — 
RC LC 
may be written in terms of œ and wy: 


4 , 3 
Ss” + 2aS + wo 


In the field of system theory or automatic control theory. it 1s traditional to 
write this factor in a slightly different form that utilizes the dimensionless 
parameter ¢ (zeta), called the damping factor: 


S% + 20 wos + wh 


Comparison of these expressions allows us to relate ¢ to other parameters: 


=< [12] 


EXAMPLE 16.1 





Calculate numerical values ofi i a, oi „and R for 2 a 1 parallel reso- a 
nant circuit having L = 2 2.5 mH, Qo = rsen C=0. 01 ue. 


From Eq. [2], we see that wọ = 1/v LC = 200 krad/s, while fo = 
wo / 21 = 31.8 kHz. 


The value of a may be obtained quickly by using Eq. {10}, 
2 x 10° 
g = at = = 2 x 10° Np/s 
2Qo (2x5) 


Now we may make use of our old friend from Chap. 9, 


2 2 
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to find that 


Wg = y (2 x 10°)? — (2 x 10*)? = 199.0 krad/s 


Finally, we need a value for the parallel resistance, and Eq. [7] gives us 
the answer: 


Qo = wRC 
SO 


Qo 5 


= = 250k 
mC (2x 10x 10-8) 





16.1 A parallel resonant circuit is composed of the elements R = 8 kQ, 
L = 50 mH, and C = 80 nF. Find (a) œ; (b) Qo; (c) wa; 

(d) a; (e) &. 

16.2 Find the values of R, L, and C ina parallel resonant circuit 

for which wọ = 1000 rad/s, wg = 998 rad/s, and Y;, = 1 mS at 
resonance. 


Ans: 16.1: 15.811 krad/s; 10.12; 15.792 krad/s; 781 Np/s; 0.0494, 16.2: 1000 ; 
126.4 mH; 7.91 uF. 


Now let us interpret Qo in terms of the pole-zero locations of the ad- 
mittance Y(s) of the parallel RLC circuit. We will keep wọ constant; this 
may be done, for example, by changing R while holding L and C con- 
stant. As Qo is increased, the relationships relating a, Qo, and wo indicate 
that the two zeros must move closer to the jw axis. These relationships 
also show that the zeros must simultaneously move away from the o axis. 
The exact nature of the movement becomes clearer when we remember 
that the point at which s = jw could be located on the jw axis by swing- 
ing an arc, centered at the origin, through one of the zeros and over to the 
positive jw axis; since wp is to be held constant, the radius must be con- 
stant, and the zeros must therefore move along this arc toward the positive 
jæ axis aS Qo increases. 

The two zeros are indicated in Fig. 16.4, and the arrows show the path 
they take as R increases. When R is infinite, Qo is also infinite, and the two 
zeros are found at s = +jw on the jw axis. As R decreases, the zeros 
move toward the o axis along the circular locus, joining to form a double 
zero on the o axis ats = —wy when R = 5./L/C or Qo = 4. This condi- 
tion may be recalled as that for critical damping, so that wy = 0 and 
œ = wy. Lower values of R and lower values of Qo cause the zeros to sep- 
arate and move in opposite directions on the negative o axis, but these low 
values of Qo are not really typical of resonant circuits and we need not track 
them any further. 

Later, we will use the criterion Qo > 5 to describe a high-Q circuit. 
When Qo = 5, the zeros are located at s = —0.lwo + j0.995w 9, and thus 
w and wg differ by only one-half of 1 percent. 








E FIGURE 16.4 The two zeros of the admittance 
Y(s), located ats = —a + Jwg, provide a 
semicircular locus as R increases from 5 T/C to oo. 








These names arise from the fact that a voltage which is 

eA 1/\/2 times the resonant voltage is equivalent to a 
squared voltage which ts one-half the squared voltage 
at resonance. Thus, at the half-power frequencies, the 
resistor absorbs one-half the power that it does at 
resonance. 
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16.2 BANDWIDTH AND HIGH-Q CIRCUITS 


We continue our discussion of parallel resonance by defining half-power 
frequencies and bandwidth, and then we will make good use of these new 
concepts in obtaining approximate response data for high-Q circuits. The 
“width” of a resonance response curve, such as the one shown in Fig. 16.3, 
may now be defined more carefully and related to Qo. Let us first define the 
two half-power frequencies œw and œw as those frequencies at which the 
magnitude of the input admittance of a parallel resonant circuit is greater 
than the magnitude at resonance by a factor of 2. Since the response curve 
of Fig. 16.3 displays the voltage produced across the parallel circuit by a 
sinusoidal current source as a function of frequency, the half-power fre- 
quencies also locate those points at which the voltage response is 1/2, or 
0.707, times its maximum value. A similar relationship holds for the imped- 
ance magnitude. We will designate w, as the lower half-power frequency 
and a> as the upper half-power frequency. 


Bandwidth 


The (half-power) bandwidth of a resonant circuit is defined as the differ- 
ence of these two half-power frequencies. 


B = an ~~ W] r13] 


We tend to think of bandwidth as the “width” of the response curve, even 
though the curve actually extends from w = 0 to w = oo. More exactly, the 
half-power bandwidth is measured by that portion of the response curve 
which is equal to or greater than 70.7 percent of the maximum value, as 
depicted in Fig. 16.5. 


|V Gæ) | 







[U|R 


0.707 HI] R 


@ FIGURE 16.5 The bandwidth of the circuit response is highlighted in 
green; it corresponds to the portion of the response curve greater than or 
equal to 70.7% of the maximum value. 


Now let us express the bandwidth in terms of Qo and the resonant 


frequency. In order to do so, we first express the admittance of the parallel 
RLC circuit, 


l l 
Y= — +j{@oC- — 
z(e sr) 
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in terms of Qo: 








or 


Y= uoz -2) [14] 
R wo w 


We note again that the magnitude of the admittance at resonance is 1/R, and 
then realize that an admittance magnitude of /2/R can occur only when a 
frequency is selected such that the imaginary part of the bracketed quantity 
has a magnitude of unity. Thus 


w w 
Qo (2-2) = and Qo (21-2) =~ 
Wo tw? wy w] 


Solving, we have 


1 \- | 
= 1+{(——) -— 15 
o = eoj yi (zz) 20o IS] 


1 \- | | 
2 = On \'+ (55) + 30, U9) 


Although these expressions are somewhat unwieldy, their difference 
provides a very simple formula for the bandwidth: 


B= h | ay == 

Qo 

Equations [15] and [16] may be multiplied by each other to show that wy is 
exactly equal to the geometric mean of the half-power frequencies: 


Wy = W@W? 
or 
Wy = ywah 


Circuits possessing a higher Qo have a narrower bandwidth, or a sharper 


response curve; they have greater frequency selectivity, or higher quality 
(factor). 


Approximations for High-Q Circuits 

Many resonant circuits are deliberately designed to have a large Qo in order 
to take advantage of the narrow bandwidth and high frequency selectivity 
associated with such circuits. When Qo is larger than about 5, it is possible 
to make some very useful approximations in the expressions for the upper 
and lower half-power frequencies and in the general expressions for the re- 
sponse in the neighborhood of resonance. Let us arbitrarily refer to a “high- 
Q circuit” as one for which Qo is equal to or greater than 5. The pole-zero 
configuration of Y(s) for a parallel RLC circuit having a Qo of about 5 is 


| Keep in mind that w2 > wo, while œa < wa. 





(638 — we 


, jo 
O A 


~o H Jos = fly + K) 


, o ok Jog = 10) 
Sj . _ . | a 
jw = Agay B) 


s-plane 








m FIGURE 16.6 The pole-zero constellation of Y(5) 
for a paraliel RLC circuit. The two zeros are exactly 
B Np/s (or rad/s) to the left of the je axis and 
approximately / ep tad/s (or Np/s) from the o axis. 
The upper and lower half-power frequencies are 


separated exactly 23 rad/s, and each is tet 


approximately ; B rad/s away from the 
resonant frequency and the natural 
resonant frequency. ` 


ju 


-S= jw 





Jæ (approx. } 


@ FIGURE 16.7 An enlarged portion of the pole-zero 
constellation for ¥(s) of a high-Q o parallel RLC circuit, 
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shown in Fig. 16.6. Since 


Moreover, the locations of the two half-power frequencies (on the positive 
jw axis) may also be determined in a concise approximate form: 





j ` l l 
Mjn =O l+ {| —— —— | Ywof | = — 
12 = OO) y (55) F 30 »( Ezg) 


or 
Wj ~ wo F $B [17] 


In a high-Q circuit, therefore, each half-power frequency is located ap- 
proximately one-half bandwidth from the resonant frequency; this is indi- 
cated in Fig. 16.6. 

The approximate relationships for œ and œz in Eq. [17] may be added 
to each other to show that wọ is approximately equal to the arithmetic mean 
of œw; and w> in high-Q circuits: 


wo ~ j (%1 +w) 


Now let us visualize a test point slightly above jæœo on the jw axis. In order 
to determine the admittance offered by the parallel RLC network at this fre- 
quency, we construct the three vectors from the critical frequencies to the 
test point. If the test point is close to jwp, then the vector from the pole is 
approximately j@p and that from the lower zero is nearly j2wo. The admit- 
tance is therefore given approximately by 


Y(s) 


x CWE x aC(8 — 81) [18] 
je 


where C is the capacitance, as shown in Eq. [4]. In order to determine a use- 
ful approximation for the vector (s — S;), let us consider an enlarged view 
of that portion of the s-plane in the neighborhood of the zero sı (Fig. 16.7). 
In terms of its cartesian components, we see that 
s— sı ~ $B + jlo -— wo) 


where this expression would be exact if wp were replaced by wa. We now 
substitute this equation in the approximation for Y(s), Eq. [18], and factor 


out +B: 
l W— Wo 
Y(s) ~ 2C [| -B 1 
(Ss) G )( +] TB ) 
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Ys) ] 14 w — Wo 
s) Z — 
R “Ip 


The fraction (w — @o)/( +B) may be interpreted as the “number of half- 
bandwidths off resonance” and abbreviated by N. Thus, 


Or 





| 
Y(s) = pil + JN) [19] 


where 


N = a [20] 
At the upper half-power frequency, w © wo + 5B, N = +1, and we are 
one half-bandwidth above resonance. For the lower half-power frequency, 
w, © wo - 1B, so that N = —1, locating us one half-bandwidth below 
resonance. 
Equation [19] is much easier to use than the exact relationships we have 
had up to now. It shows that the magnitude of the admittance is 


l 
lY(jw)| © RY 1+ N? 


while the angle of Y( jw) is given by the inverse tangent of N: 


ang Y( jw) © tan! N 






ee A T 


— 


Determine the approximate value of the admittance of a parallel 
RLC network for which R = 40 kQ, L = 1H, and C = Z uF if the 
operating frequency is w = 8.2 krad/s. , 


Identify the goal of the problem. 
We are asked to determine the approximate value of Y(s) at 
w = 8.2 krad/s for a simple RLC network. This implies that Qo must 


be at least 5, and the operating frequency is not far from the resonant 
-frequency. 


Collect the known information. 
The values for R, L, and C are provided, as well as the frequency at 


which to evaluate Y(s). This is sufficient to compute the admittance 
using either the exact or approximate expressions. 


Devise a plan. 
To use our approximate expression for the admittance, we must 
first determine Qo, the quality factor at resonance, as well as the 
bandwidth. 

The resonant frequency wọ is given by Eq. [2] as 1/ JLC = 
8 krad/s. Thus, Qo = @)RC = 5, and the bandwidth is wo/ Qo = 
1.6 krad/s. The value of Qo for this circuit is sufficient to employ 
“high-Q” approximations. 






EXAMPLE 


(Continued on next page) 
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Construct an appropriate set of equations. 
Equation [19] states that 


| 
Y(s) = —(L1 +N 
( R JN) 
SO 
1 m | 
YUDI S B /1+N? and ang Y(jw) stan! N 


Determine if additional information is required. 
We stil] require N, which tells us how many half-bandwidths w is 
from the resonant frequency wo: 


N = (8.2 — 8)/0.8 = 0.25 


Attempt a solution. 
Now we are ready to employ our approximate relationships for the 
magnitude and angle of the network admittance, 


ang Y = tan™! 0.25 = 14.04° 
and 
IYI © 25y 1 + (0.25) = 25.77 uS 


» Verify the solution. Is it reasonable or expected? 
An exact calculation of the admittance using Eq. [1] shows that 


¥(j8200) = 25.75/13.87° uS 


The approximate method therefore leads to values of admittance mag- 
nitude and angle that are reasonably accurate (better than 2 percent) 
for this frequency. 


PRACTICE 


16.3 A marginally high-Q parallel resonant circuit has fo = 440 Hz 
with Qg = 6. Use Eqs. [15] and [16] to obtain accurate values for 
(a) fi; (b) fo. Now use Eq. [17] to calculate approximate values for 
(c) fis (@) fr. 


Ans: 404.9 Hz; 478.2 Hz: 403.3 Hz; 476.7 Hz. 





Our intention is to use these approximations for high-Q circuits near 
resonance. We have already agreed that we will let “high-Q” imply Qo > 5, 
but how near is “near”? It can be shown that the error in magnitude or phase 
is less than 5 percent if Qo > 5 and 0.9w < w < 1. lwo. Although this nar- 
row band of frequencies may seem to be prohibitively small, it is usually 
more than sufficient to contain the range of frequencies in which we are 
most interested. For example, an AM radio usually contains a circuit tuned 
to a resonant frequency of 455 kHz with a half-power bandwidth of 10 kHz. 
This circuit must then have a value of 45.5 for Qo, and the half-power fre- 
quencies are about 450 and 460 kHz. Our approximations, however. are 
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valid from 409.5 to 500.5 kHz (with errors less than 5 percent), a range that 
covers essentially all the peaked portion of the response curve; only in the 
remote “tails” of the response curve do the approximations lead to unrea- 
sonably large errors.! 


We conclude our coverage of the parallel resonant circuit by reviewing 
some key conclusions we have reached: 


¢ The resonant frequency wp is the frequency at which the imaginary 
part of the input admittance becomes zero, or the angle of the 
admittance becomes zero. For this circuit, wo = 1/VLC. 


e The circuit’s figure of merit Qo is defined as 27 times the ratio of the 
maximum energy stored in the circuit to the energy lost each period tn 
the circuit. For this circuit, Og = w RC. 


¢ We defined two half-power frequencies, w, and œz, as the frequencies 
at which the admittance magnitude is /2 times the minimum 
admittance magnitude. (These are also the frequencies at which the 
voltage response ts 70.7 percent of the maximum response.) 


+ The exact expressions for œw; and w are 


= (A) ss 
O12 = Oo 200) * 20, 


¢ The approximate (high-Qo) expressions for w, and a are 
l 
w2 ~ w F 5B 
¢ The half-power bandwidth B is given by 


B = a — o = -> 

Qo 

+ The input admittance may also be expressed in approximate form for 
high-Q circuits: 


|| l 
Y~ S (L+ JN) = zv l+ N? (tan N 
where N is defined as the number of half-bandwidths off resonance, or 


N => 
IB 


This approximation is valid for 0.9% < w < 1.l@p. 
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Although we probably find less use for the series RLC circuit than we do for 
the parallel RLC circuit, it is still worthy of our attention. We will consider 
the circuit shown in Fig. 16.8. It should be noted that the various circuit 


(1) At frequencies remote from resonance, we are often satisfied with very rough results: greater accuracy 
is not always necessary. 





E FIGURE 16.8 A series resonant circuit. 








Again, this paragraph is the same as the last paragraph 
of Sec. 16.2, with the parallel RLC language converted to 
series RLC language using duality (hence the quotation 
marks). 
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elements are given the subscript s (for series) for the time being in order 
to avoid confusing them with the parallel elements when the circuits are 
compared. 

Our discussion of parallel resonance occupied two sections of consider- 
able length. We could now give the series RLC circuit the same kind of 
treatment, but it is much cleverer to avoid such needless repetition and use 
the concept of duality. For simplicity, let us concentrate on the conclusions 
presented in the last paragraph of the preceding section on parallel reso- 
nance. The important results are contained there, and the use of dual lan- 
guage enables us to transcribe this paragraph to present the important 
results for the series RLC circuit, 

“We conclude our coverage of the series resonant circuit by reviewing 
some key conclusions we have reached: 


+ The resonant frequency wo is the frequency at which the imaginary 
part of the input impedance becomes zero, or the angle of the 
impedance becomes zero. For this circuit, @ = 1//C;L,. 


¢ The circuit’s figure of merit Qo is defined as 27 times the ratio of the 
maximum energy stored in the circuit to the energy lost each period in 
the circuit. For this circuit, Qo = wols/Rs. 

e We defined two half-power frequencies, a), and w. as the frequencies 
at which the impedance magnitude is v2 times the minimum 
impedance magnitude. (These are also the frequencies at which the 
current response 1s 70.7 percent of the maximum response.) 


¢ The exact expressions for œw, and œ are 





3 


IY l 
Ka 

2Q00/ > 2Qo 
¢ The approximate (high-Qo) expressions for w; and w are 


l 
wa © wo F 58 


w12 = Wo 





e The half-power bandwidth B is given by 


2 

Qo 

¢ The input admittance may also be expressed in approximate form for 
high-@Q circuits: 


! l 
Yz zU + jN) = zY! + N?/tan™! N 


where N is defined as the number of half-bandwidths off resonance, or 
w — ak 
1B 


This approximation is valid for 0.9@) < œ < I|.lw.” 


N= 


From this point on, we will no longer identify series resonant circuits by use 
of the subscript s, unless clarity requires it. 
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EXAMPLE 16.3 


The voltage v, = 100 cos wt mV is applied to a series resonant 
circuit composed of a 10 Q resistance, a 200 nF capacitance, and 
a 2 mH inductance. Use both exact and approximate methods to 
calculate the current amplitude if œ = 48 krad/s. 


The resonant frequency of the circuit is given by 


| l 
wg = —— = —— = 50 krad/s 


JLC y2 x 10-7)(200 x 10-7) 


Since we are operating at w = 48 krad/s, which is within 10 percent 
of the resonant frequency, it is reasonable to apply our approximate 
relationships to estimate the equivalent impedance of the network 
provided that we find that we are working with a high-Q circuit: 


Zeg © RV 1+ N2/tan~! N 


where N is computed once we determine Qo. This is a series circuit, so 


WL (50x 10°)(2 x 1077) 
Qo = — = ——_ = 10 
R 10 


which qualifies as a high-Q circuit. Thus, 
a | 50 x 10° 
Qoo ~~ 10 
The number of half-bandwidths off-resonance (N) is therefore 
— 48 — 50 
B/2 25 


B = 5 krad/s 








—0.8 
Thus, 

Zeq © RV 1 + N2/tan—' N = 12.81/—38.66° Q 
The approximate current magnitude is then 


Vs! = ee. = 7.806 mA 
|Zeq| 12.81 





Using the exact expressions, we find that I = 7.746/39.24° mA and thus 
|I| = 7.746 mA. 


PRACTICE 


pida 


16.4 A series resonant circuit has a bandwidth of 100 Hz and contains 
a 20 mH inductance and a 2 uF capacitance. Determine (a) fo; (b) Qo; 
(c) Zin at resonance; (d) fo. 


Ans: 796 Hz; 7.96; 12.57 + jO Q; 846 Hz (approx.). 





Ae, 
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The series resonant circuit is characterized by a minimum impedance at 
resonance, whereas the parallel resonant circuit produces a maximum reso- 
nant impedance. The latter circuit provides inductor currents and capacitor 
currents at resonance which have amplitudes Qo times as great as the source 
current; the series resonant circuit provides inductor voltages and capacitor 
voltages which are greater than the source voltage by the factor Qos. The 
series circuit thus provides voltage amplification at resonance. 

A comparison of our results for series and parallel resonance, as well 


as the exact and approximate expressions we have developed, appears in 
Table 16.1. 


TABLE _ 16.1 A Short Summary of Resonance 





Qo = RC @ 





T 2RC 
IE (joo) | = lico) = Qoto) VL ao) = Vew) = Qoi Gwo) 


] 
v= [1+ /00(2-@)| Z, = R(1+j00(2—- 2) 


Exact expressions 


Oo = = = VW 
FE 102 
2 2 l ? 
Wg = 0n — A = Wo 1- (z5) 
ave 200 
| (5 2 
Ww? = Wo l+ t{ —— a 
1.2 y so) Fag 
@— 
N=-—— 
3B 
B=a—m = — = 2a 
Qo 


Approximate expressions 


(Qo=5 0.90 <w < Llw) 
wd ~ wy 
an2 © wo F 5B 
wy © 3(w1 +a) 


J/1 + N2 


Z, = RVi + N? /tan7!|N 
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16.4 OTHER RESONANT FORMS 


The parallel and series RLC circuits of the previous two sections represent 
idealized resonant circuits; they are no more than useful, approximate rep- 
resentations of a physical circuit which might be constructed by combining 
a coil of wire, a carbon resistor, and a tantalum capacitor in parallel or series. 
The degree of accuracy with which the idealized model fits the actual cir- 
cuit depends on the operating frequency range, the Q of the circuit, the ma- 
terials present in the physical elements, the element sizes, and many other 
factors. We are not studying the techniques for determining the best model 
of a given physical circuit, for this requires some knowledge of electromag- 
netic field theory and the properties of materials; we are, however, con- 
cerned with the problem of reducing a more complicated model to one of 
the two simpler models with which we are more familiar. 

The network shown in Fig. 16.9a is a reasonably accurate model for the 
parallel combination of a physical inductor, capacitor, and resistor. The 
resistor labeled R, is a hypothetical resistor that is included to account for 
the ohmic, core, and radiation losses of the physical coil. The losses in the 
dielectric within the physical capacitor, as well as the resistance of the phys- 
ical resistor in the given RLC circuit, are accounted for by the resistor la- 
beled R2. In this model, there is no way to combine elements and produce a 
simpler model which is equivalent to the original model for all frequencies. 
We will show, however, that a simpler equivalent may be constructed which 
is valid over a frequency band that is usually large enough to include all fre- 
quencies of interest. The equivalent will take the form of the network shown 
in Fig. 16.9. 

Before we learn how to develop such an equivalent circuit, let us first 
consider the given circuit, Fig. 16.9a. The resonant radian frequency for this 
network is not 1/\/LC, although if R; is sufficiently small it may be very 
close to this value. The definition of resonance is unchanged, and we may 
determine the resonant frequency by setting the imaginary part of the input 
admittance equal to zero: 


1 
; — Imi — + j _ 
Im{¥(jw)} m - + jwC + “a 


Or 


I l 4 jwC + l R; — jwL 
mi — WwW r u 
R: J Ri + jøoL Rı — jæL 


l Ri — jæL 
= m| je + joc + IZ J9 | 
Ry 


Re +a°L? 


Thus, we have the resonance condition that 


and so 


= |- Ri" 21] 
Wy = z- (F) [ 





(a) 





(b) 
@ FIGURE 16.9 (a) A useful model of a physical 
network which consists of a physical inductor, 
capacitor, and resistor in parallel. (6) A network which 


can be equivalent to part a over a narrow frequency 
band. 
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We note that wo is less than LiL, but sufficiently small values of the ra- 
tio Rı/L may result in a negligible difference between wo and LAC. 
The maximum magnitude of the input impedance also deserves 
co consideration. It is not R>, and it does not occur at wọ (or at œ = LLC). 
The proof of these statements will not be shown, because the expressions 
soon become algebraically cumbersome; the theory, however, is straightfor- 
ward. Let us be content with a numerical example. 






EXAMPLE 16.4 


Using the values R; = 2 Q, L = 1 H, C = 125 mF, and Rz = 3 & for 
Fig. 16.9a, determine the resonant frequency and the impedance at 
resonance. 


Substituting the appropriate values in Eq. [21], we find 














ES w = V 8 — 2? = 2 rad/s 
5 and this enables us to calculate the input admittance, 
o 1.6} 4 
2 | l l l 1 1 
Sis | Y=—4+j2( -)+ ———— = > +- = 0.5838 
pu | gru i) 24+ 720) 3° 4 
$ “ar 1 and then the input impedance at resonance: 
4 1} 
= Z(j2) = —— = 1.7142 
enc.” U7) = 9583 
eo T Z T progeny (radis) R At the frequency which would be the resonant frequency if Rı were zero, 
@ FIGURE 16.10 Pilot of |Z| vs. œ, generated using l 
the following MATLAB script: —_— = 2.83 rad/s 
EDU» omega = linspace(0,10,100); VLC 
EDU» for | = 1:100 . 
Y(i) = 1/3 + jromega(i)/8 + 1/(2 + j*omega()); the input impedance would be 
a VY(0); Z(j2.83) = 1.947/—13.26° Q 
en 
EDU» plot(omega,abs(Z)); As can be seen in Fig. 16.10, however, the frequency at which the 


EDU» xlabel(‘frequency (rad/s)’); 


| 7 maximum impedance magnitude occurs, indicated by wm, can be deter- 
EDU» ylabel(‘impedance magnitude (ohms)’); 


mined to be @», = 3.26 rad/s, and the maximum impedance magnitude is 
Z(j3.26) = 1.980/—21.4° Q 


The impedance magnitude at resonance and the maximum magnitude 
differ by about 16 percent. Although it is true that such an error may be 
neglected occasionally in practice, it is too large to neglect on an exam. 
The later work in this section will show that the Q of the inductor- 
resistor combination at 2 rad/s is unity; this low value accounts for the 
16 percent discrepancy. 


PRACTICE 


— 0 > 


16.5 Referring to the circuit of Fig. 16.9a, let Rj = 1 KQ? and 
C = 2.533 pF. Determine the inductance necessary to select a resonant 
frequency of 1 MHz. (Hint: Recall that w = 27 f .) 


Ans: 10 mH. 
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Equivalent Series and Parallel Combinations 
In order to transform the given circuit of Fig. 16.9a into an equivalent of the 
form shown in Fig. 16.9b, we must discuss the Q of a simple series or par- 
allel combination of a resistor and a reactor (inductor or capacitor). We first 
consider the series circuit shown in Fig. 16.1la. The Q of this network is 
again defined as 27 times the ratio of the maximum stored energy to the en- 
ergy lost each period, but the Q may be evaluated at any frequency we 
choose. In other words, Q is a function of w. It is true that we will choose to 
evaluate it at a frequency which 1s, or apparently is, the resonant frequency 
of some network of which the series arm is a part. This frequency. however, 
is not known until a more complete circuit is available. The reader is 
encouraged to show that the Q of this series arm is |X,|/R,, whereas the Q 
of the parallel network of Fig. 16.115 1s Rp/|Xpl. 

Let us now carry out the details necessary to find values for R, and X, so 
that the parallel network of Fig. 16.115 is equivalent to the series network of 
Fig. 16.11@ at some single specific frequency. We equate Y, and Y,, 


_ l _ R, — jXs 
* Ry + jX,; R+X? 
y l ol 
~ "PR, X, 
and obtain 
o Re+ X; 
PO R, 
R? 4+ X? 
Xp SEN 4 + AY 
Xs 


It follows that the Q’s of the series and parallel networks must be equal: 
Qp =0, =Q 


The transformation equations may therefore be simplified: 


Ry = R,(1 + Q°) [22] 
i 
X, =X; (1 + =) [23] 


R, and X, may also be found if R, and X, are the given values; the trans- 
formation in either direction may be performed. 


If Q > 5, little error is introduced by using the approximate rela- 
tionships 


Ry © QR, [24] 
Xp Xs (Cp ~ C; or Lp © Ls) [25] 





(b) 


E FIGURE 16.11 (4) Aseries network which 
consists of a resistance R; and an inductive or 
capacitive reactance X; may be transformed into 
(b) a paraliel network such that Y; = Yp at one 
specific frequency. The reverse transformation is 
equally possible. 
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EXAMPLE 16.5 


Find the parallel equivalent of the series combination of a 100 mH 
inductor and a 5 @ resistor at a frequency of 1000 rad/s. Details of 
the network to which this series combination is connected are 
unavailable. 
At w = 1000 rad/s, X, = 1000(100 x 107°) = 100 2. The QO of this 
series combination is 
o Xs 100 | 

CHa a = 
Since the Q is sufficiently high (20 is much greater than 5), we use 
Eqs. [24] and [25] to obtain 


R, ~ Q°R,=20002 and = L,*L,=100mH 


20 


Our assertion here is that a 100 mH inductor in series with a 5 Q resistor 
provides essentially the same input impedance as does a 100 mH induc- 
tor in parallel with a 2000 Q resistor at the frequency 1000 rad/s. 

To check the accuracy of the equivalence, let us evaluate the input 
impedance for each network at 1000 rad/s. We find 


Z,(j1000) = 5 + j100 = 100.1/87.1° Q 
2000(j 100) 


% (71000) = eiit e A 
p10) = 5000 + 7100 


= 99.9/87.1° Q 


and conclude that the accuracy of our approximation at the transforma- 
tion frequency is pretty impressive. The accuracy at 900 rad/s is also 
reasonably good, because 

Z;(j900) = 90.1/86.8° Q 

Z,(j900) = 89.9/87.4° Q 


8H 
100 kQ 5H 


100 Q 


PRACTICE 


N a 
16.6 At œ = 1000 rad/s, find a parallel network that is equivalent to 
the series combination in Fig. 16.12a. 
añ equivalent parallel Network (at m=; 1000 tad) 15 16.7 Find a series equivalent for the parallel network shown in 
needed. (b) A parallel network for which an equivalent Fig. 16. 12b assuming © = 1000 rad/s. 
series network (at w = 1000 rad/s) is needed. 4 


(a) (b) 
W FIGURE 16.12 (a) A series network for which 


Ans: 16.6: 8 H, 640 kQ; 16.7: 5 H, 250 Q. 


As a further example of the replacement of a more complicated resonant 
circuit by an equivalent series or parallel RLC circuit, let us consider a prob- 
lem in electronic instrumentation. The simple series RLC network in 


andea meter ean inime that meae Fig. 16.13a is excited by a sinusoidal voltage source at the network's reso- 
pariicolar quarititvot interest without deturbirs tie nant frequency. The effective (rms) value of the source voltage is 0.5 V, and 
circuit being tested. Although this is impossible, modern we wish to measure the effective value of the voltage across the capacitor 
tanen can oea daseto beta ideal in this with an electronic voltmeter (VM) having an internal resistance of 
respect 100,000 82. That is, an equivalent representation of the voltmeter is an ideal 


voltmeter in parallel with a 100 KQ resistor. 
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20 2 10 mH 209 


0.5 V rms 


w = W 0.01 pF 





(a) 


0.5 V rms 102 
w = Wy= 10° Vo. 
0.01 uF 


{c} 


E FIGURE 16.13 (a) A given series resonant circuit in which the capacitor voltage is to be measured by a nonideal electronic voltmeter. 
(b) The effect of the voltmeter is included in the circuit; it reads V’. (© A series resonant circuit is obtained when the parallel RC network 


in part b is replaced by the series RC network which is equivalent at 10° rad/s. 


Before the voltmeter is connected, we compute that the resonant fre- 
quency is 10° rad/s, Qo = 50, the current is 25 mA, and the rms capacitor 
voltage is 25 V. (As indicated at the end of Sec. 16.3, this voltage is Qo 
times the applied voltage.) Thus, if the voltmeter were ideal, it would read 
25 V when connected across the capacitor. 

However, when the actual voltmeter is connected, the circuit shown in 
Fig. 16.13b results. In order to obtain a series RLC circuit, it is now neces- 
sary to replace the parallel RC network with a series RC network. Let us 
assume that the Q of this RC network is sufficiently high that the equivalent 
series capacitor will be the same as the given parallel capacitor. We do this 
in order to approximate the resonant frequency of the final series RLC 
circuit. Thus, if the series RLC circuit also contains a 0.01 uF capacitor, the 
resonant frequency remains 10° rad/s. We need to know this estimated res- 
onant frequency in order to calculate the Q of the parallel RC network: it is 


R 
Q = — =wR,C, = 10°(10°)(10~*) = 100 

|Xpl 
Since this value is greater than 5, our vicious circle of assumptions is justi- 
fied, and the equivalent series RC network consists of the capacitor C, = 
0.01 uF and the resistor 

Rp 

Hence, the equivalent circuit of Fig. 16.13c is obtained. The resonant Q of 
this circuit is now only 33.3, and thus the voltage across the capacitor in the 
circuit of Fig. 16.13c is 164 V. But we need to find |V% |, the voltage across 
the series RC combination; we obtain 


0.5 | 
[Vel = 55110 — j1000| = 16.67 V 


The capacitor voltage and |Vọ| are essentially equal, since the voltage 
across the 10 Q resistor is quite small. 





10 mH 


(b) 


100 KQ 





20 mH | pF 


1 





E FIGURE 16.14 A first model for a 20 mH inductor, 
a 1 uF capacitor, and a 20 Q resistor in series with a 
valtage generator. 
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The final conclusion must be that an apparently good voltmeter may still 

produce a severe effect on the response of a high-Q resonant circuit. A 

similar effect may occur when a nonideal ammeter is inserted in the circuit. 
We wrap up this section with a technical fable. 


0° nee upon a time there was a student named Sean, who had a professor 


-< identified simply as Dr. Abel. 

In the laboratory one afternoon. Dr. Abel gave Sean three practical cir- 
cuit devices: a resistor. an inductor, and a capacitor, having nominal element 
values of 20 92, 20 mH. and | uF. The student was asked to connect a 
variable-frequency voltage source to the series combination of these three 
elements, to measure the resultant voltage across the resistor as a function 
of frequency, and then to calculate numerical values for the resonant fre- 
quency, the Q at resonance, and the half-power bandwidth. The student was 
also asked to predict the results of the experiment before making the 
measurements. 

Sean, whose normally clear mental processes were sometimes over- 
come with circuit analysis anxiety. drew an equivalent circuit for this prob- 
lem that was like the circuit of Fig. 16.14, and then calculated: 


] i 
Qo Ed = «(1125 Hz 
Jo InJLC 2a s20 x 10 x 10-° 
wok 
Oo = R = 7.07 
B= fo = 159 Hz 
Qo 


Next, Sean made the measurements that Dr. Abel requested, compared them 
with the predicted values, and then felt a strong urge to transfer to the busi- 
ness school. The results were 


fo = 1000 Hz Qo = 0.625 B = 1600 Hz 


Sean knew that discrepancies of this magnitude could not be characterized 
as being “within engineering accuracy” or “due to meter errors.” Sadly, the 
results were handed to the professor. 

Remembering many past errors in judgment, some of which were even 
(possibly) self-made, Dr. Abel smiled kindly and called Sean’s attention to 
the Q-meter (or impedance bridge) which is present in most well-equipped 
laboratories, and suggested that it might be used to find out what these prac- 
tical circuit elements really looked like at some convenient frequency near 
resonance— 1000 Hz, for example. 

Upon doing so, Sean discovered that the resistor had a measured value 
of 18 Q and the inductor was 21.4 mH with a Q of 1.2, while the capacitor 
had a capacitance of 1.41 uF and a dissipation factor (the reciprocal of Q) 
equal to 0.123. 

So. with the hope that springs eternal within the heart of every engi- 
neering undergraduate, Sean reasoned that a better model for the practical 
inductor would be 21.4 mH in series with wL/Q = 112 Q, while a more 
appropriate model for the capacitor would be 1.41 uF in series with 
1/wCQ = 13.9 Q. Using these data, Sean prepared the modified circuit 
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model shown as Fig. 16.15 and calculated a new set of predicted values: 


| 


fo = — n = 916 Hz 
2nJ/21.4 x 10-2 x 1.41 x 107-6 
2x x 916 x 21.4 x 107° 
Oy = 27x916 x 214 x 10° _ 6 956, 


143.9 
B = 916/0.856 = 1070 Hz 


Since these results were much closer to the measured values, Sean was 
much happier. Dr. Abel, however, being a stickler for detail, pondered the 
differences in the predicted and measured values for both Qo and the band- 
width. “Have you,” Dr. Abel asked, “given any consideration to the output 
impedance of the voltage source?” “Not yet,” said Sean, trotting back to the 
laboratory bench. . 

It turned out that the output impedance in question was 50 Q2 and so 
Sean added this value to the circuit diagram, as shown in Fig. 16.16. Using 
the new equivalent resistance value of 193.9 Q, improved values for Qo and 
B were then obtained: 


Qo = 0.635 B = 1442 Hz 


509 214mH (1120 13.90 





@ FIGURE 16.16 The final model also contains the output 
resistance of the voltage source. 


Since all the theoretical and experimental values now agreed within 10 per- 
cent, Sean was once again an enthusiastic, confident engineering student, 
motivated to start homework early and read the textbook prior to class.’ 
Dr. Abel simply nodded her head agreeably as she moralized: 


When using real devices, 

Watch the models that you choose; 
Think well before you calculate, 
And mind your Z’s and Q’s! 









16.8 The series combination of 10 Q and 10 nF is in parallel with the 
series combination of 20 Q and 10 mH. (a) Find the approximate 
resonant frequency of the parallel network. (b) Find the Q of the RC 
branch. (c) Find the Q of the RL branch. (d) Find the three-element 
equivalent of the original network. | 


Ans: 10° rad/s; 100; 50; 10 nF || 10 mH |] 33.3 KQ. 


(2) Okay, this last part is a bit much. Sorry about that. 





214mH 1120 13.90 


1.41 uF + 
k I8 0) U, 


E FIGURE 16.15 An improved model in which more 
accurate values are used and the losses in the inductor 
and capacitor are acknowledged. 








Recall that “ordinate” refers to the vertical axis and 
“abscissa” refers to the horizontal axis. 
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16.5 _ SCALING 


Some of the examples and problems that we have been solving have in- 
volved circuits containing passive element values ranging around a few 
ohms, a few henrys, and a few farads. The applied frequencies were a few 
radians per second. These particular numerical values were used not be- 
cause they are those commonly met in practice, but because arithmetic ma- 
nipulations are so much easier than they would be if it were necessary to 
carry along various powers of 10 throughout the calculations. The scaling 
procedures that will be discussed in this section enable us to analyze net- 
works composed of practical-sized elements by scaling the element values 
to permit more convenient numerical calculations. We will consider both 
magnitude scaling and frequency scaling. 

Let us select the parallel resonant circuit shown in Fig. 16.17a as our 
example. The impractical element values lead to the unlikely response curve 
drawn as Fig. 16.17b; the maximum impedance is 2.5 Q, the resonant fre- 
quency is | rad/s, Qo is 5, and the bandwidth is 0.2 rad/s. These numerical val- 
ues are much more characteristic of the electrical analog of some mechanical 
system than they are of any basically electrical device. We have convenient 
numbers with which to calculate, but an impractical circuit to construct. 


IZ (Q) 





w (rad/s) 


0 05 1 15 2 
(a) (b) 


E FIGURE 16.17 (c) A parallel resonant circuit used as an exampie to illustrate magnitude and 
frequency scaling. (b) The magnitude of the input impedance is shown as a function of frequency. 


Let us assume that our goal is to scale this network in such a way as to 
provide an impedance maximum of 5000 Q at a resonant frequency of 
5 x 10° rad/s, or 796 kHz. In other words, we may use the same response 
curve shown in Fig. 16.17bif every number on the ordinate scale is increased 
by a factor of 2000 and every number on the abscissa scale is increased by a 
factor of 5 x 10°. We will treat this as two problems: (1) scaling in magnitude 
by a factor of 2000 and (2) scaling in frequency by a factor of 5 x 10°. 

Magnitude scaling is defined as the process by which the impedance of 
a two-terminal network is increased by a factor of K,,, the frequency re- 
maining constant. The factor K,, is real and positive; it may be greater or 
smaller than unity. We will understand that the shorter statement “the net- 
work is scaled in magnitude by a factor of 2” indicates that the impedance 
of the new network is to be twice that of the old network at any frequency. 
Let us now determine how we must scale each type of passive element. To 
increase the input impedance of a network by a factor of Km, it is sufficient 
to increase the impedance of each element in the network by this same 
factor. Thus, a resistance R must be replaced by a resistance K,,R. Each 
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inductance must also exhibit an impedance which is K,, times as great at 
any frequency. In order to increase an impedance s L by a factor of Km when 
s remains constant, the inductance L must be replaced by an inductance 
Km L. In a similar manner, each capacitance C must be replaced by a capac- 
itance C/K,,. In summary, these changes will produce a network which is 
scaled in magnitude by a factor of Km: 


R -> K,,R 
L —> KaL 
C 


C -> — 
mM 


magnitude scaling 


When each element in the network of Fig. 16.17a is scaled in magnitude by a 
factor of 2000, the network shown in Fig. 16.18a results. The response curve 
shown in Fig. 16.18b indicates that no change in the previously drawn re- 
sponse curve need be made other than a change in the scale of the ordinate. 

Let us now take this new network and scale it in frequency. We define 
frequency scaling as the process by which the frequency at which any im- 
pedance occurs is increased by a factor of Kp. Again, we will make use of 
the shorter expression “the network is scaled in frequency by a factor of 2” 
to indicate that the same impedance is now obtained at a frequency twice as 
great. Frequency scaling is accomplished by scaling each passive element 
in frequency. Ít is apparent that no resistor is affected. The impedance of any 
inductor is s L, and if this same impedance is to be obtained at a frequency Kp 
times as great, then the inductance L must be replaced by an inductance of 
L/Ky. Similarly, a capacitance C is to be replaced by a capacitance C/K. 
Thus, if a network is to be scaled in frequency by a factor of Kp, then the 
changes necessary in each passive element are 


R> R 
Ky frequency scaling 
When each element of the magnitude-scaled network of Fig. 16.18a is 


scaled in frequency by a factor of 5 x 10°, the network of Fig. 16.19a 
is obtained. The corresponding response curve is shown in Fig. 16.19b. 


|Z"| (kQ) 


(a) (b) 








|Z’) kO) 


ȘI 


4 
3 


E 
| 
- 








7 > w (rad/s) 


0 os 1. I5 ? 
(b) 


@ FIGURE 16.18 (c) The network of Fig. 16.174 after 
being scaled in magnitude by a factor Km = 2000. 
(b) The corresponding response curve. 


w (Mrad/s) 


E FIGURE 16.19 (a) The network of Fig. 16.18a after being scaled in frequency by a factor K; = 5 x 10°. (b) The 


corresponding response curve. 
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The circuit elements in this last network have values which are easily 
achieved in physical circuits; the network can actually be built and tested. It 
follows that, if the original network of Fig. 16.17a were actually an analog 
of some mechanical resonant system, we could have scaled this analog in 
both magnitude and frequency in order to achieve a network which we 
might construct in the laboratory: tests that are expensive or inconvenient to 
run on the mechanical system could then be made on the scaled electrical 
system, and the results should then be “unscaled” and converted into me- 
chanical units to complete the analysis. 

An impedance that is given as a function of s may also be scaled in mag- 
nitude or frequency, and this may be done without any knowledge of the 
specific elements out of which the two-terminal network is composed. In 
order to scale Z(s) in magnitude, the definition of magnitude scaling shows 
that it is necessary only to multiply Z(s) by K,, in order to obtain the 
magnitude-scaled impedance. Thus, the impedance of the parallel resonant 
circuit shown in Fig. 16.17a is 


S 


Z(s) = 
9 = 535 04s42 


or 
0.5s 
(s + 0.1 + j0.995)(s + 0.1 — 70.995) 
The impedance Z'(s) of the magnitude-scaled network is 
Z'(s) = K»Z{s) 


If we again select K,, = 2000, we have 


Z(s) = 


S 


Z'(s) = (1000) ———_—_______—___—________ 
8) = OO) 0.1 + 0.9956 +0.1 = 70.995) 


If Z'(s) is now to be scaled in frequency by a factor of 5 x 10°, then Z’(s) 
and Z’(s) are to provide identical values of impedance if Z’(s) is evaluated 
at a frequency Kp times that at which Z’(s) is evaluated. After some careful 
cerebral activity, this conclusion may be stated concisely in functional 


notation: 
Z'(s) =z' (= 
= K; 


Note that we obtain Z” (s) by replacing every s in Z’(s) with s/Kp. The 
analytic expression for the impedance of the network shown in Fig. 16.19a 
must therefore be 


m s/(5 x 10°) 
Z (s) = (1000) [s/(5 x 106) + 0.1 + j0.995][s/(5 x 10°) + 0.1 — j0.995] 
or 
6 
Z's) = (1000) (5 x 10°)s 


[s+0.5 x 10° + 74.975 x 10®][s + 0.5 x 106 — 74.975 x 10°] 


Although scaling is a process normally applied to passive elements, de- 
pendent sources may also be scaled in magnitude and frequency. We assume 
that the output of any source is given as k,v, or kyi,, where k, has the 
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dimensions of an admittance for a dependent current source and is dimen- 
sionless for a dependent voltage source, while k, has the dimensions of 
ohms for a dependent voltage source and is dimensionless for a dependent 
current source. If the network containing the dependent source is scaled in 
magnitude by Km, then it is necessary only to treat k, or k, as if it were the 
type of element consistent with its dimensions. That is, if ky (or kẹ) is di- 
mensionless, it is left unchanged; if it is an admittance, it is divided by Km; 
and if it is an impedance, it is multiplied by Km. Frequency scaling does not 
affect the dependent sources. 








EXAMPLE 
Scale the network shown in Fig. 16.20 by Kn = 20 and Ky = 50, and th n find Z 





0.580 





W FIGURE 16.20 (c) A network to be magnitude scaled by a factor of 20, and frequency scaled by a factor of 50. (b) 
The scaled network. (c) A 1 A test source is applied to the input terminals in order to obtain the impedance of the 
unscaled network in parta. 


Magnitude scaling of the capacitor is accomplished by dividing 0.05 F 
by the scaling factor Km = 20, and frequency scaling is accomplished 
by dividing by Ks = 50. Carrying out both operations simultaneously, 


0.05 
Cyc = =| 5 50 F 
aled = (0)(50) A 
The inductor is also scaled: 
(20)0.5 _ 


Liscaled = 50 200 mH 


In scaling the dependent source, only magnitude scaling need be con- 
sidered, as frequency scaling does not affect dependent sources. Since 


(Continued on next page) 
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this is a voltage-controlled current source, the multiplying constant 0.2 
has units of A/V, or S. Since the factor has units of admittance, we 
divide by K,,, so that the new term is 0.01V,. The resulting (scaled) 
network is shown in Fig. 16.20b. 

To find the impedance of the new network, we need to apply ai A 
test source at the input terminals. We may work with either circuit; 
however, let’s proceed by first finding the impedance of the unscaled 
network in Fig. 16.20a, and then scaling the result. 

Referring to Fig. 16.20c, 


Vin = Vi + 0.5s(1 — 0.2V1) 
Also, 
20 
Vv, = —() 
S 


Performing the indicated substitution followed by a little algebraic 
manipulation yields 


Z. Vn s*— 48+ 40 
an 2s 


To scale this quantity to correspond to the circuit of Fig. 16.20b we 
multiply by Km = 20, and replace s with s/K; = s/50. Thus, 


Zinaa = 


0.2s? — 40s + 20,000 Q 
S 









ale 


16.9 Aparallel resonant circuit is defined by C = 0.01 F, B = 2.5 rad/s, 
and w@» = 20 rad/s. Find the values of R and L if the network is scaled 
in (a) magnitude by a factor of 800; (b) frequency by a factor of 10*; 
(c) magnitude by a factor of 800 and frequency by a factor of 10°. 


Ans: 32 KQ, 200 H; 40 Q, 25 pH; 32 KQ, 20 mH. 
. f 





16.6 _ BODE DIAGRAMS 


In this section we will discover a quick method of obtaining an approximate 
picture of the amplitude and phase variation of a given transfer function as 
functions of w. Accurate curves may, of course, be plotted after calculating 
values with a programmable calculator or a computer; curves may also be 
produced directly on the computer. Our object here, however, is to obtain a 
better picture of the response than we could visualize from a pole-zero plot, 
but yet not mount an all-out computational offensive. 





SECTION 16.6 BODE DIAGRAMS 


The Decibel (dB) Scale 


The approximate response curve we construct is called an asymptotic plot, 
or a Bode plot, or a Bode diagram, after its developer, Hendrik W. Bode, 
who was an electrical engineer and mathematician with the Bell Telephone 
Laboratories. Both the magnitude and phase curves are shown using a log- 
arithmic frequency scale for the abscissa, and the magnitude itself is also 
shown in logarithmic units called decibels (dB). We define the value of 
\H(jw)| in dB as follows: 


Hag = 20 log |H(jw)| 


where the common logarithm (base 10) is used. (A multiplier of 10 instead 


of 20 is used for power transfer functions, but we will not need it here.) The 
inverse operation is 


|H(jo)| = 10% 


Before we actually begin a detailed discussion of the technique for 
drawing Bode diagrams, it will help to gain some feeling for the size of the 
decibel unit, to learn a few of its important values, and to recall some of 
the properties of the logarithm. Since log! = 0, log2 = 0.30103, and 
log 10 = 1, we note the correspondences: 


IH(jw)| = 1 <> Ha = 0 
IH(Ujw)| = 2 & Hag ~ 6 dB 
IH(ja)| = 10 © Hap = 20 dB 


An increase of |H(jw)|. by a factor of 10 corresponds to an increase in Hag 
by 20 dB. Moreover, log 10” = n, and thus 10” < 20n dB, so that 1000 
corresponds to 60 dB, while 0.01 is represented as —40 dB. Using only the 
values already given, we may also note that 20log5 = 20log £ = 
20 log 10 — 20log2 = 20—6= 14 dB, and thus 5@ 14 dB. Also, 
log /x = Ł log x, and therefore /2 © 3 dB and 1/2 & —3 dB? 

We will write our transfer functions in terms of s, substituting s = jw 
when we are ready to find the magnitude or phase angle. If desired, the mag- 
nitude may be written in terms of dB at that point. 





ae z i a o. 


16.10 Calculate Hag at w = 146 rad/s if H(s) equals (a) 20/(s + 100); 
(b) 20(s + 100); (c) 20s. Calculate |H(jw)j if Hag equals (d) 29.2 dB; 
(e) —15.6 dB; (f) —0.318 dB. 


Ans: —18.94 dB; 71.0 dB; 69.3 dB; 28.8; 0.1660; 0.964. 


Determination of Asymptotes 


Our next step is to factor H(s) to display its poles and zeros. We first con- 
sider a zero at S = —a, written in a standardized form as 


H(s) =1+ ` [26] 


(3) Note that we are being slightly dishonest here by using 20 log 2 = 6 dB rather than 6.02 dB. It is 
customary, however, to represent /2 as 3 dB; since the dB scale is inherently logarithmic, the smal! 
inaccuracy is seldom significant. 


The decibel is named in honor of Alexander 
Graham Bell. 








A decade refers to a range of frequencies defined by a 
factor of 10, such as 3 Hz to 30 Hz, or 12.5 MHz to 

125 MHz. An octave refers to a range of frequencies 
defined by a factor of 2, such as 7 GHz to 14 GHz. 


Note that we continue to abide by the convention 
of taking ./2 as corresponding to 3 dB. 
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The Bode diagram for this function consists of the two asymptotic curves 
approached by Hap for very large and very small values of œw. Thus, we begin 


by finding 








jD a 
Bgo = 1+ = /1+5 
a a 
and thus 
| ` w? 
Hag = 20 log 1+ 22) = 20108 i+ 
a a 
Whenw < a, 


Hap ~% 20 log 1=0 (w <a) 


This simple asymptote is shown in Fig. 16.21. It is drawn as a solid line for 
w < a, and as a green line for w > a. 


Hap 


w(log) 





@ FIGURE 16.21 The Bode amplitude plot for H(s) = 1 + 5 /a consists of 
the low- and high-frequency asymptotes, shown as dashed lines. They intersect 
on the abscissa at the corner frequency. The Bode piot represents the response 
in terms of two asymptotes, Doth straight lines and both easily drawn. 


When w > a, 
w 
Hag ~ 20 log z (w > a) 


Atw = a, Hag = 0; at w = 10a, Hag = 20 dB; and at œ = 100a, Hap = 40 
dB. Thus, the value of Has increases 20 dB for every 10-fold increase in fre- 
quency. The asymptote therefore has a slope of 20 dB/decade. Since Hag 
increases by 6 dB when w doubles, an alternate value for the slope is 6 dB/ 
octave. The high-frequency asymptote is also shown in Fig. 16.21, a solid 
line for œw > a, and a broken line for w < a. Note that the two asymptotes 
intersect at w = a, the frequency of the zero. This frequency is also desc- 
ribed as the corner, break, 3 dB, or half-power frequency. 


Smoothing Bode Plots 
Now let us see how much error is embodied in our asymptotic response 
curve. At the corner frequency (w = a), 


a? 


Has = 20 log I + — =3dB 
a 
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as compared with an asymptotic value of 0 dB. At w = 0.5a, we have 
Hag = 20 log V 1.25 ~ 1 dB 


Thus, the exact response is represented by a smooth curve that lies 3 dB 
above the asymptotic response at w = a, and | dB above it at w = 0.5a 
(and also at w = 2a). This information can always be used to smooth out the 
corner if a more exact result is desired. 


Multiple Terms 


Most transfer functions will consist of more than a simple zero (or simple 
pole). This, however, is easily handled by the Bode method, since we are in 
fact working with logarithms. For example, consider a function 


S S 
H(s) = K ( + =) ( t =) 
S1 RY) 


where K = constant, and —s; and —s> represent the two zeros of our 
function H(s). Hap for this function may be written as 


(+) 0+) 

S1 S2 
w\? w\? 

wis | +(2) 1+ (2) | 
l S2 


w 


2 | 2 
w 
Hag = 20 log K + 20 log 1+(2) +21 1+ (=) 


S] S2 





Hag = 20 log 





or 


which is simply the sum of a constant (frequency-independent) term 20 log K, 
and two simple zero terms of the form previously considered. In other words, 
we may construct a sketch of Hag by simply graphically adding the plots of 
the separate terms. We explore this in the following example. 






EXAMPLE 16.7 


Obtain the Bode plot of the input impedance of the network shown 
in Fig. 16.22. 


20 2 
We have the input impedance, 
Zin(S) = H(s) = 20+ 0.2s H(s) = Zin (5) —> 0.2H 
Putting this in standard form, we obtain 
S @ FIGURE 16.22 |f H(s) is selected as Z,,(s) for this 
H(s) = 20 (1 T A network, then the Bode plot for Hyg is as shown in 


Fig. 16.23b. 


(Continued on next page) 
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The two factors constituting H(s) are a zero at s = —100, leading to 
a break frequency of w = 100 rad/s, and a constant equivalent to 

20 log 20 = 26 dB. Each of these is sketched lightly in Fig. 16.23a. 
Since we are working with the logarithm of |H(jw)|, we next add 
together the Bode plots corresponding to the individual factors. The 
resultant magnitude plot appears as Fig. 16.23b. No attempt has 
been made to smooth out the corner with a +3 dB correction at 

w = 100 rad/s; this is left to the reader as a quick exercise. 


PRACTICE —  —ć _ 
16.11 Construct a Bode magnitude plot for H(s) = 50+ s. 





Ans: 34 dB, w < 50 rad/s; slope = +20 dB/decade w > 50 rad/s. 


Phase Response 


Returning to the transfer function of Eq. [26], we would now like to deter- 
mine the phase response for the simple zero, 


ang H( jw) = ang (1 + 2) = tan™’ 


RIE 


This expression is also represented by its asymptotes, although three 
straight-line segments are required. For w < a, ang H(jw) ~ 0°, and we 
use this as our asymptote when w < 0.la: 


ang H( jw) = 0° (w < 0.1a) 


At the high end, w >> a, we have ang H( jw) ~ 90°, and we use this above 
w = 10a: 
ang H( jw) = 90° (w > 10a) 


Since the angle is 45° at w = a, we now construct the straight-line asymp- 
tote extending from 0° at w = 0.la, through 45° at w = a, to 90° at œ = 
10a. This straight line has a slope of 45°/decade. It is shown as a solid curve 
in Fig. 16.24, while the exact angle response is shown as a broken line. 


Hap Hap 







20 log 20 = 26 dB a 
1 oe ee ee me mee nin ee cae nae oy ap mem oe a = 
7 
a 


; Lo — + 20 dB/dec. 





w(lo l 
i 10 100 1000 nae 10 100 1000 Gade) 


(a) (b) 


M FIGURE 16.23 (2) The Bode plots for the factors of H(s) = 20(1 + 5/100) are sketched 
individually. (6) The composite Bode plot is shown as the sum of the plots of part a. 
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The maximum differences between the asymptotic and true responses are 
+5.71° at w = 0.la and 10a. Errors of F 5.29° occur at œ = 0.394a and 
2.54a; the error is zero at w = 0.159a, a, and 6.31a. The phase angle plot is 
typically left as a straight-line approximation, although smooth curves can 
also be drawn in a manner similar to that depicted in Fig. 16.24. 


ang H( jw) 


Ola Ola 





@ FIGURE 16.24 The asymptotic angle response for H(s) = 1 + $/a iS 
shown as the three straight-line segments in solid cotor. The endpoints of the 
ramp are 0° at 0.1a and 90° at 10a. The dashed line represents a more accurate 
(smoothed) response. 


It is worth pausing briefly here to consider what the phase plot is telling 
us. In the case of a simple zero at s = a, we see that for frequencies much 
less than the corner frequency, the phase of the response function is 0°. For 
high frequencies, however (w >> a), the phase is 90°. In the vicinity of the 
comer frequency, the phase of the transfer function varies somewhat 
rapidly. The actual phase angle imparted to the response can therefore be 
selected through the design of the circuit (which determines a). 





16.12 Draw the Bode le phase plot fi for the transfer function of 
Example 16.7. 


Ans: 0°, œ < 10; 90°, œ > 1000; 45°, w = 100; 45"/des slope. i0<w < 1000. 
(w in rad/s). 


Additional Considerations in Creating Bode Plots 


We next consider a simple pole, 


H(s) = 





1+s/a 27) 
Since this is the reciprocal of a zero, the logarithmic operation leads to a Bode 
plot which is the negative of that obtained previously. The amplitude is 0 dB 
up to w = a, and then the slope is -20 dB/decade for w > a. The angle plot 
is 0° for œw < 0.1a, —90° for w > 10a, and —45° at w = a, and it has a slope 
of —45°/decade when0.la < w < 10a. The reader is encouraged to generate 
the Bode plot for this function by working directly with Eq. [27]. 
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EXAMPLE 16.8 


Another term that can appear in H(s) is a factor of s in the numerator or 
denominator. If H(s) = s, then 


Hag = 20 log |w| 


Thus, we have an infinite straight line passing through 0 dB at œw = | and 
having a slope everywhere of 20 dB/decade. This is shown in Fig. 16.25a. 
If the s factor occurs in the denominator, a straight line is obtained having a 
slope of —20 dB/decade and passing through 0 dB at œ = 1, as shown in 
Fig. 16.25b. 


Al ap Aap 


20 






—» wilog)} 


(rad/s) 


wilog) 


100 (rad/s) 





(ar) (b) 


@ FIGURE 16.25 The asymptotic diagrams are shown for (a) H(s) = s and (b) H(s) = 1/s Both are 
Infinitely jong straight lines passing through 0 dB at eo = | and having slopes of +20 dB/decade. 


Another simple term found in H(s) is the multiplying constant K. This 
yields a Bode plot which is a horizontal straight line lying 20log/K/| dB 
above the abscissa. It will actually be below the abscissa if |K] < 1. 


Find the Bode plot for the gain of the circuit shown in Fig. 16.26. 





E FIGURE 16.26 [fH(s) = V,.,/Vin, this amplifier is found to have the Bade 
amplitude plot shown in Fig. 16.276, and the phase piot shown in Fig. 16.28. 


We work from left to right through the circuit and write the expression 
for the voltage gain, 
His) = Yo = 4000 l ) 5000(10*/s) 
o 200 J 5000 + 108/s 





Vin 5000 + 10°/20s 
which simplifies (mercifully) to 
— 25 


H(s) = = 2 
9 = PY s/id + s/20,000) [z8] 
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We see a constant, 20 log | —2| = 6 dB, break points at w = 10 rad/s 
and w = 20,000 rad/s, and a linear factor s. Each of these is sketched in 
Fig. 16.27a, and the four sketches are added to give the Bode magni- 
tude plot in Fig. 16.275. 





w(log) 
(rad/s) 





(a) 





E FIGURE 16.27 (2) individual Bode magnitude sketches are made for the factors 
(—2), (s), (1 +$/10)~', and (1 + $/20,000)~'. (6) The four separate plots of 
parta are added to give the Bode magnitude plots for the amplifier of Fig. 16.26. 





16.13 Construct a Bode e magnitude plot for HO equal to 

(a) 50/(s + 100); (b) (s + 10)/(s + 100); (c) (s + 10)/s. 

Ans: (a) —6 dB, œw < 100; —20 dB/decade, œ > 100; (b) —20 dB, w < 10; 

+20 dB/decade, 10 < w < 100; 0 dB, w > 100; (c) 0 dB, œw > 10; —20 dB/decade, 


w < 10. 


Before we construct the phase plot for the amplifier of Fig. 16.26, let us 
take a few moments to investigate several of the details of the magnitude 
plot. 

First, it is wise not to rely too heavily on graphical addition of the indi- 
vidual magnitude piots. Instead, the exact value of the combined magnitude 
piot may be found easily at selected points by considering the asymptotic 












EXAMPLE 16.9 
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value of each factor of H(s) at the point in question. For example, in the flat 
region of Fig. 16.27a between w = 10 and w = 20,000, we are below the 
corner at w = 20,000, and so we represent (1 + $/20,000) by 1; but we are 
above w = 10, so (1 + s/10) is represented as w/10. Hence, 


Hap = M) log 





—2w 
(w/10)(1) 
= 20 log 20 = 26 dB (10 < w < 20,000) 


We might also wish to know the frequency at which the asymptotic re- 
sponse crosses the abscissa at the high end. The two factors are expressed 
here as w/10 and w/20,000; thus 


—2W | 


(w/10)(@/20.000) | 





Hag = 20 log 


400,000 
20 log 


W 


Since Hag = 0 at the abscissa crossing, 400,000/m = 1, and therefore 
w = 400,000 rad/s. 

Many times we do not need an accurate Bode plot drawn on printed 
semilog paper. Instead we construct a rough logarithmic frequency axis 
on simple lined paper. After selecting the interval for a decade—say, a dis- 
tance L extending from w = w, to w = 10w; (where w, is usually an 
integral power of 10)—we let x locate the distance that w lies to the right 
of w, so that x/L = log(w/q,). Of particular help is the knowledge that 
x = 0.3L when w = 2w, x = 0.6L at w = 4@,, and x = 0.7L at w = 5a). 









‘Draw the phase plot for the transfer function given by Eq. [28], 
H(s) = —2s/[(1 + s/10)(1 + s/20,000)]. 


We begin by inspecting H(j@): 


— j2w 


HUo) = T Gai + jo/20,000) 


[29] 
The angle of the numerator is a constant, —90°. 

The remaining factors are represented as the sum of the angles con- 
tributed by breakpoints at w = 10 and w = 20,000. These three terms 
appear as broken-line asymptotic curves in Fig. 16.28, and their sum is 
shown as the solid curve. An equivalent representation is obtained if the 
curve is shifted upward by 360°. 

Exact values can also be obtained for the asymptotic phase response. 
For example, at @ = 10* rad/s, the angle in Fig. 16.28 is obtained from 
the numerator and denominator terms in Eq. [29]. The numerator angle 
is —90°. The angle for the pole at w = 10 is —90°, since w is greater than 
10 times the corner frequency. Between 0.1 and 10 times the corner fre- 
quency, we recall that the slope is —45° per decade for a simple pole. 

For the breakpoint at 20,000 rad/s, we therefore calculate the angle, 
—45° log(w/0.1la) = —45° log[10,000/(0.1 x 20,000)] = —31.5°. 
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ang H{ jw) 


w(log) 
(rad/s) 





W FIGURE 16.28 The solid curve displays the asymptotic phase response of the | 
amplifier shown in Fig. 16.26. 


The algebraic sum of these three contributions is —90° — 90° — 
31.5° = —211.5°, a value that appears to be moderately near the 
asymptotic phase curve of Fig. 16.28. 


16.14 Draw the Bode phase plot for H(s) equal to (a) 50/(s + 100); 
(b) (s + 10)/(s + 100); (c) (s + 10)/s. 





Ans: (a) 0°, œw < 10; —45°/decade, 10 < w < 1000; —90°, w > 1000; 

(b) 0°, œw < 1; +45°/decade, 1 < w < 10; 45°, 10 < œw < 100; —45°/decade, 
100 < œ < 1000; 0°, w > 1000; (c) —90°, w < 1; +45°/decade, 1 < w < 100; 
0°, w > 100. 


Higher-Order Terms 


The zeros and poles that we have been considering are all first-order terms, 
such as s*!, (1 +0.2s)*!, and so forth. We may extend our analysis 
to higher-order poles and zeros very easily, however. A term s*” yields 
a magnitude response that passes through w=1 with a slope of 
+20n dB/decade; the phase response is a constant angle of +90n°. Also, a 
multiple zero, (1 + s/a)", must represent the sum of n of the magnitude- 
response curves, or n of the phase-response curves of the simple zero. We 
therefore obtain an asymptotic magnitude plot that is 0 dB for w < a and 
has a slope of 20n dB/decade when w > a; the error is —3n dB at w =a, 
and —n dB at œw = 0.5a and 2a. The phase plot is 0° for œ < 0.la, 90n° for 
w > 10a, 45n° at w =a, and a straight line with a slope of 45n°/ 
decade for 0.1a < w < 10a, and it has errors as large as +5.71n° at two 
frequencies. | 

The asymptotic magnitude and phase curves associated with a factor 
such as (1 + $/20)7* may be drawn quickly, but the relatively large errors 
associated with the higher powers should be kept in mind. 


ae 
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Complex Conjugate Pairs 


The last type of factor we should consider represents a conjugate complex 
pair of poles or zeros. We adopt the following as the standard form for a pair 
of zeros: 


4 


H(s) = 1 + 2¢ (~) + (=) 
Wp Wp 


The quantity ¢ is the damping factor introduced in Sec. 16.1, and we will 
see shortly that wọ is the corner frequency of the asymptotic response. 

If ¢ = 1, we see that H(s) = 1 + 2(s/wo) + (S/wo)* = (1+ s/a}, a 
second-order zero such as we have just considered. If ¢ > 1, then H(s) may 
be factored to show two simple zeros. Thus, if ¢ = 1.25, then H(s) = 
1 + 2.5(S/wo) + (S/wo)? = (1 + $/2@9)(1 + s/0.5wo), and we again have 
a familiar situation. 

A new case arises when 0 < ¢ < 1. There is no need to find values for 
the conjugate complex pair of roots. Instead, we determine the low- and 
high-frequency asymptotic values for both the magnitude and phase re- 
sponse, and then apply a correction that depends on the value of ¢. 

For the magnitude response, we have 


a (E)E) 


When w < wo, Hag = 20 log |1| = 0 dB. This is the low-frequency asymp- 
tote. Next, if œ >> wo, only the squared term is important, and Hyp = 
20 log |—(w/w0)?] = 40 log(w/w). We have a slope of +40 dB/decade. 
This is the high-frequency asymptote, and the two asymptotes intersect at 
0 dB, w = wp. The solid curve in Fig. 16.29 shows this asymptotic repre- 
sentation of the magnitude response. However, a correction must be applied 


Hap = 20 log |H(jm)| = 20 log 





[30] 





Hap 





E FIGURE 16.29 Bode amplitude plots are shown for H(s) = 1 + 2¢(s/a) + (S/a) 
for several values of the damping factor ¢. 
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in the neighborhood of the corner frequency. We let w = wo in Eq. [30] and 
have 


Hag = 20 log 





j2e (2) = 20 log(2¢) [31] 
Wo 


It ¢ = 1, a limiting case, the correction is +6 dB; for ¢ = 0.5, no correction 
is required; and if ¢ = 0.1, the correction is —14 dB. Knowing this one cor- 
rection value is often sufficient to draw a satisfactory asymptotic magnitude 
response. Figure 16.29 shows more accurate curves for ¢ = 1, 0.5, 0.25, 
and 0.1, as calculated from Eq. [30]. For example, if ¢ = 0.25, then the 
exact value of Hap at w = 0.5a is 


Hag = 20 log |1 + 70.25 — 0.25| = 20 log v 0.752 + 0.252 = —2.0 dB 


The negative peaks do not show a minimum value exactly at w = wo, as we 
can see by the curve for ¢ = 0.5. The valley is always found at a slightly 
lower frequency. 

If ¢ = 0, then H(jwp) = 0 and Hag = —oo. Bode plots are not usually 
drawn for this situation. 

Our last task is to draw the asymptotic phase response for H(jw) = 1+ 
j2(w/w0) — (w/w). Below w = 0.1la 9, we let ang H(jw) = 0°; above 
w = 10w. we have ang H(jw) = ang [—(w/@o)*] = 180°. At the corner 
frequency, ang H(ja) = ang (j2¢) = 90°. In the interval O.fw < 
w < 10w 9, we begin with the straight line shown as a solid curve in 
Fig. 16.30. It extends from (0.1@p, 0°), through (wo, 90), and terminates at 
(10m, 180°); it has a slope of 90°/decade. 


ang Hi jw) 





E FIGURE 16.30 The straight-line approximation to the phase characteristic for H(jw) = 
1 + j2(a/w) — (w/e)? is shown as a solid curve, and the true phase response is shown 
for ¢ = 1, 0.5, 0.25, and 0.1 as broken lines. 


We must now provide some correction to this basic curve for various 
values of €. From Eq. [30], we have 


-1 26(w/wo) 
l — (w/w)? 
One accurate value above and one below w = w may be sufficient to give 


an approximate shape to the curve. If we take œw = 0.5wọ, we find 
ang H(j0.5w9) = tan~! (4¢ /3), while the angle is 180° — tan`! (4¢ /3) at 


ang H(jw) = 
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w = 2wo. Phase curves are shown as broken lines in Fig. 16.30 for ¢ = 1,0.5, 
0.25, and 0.1; heavy dots identify accurate values atw = 0.5@9 and w = 2. 

If the quadratic factor appears in the denominator, both the magnitude 
and phase curves are the negatives of those just discussed. We conclude 
with an example that contains both linear and quadratic factors. 






EXAMPLE 16.10 


Construct the Bode plot for the transfer function H(s) = 
100,000s/[(s + 1)(10,000 + 20s + sô]. 
Let’s consider the quadratic factor first and arrange it in a form such 


that we can see the value of ¢. We begin by dividing the second-order 
factor by its constant term, 10,000: 


His) = 10s 
~ (1 +s)(1 + 0.002s + 0.0001s?) 
An inspection of the s? term next shows that wọ = ./1/0.0001 = 100. 


Then the linear term of the quadratic is written to display the factor 2, 
the factor (s/w), and finally the factor ¢: 


10s 
(1 + s)[(1 + 2)(0.1)(s/100) + (s/100)?] 
We see that ¢ = 0.1. 

The asymptotes of the magnitude-response curve are sketched in 
lightly in Fig. 16.31: 20 dB for the factor of 10, an infinite straight line 
through w = | with a +20 dB/decade slope for the s factor, a corner 
at w = 1 for the simple pole, and a corner at w = 100 with a slope of 
—40 dB/decade for the second-order term in the denominator. Adding 
these four curves and supplying a correction of +14 dB for the qua- 
dratic factor leads to the heavy curve of Fig. 16.31. 


His) = 


Hap 





@ FIGURE 16.31 The Bode magnitude plot of the transfer function 
100, 000s 
9S) aa ree, 
(s + 1)(10,000 + 20s + s?) 
The phase response contains three components: +90° for the factor 
s; 0° for w < 0.1, —90° for w > 10, and —45°/decade for the simple 
pole; and 0° for w < 10, —180° for w > 1000, and —90° per decade for 
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the quadratic factor. The addition of these three asymptotes plus some 
improvement for ¢ = 0.1 is shown as the solid curve in Fig. 16.32. 


ang H( jw) 





E FIGURE 16.32 The Bode phase piot of the transfer function 
Hs) = 100, 000s . 
~~ ($+ 1)(10,000 + 20s + s?) ` 





16.15 If HO = 10008? /( /(s? + 5s + 100), sketch the Bode amplitude 
piot and calculate a value for (a) œ when n Hag = D; (b) Hag at œo = 1; 
(c) Hag as w > œ. 


Ans: 0.316 rad/s; 20 dB; 60 dB. 





COMPUTER-AIDED ANALYSIS 


The technique of generating Bode plots is a valuable one. There are 
many situations in which an approximate diagram is needed quickly 
(such as on exams, or when evaluating a particular circuit topology for a 
specific application), and simply knowing the general shape of the re- 
sponse is adequate. Further, Bode plots can be invaluable when design- 
ing filters in terms of enabling us to select factors and coefficient values. 

In situations where exact response curves are required (such as when 
verifying a final circuit design), there are several computer-assisted op- 
tions available to the engineer. The first technique we will consider here 
is the use of MATLAB to generate a frequency response curve. In order 
to accomplish this, the circuit must first be analyzed to obtain the cor- 
rect transfer function. However, it is not necessary to factor or simplify 
the expression. 

Consider the circuit in Fig. 16.26. We previously determined that the 
transfer function for this circuit can be expressed as 


—2s 


MS) = (sj +s/20,000) 


(Continued on next page) 
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We seek a detailed graph of this function over the frequency range of 
100 mrad/s to 1 Mrad/s. Since the final graph will be plotted on a 
logarithmic scale, there is no need to uniformly space our discrete 
frequencies. Instead, we use the MATLAB function logspace() to gen- 
erate a frequency vector, where the first two arguments represent the 
power of 10 for starting and ending frequencies, respectively (—1 and 
6 in the present example), and the third argument is the total number of 
points desired. Thus, our MATLAB script is 


EDU» w = logspace(— 1,6,100); 

EDU» denom = (1+j*w/10) .* (1+j*w/20000); 
EDU» H = —2*j*w / denom; 

EDU» Hdb = 20*log10(abs(H)); 

EDU» semilogx(w,Hdb) 

EDU» xlabel( frequency (rad/s)’) 

EDU» ylabel CIHQGw)! (dB)’) 


which yields the graph depicted in Fig. 16.33. 


ao 
B 
Š 
I 





E FIGURE 16.33 Piot of H ag generated using MATLAB. 


A few comments about the MATLAB code are warranted. First, note 
that we have substituted s = jw in our expression for H(s). Also, 
MATLAB treats the variable w as a vector, or one-dimensional matrix. 
As such, this variable can cause difficulties in the denominator of an 
expression as MATLAB will attempt to apply matrix algebra rules to 
any expression. Thus, the denominator of H( jw) is computed in a 
separate line, and the operator “.*” is required instead of “*” to multi- 
ply the two terms. This new operator is equivalent to the following 
MATLAB code: | . 


EDU» for k = 1:100 
denom = (1 + j*w(k)/10) * (1 + j*w(k)/20000); 
end 
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In a similar fashion, the new operator “./” is used in the subsequent 
line of code. The results are desired in dB, so the function /og10() is 
invoked; /og() represents the natural logarithm in MATLAB. Finally, 
the new plot command semilogx() is used to generate a graph with the 
x axis having a logarithmic scale. The reader is encouraged at this point 
to return to previous examples, and use these techniques to generate 
exact curves for comparison to the corresponding Bode plots. 

PSpice is also commonly used to generate frequency response 
curves, especially to evaluate a final design. Figure 16.34a depicts 
the circuit of Fig. 16.26, where the voltage across the resistor R3 
represents the desired output voltage. The source component 


pi r tet wen Mech maro Mage Ampere: oa Window ree aa 
zea Ose | o =} NRAN aga j 

COE MATH | Reker F unmnis 
ary Seles 





3 Spe hI) evry a Vi TNS 


9 Diet) tia! = eth 2 ict] 1 
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Jac RI G1 / ~ CG < R3 
OVi d 4k g7 3 
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a 
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GAJN = 0.005 + 


22:8 
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1OmHz 1. 60Hz 186Hz 
{7} 2@"10g16( U(R3:1)) 
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(b) 


@ FIGURE 16.34 (a) The circuit of Fig. 16.26. (b) Frequency response of the 
circuit plotted in dB scale. 


(Continued on next page) 
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VAC has been employed with a fixed voltage of 1 V for convenience. 
An ac sweep simulation is required to determine the frequency 
response of our circuit; Fig. 16.345 was generated using 10 points 
per decade (with Decade selected under Logarithmic AC Sweep 
Type) from 10 mHz to 1 MHz. Note the simulation has been performed 
in Hz, not rad/s, so the cursor tool is indicating a bandwidth of 
3.14 kHz. 

Again, the reader is encouraged to simulate example circuits and 
compare the results to the Bode plots generated previously. 


16.7 _ FILTERS 


The design of filters is a very practical (and interesting) subject, worthy of 
a separate textbook in its own right. In this section, we introduce some of 
the basic concepts of filtering, and explore both passive and active filter 
circuits. These circuits may be very simple, consisting of a single capacitor 
or inductor whose addition to a given network leads to improved perfor- 
mance. They may also be fairly sophisticated, consisting of many resistors, 
capacitors, inductors, and op amps in order to obtain the precise response 
curve required for a given application. Filters are used in modern electron- 
ics to obtain de voltages in power supplies, eliminate noise in communica- 
tion channels, separate radio and television channels from the multiplexed 
signal provided by antennas, and boost the bass signal in a car stereo, to 
name just a few applications. 

The underlying concept of a filter is that it selects the frequencies that 
may pass through a network. There are several varieties, depending on the 
needs of a particular application. A low-pass filter, the response of which is 
illustrated in Fig. 16.35a, passes frequencies below a cutoff frequency, 
while significantly damping frequencies above that cutoff. A high-pass 
filter, on the other hand, does just the opposite, as shown in Fig. 16.355. The 
chief figure of merit of a filter is the sharpness of the cutoff, or the steepness 
of the curve in the vicinity of the corner frequency. In general, steeper re- 
sponse Curves require more complex circuits. 

Combining a low-pass and a high-pass filter can lead to what is known 
as a bandpass filter, as illustrated by the response curve shown in 
Fig. 16.35c. In this type of filter, the region between the two corner freque- 
ncies is referred to as the passband; the region outside the passband is re- 
ferred to as the stepband. These terms may also be applied to the low- and 
high-pass filters, as indicated in Fig. 16.35a and b. We can also create a 
bandstop filter, which allows both high and low frequencies to pass but at- 
tenuates any signal with a frequency between the two comer frequencies 
(Fig. 16.35d). 

The notch filter is a specialized bandstop filter, designed with a narrow 
response characteristic that blocks a single frequency component of a 
signal. Multiband filters are also possible; these are filter circuits which 
have multiple passbands and stopbands. The design of such filters is 
straightforward, but beyond the range of this book. 
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A filter can be constructed by simply using a single capacitor and a single 
resistor, as shown in Fig. 16.36a. The transfer function for this low-pass fil- 
ter circuit is 


H(s) = Vout = a 

Vin 1+ RCs 

H(s) has a single corner frequency, which occurs at w = 1/RC, and a zero 
at s = 00, leading to its “low-pass” filtering behavior. Low frequencies 
(s —> 0) result in |H(s)| near its maximum value (unity, or 0 dB), and high 
frequencies (s — oo) result in |H(s)| — 0. This behavior can be understood 
qualitatively by considering the impedance of the capacitor: as the fre- 
quency increases, the capacitor begins to act like a short-circuit to ac signals, 
leading to a reduction in the output voltage. An example response curve for 


[32] 

















such a filter with R = 500 Q and C = 2 nF is shown in Fig. 16.365; the cor- o E 
ner frequency of 159 kHz (1 Mrad/s) can be found by moving the cursor pee 
to —3 dB. The sharpness of the response curve in the vicinity of the cutoff (b) 
frequency can be improved by moving to a circuit containing additional re- H FIGURE 16.36 (a) Asimple low-pass fiter 
active (i.e., capacitive and/or inductive) elements. constructed from a resistor-capacitor combination. 
A high-pass filter can be constructed by simply swapping the locations (b) Frequency response of the circuit generated using 


of the resistor and capacitor in Fig. 16.36a, as we see in the next example. PSpice. 
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Design a high-pass filter with a corner frequency of 3 kHz. 








C We begin by selecting a circuit topology. Since no requirements as to 
the sharpness of the response are given, we choose the simple circuit of 
g Fig. 16.37. 


out The transfer function of this circuit is easily found to be 


Vout RCs 
H(s) = = ——___ 


@ FIGURE 16.37 A simple high-pass filter circuit, for 
which values for R and C must be selected to obtain a 
cutoff frequency of 3 kHz. 





which has a zero at s = 0 and a pole at s = —1/RC, leading to “high- 
pass” filter behavior (i.e., |H| —> 0 as w —> oo). 

The corner frequency of the filter circuit is w, = 1/RC, and we seek 
a value of w. = 27 fe = 2x (3000) = 18.85 krad/s. Again, we must 
select a value for either R or C. In practice, our decision would most 
likely be based on the values of resistors and capacitors at hand, but 
since no such information has been provided here, we are free to make 
arbitrary choices. 

We therefore choose the standard resistor value 4.7 kQ for R. 
leading to a requirement of C = 11.29 nF. 

The only remaining step is to verify our design with a PSpice 
simulation; the predicted frequency response curve is shown in 
Fig. 16.38. 











10KHZz 


109H2z 
{O}26"logi@( U(R1:1)) 


Frequency 





@ FIGURE 16.38 Simulated frequency response of the final filter design, 
showing a cutoff (3 dB) frequency of 3 kHZ as expected. 


PRACTICE 


16.16 Design a high-pass filter with a cutoff frequency of 13.56 MHz, 
a common rf power supply frequency. Verify your design using 
PSpice. 
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Bandpass Filters 


We have already seen several circuits earlier in this chapter which could be 
classified as “bandpass” filters (e.g., Figs. 16.1 and 16.8). Consider the sim- 
ple circuit of Fig. 16.39, in which the output is taken across the resistor. The 
transfer function of this circuit is easily found to be 


sRC 
Ay = ——--—_——_- 33 
” © LCS? + RCs + | [33] 
The magnitude of this function is (after a few algebraic maneuvers) 
wRC | 
[Avy] = —— [34] 


V(I ~ LCY + &? R? C? 
which, in the limit of w —> 0, becomes 
|Av| * wRC > 0 


and in the limit of @ — œ becomes 
Alx > 0 
y 7X — — 
wL 


We know from our experience with Bode plots that Eq. [33] represents 
three critical frequencies: one zero and two poles. In order to obtain a band- 
pass filter response with a peak value of unity (0 dB), both pole frequencies 
must be greater than | rad/s, the 0 dB crossover frequency of the zero term. 
These two critical frequencies can be obtained by factoring Eq. [33] or de- 
termining the values of w at which Eq. [34] is equal to 1/./2. The center fre- 
quency of this filter then occurs at w = 1/ VLC. Thus, applying a minor 
amount of algebraic manipulation after setting Eq. [34] equal to 1//2, we 
find that 


(1 — LCY = o °C? [35] 
Taking the square root of both sides yields 
LCw. + RCo —1=0 


Applying the quadratic equation, we find that 


R JRC ALC 
= fee 
” L ILC [36] 


Negative frequency is a nonphysical solution to our original equation, and 
so only the positive radicand of Eq. [36] is applicable. However, we may 
have been a little too hasty in taking the positive square root of both sides of 
Eq. [35]. Considering the negative square root as well, which is equally 
valid, we also obtain 
R  VR*C*2+4LC 
c= > t 37 

~= 2LC [37] 
from which it can be shown that only the positive radicand is physical. Thus, 
we obtain œw; from Eq. [36] and wy from Eq. [37]; since wy — œ; = B, 
simple algebra shows that B = R/L. 


E FIGURE 16.39 A simple bandpass filter, 
constructed using a series RLC circuit. 
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Design a bandpass filter characterized by a bandwidth of 1 MHz 
and a high-frequency cutoff of 1.1 MHz. 





We choose the circuit topology of Fig. 16.37, and begin by determining 
the corner frequencies required. The bandwidth is given by fy — f, so 


f = 1.1 x 10° — 1 x 10° = 100 kHz 
and 
wy = 27t fı = 628.3 krad/s 


The high-frequency cutoff (wy) is simply 6.912 Mrad/s. 

In order to proceed to design a circuit with these characteristics, it is 
necessary to obtain an expression for each frequency in terms of the 
variables R, L, and C. 

Setting Eq. [37] equal to 27(1.1 x 10°) allows us to solve for 1/LC, 
as we already know that B = 27( fy — fL) = 6.283 x 10°. 

Belpa . 2m(1.1 x 10° 

z + È + va = ZEL X ) 
Solving, we find that 1/LC = 4.343 x 10!°. Arbitrarily selecting 
L = 1 H (alittle large, practically speaking), we obtain R = 6.283 MQ 
and C = 230.3 fF. It should be noted that there is no unique solution 
for this “design” problem—either R, L, or C can be selected as a 
Starting point. 

PSpice verification of our design is shown in Fig. 16.40. 
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E FIGURE 16.40 Simulated response of the bandpass filter design 
showing a bandwidth of 1 MHz and a high-frequency cutoff of 1.1 MHz as 
desired. The passband frequencies have been shaded in green. 


PRACTICE i 


16.17 Design a bandpass filter with a low-frequency cutoff of 100 rad/s 
and a high-frequency cutoff of 10 krad/s. 


Ans: One possible answer of many: R = 990 Q, L = 100 mH, and C = 10 pF. 
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The type of circuit we have been considering is known as a passive 
filter, as it is constructed of only passive components (i.e., no transistors, Op 
amps, or other “active” elements). Although passive filters are relatively 
common, they are not well suited to all applications. The gain (defined as 
the output voltage divided by the input voltage) of a passive filter can be dif- 
ficult to set, and amplification is often desirable in filter circuits. 


Active Filters 
The use of an active element such as the op amp in filter design can over- 
come many of the shortcomings of passive filters. As we saw in Chap. 6, op 
amp circuits can easily be designed to provide gain. Op amp circuits can also 
exhibit inductor-like behavior through the strategic location of capacitors. 
The internal circuitry of an op amp contains very small capacitances 
(typically on the order of 100 pF), and these limit the maximum frequency 
at which the op amp will function properly. Thus, any op amp circuit will 
behave as a low-pass filter, with a cutoff frequency for modern devices of 
perhaps 20 MHz or more (depending on the circuit gain). 






Design an active low-pass filter with a cutoff frequency of 10 kHz 
and a voltage gain of 40 dB. uency 


For frequencies much less than 10 kHz, we require an amplifier circuit 
capable of providing a gain of 40 dB, or 100 V/V. This can be accom- 
plished by simply using a noninverting amplifier (such as the one 
shown in Fig. 16.41@) with 





(b) 


m FIGURE 16.41 (a) A simple noninverting op amp circuit. (b) A low-pass filter 
consisting of a resistor Ry and a capacitor C has been added to the input. 


(Continued on next page) 
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@ FIGURE 16.42 (a) Frequency response for filter 
circuit using a 44A741 op amp, showing a corner 
frequency of 6.4 kHz. (b) Frequency response of the 


same filter circuit, but using an LF111 op amp instead. 


The cutoff frequency for this circuit is 10 kHz, the 
desired value. 





a 4 g E. 
-rewa 





To provide a high-frequency corner at 10 kHz, we require a low-pass 
filter at the input to the op amp (as in Fig. 16.41b). To derive the trans- 
fer function, we begin at the noninverting input, 


1/sC l 
V, = V; ae — | ee a ee 
R + t/sC 1+sR5C 


At the inverting input we have 


wo, We 


Combining these two equations and solving for V,, we find that 


l R 
V = V; | —_-—— 1+ 3) 
1+sRoC R; 


The maximum value of the gain Ay = V,/V; is 1 + Rf/R1, so we set 
this quantity equal to 100. Since neither resistor appears in the expres- 
sion for the corner frequency (R2C)~', either may be selected first. We 
thus choose R; = 1 KQ, so that Ry = 99 KQ. 

Arbitrarily selecting C = 1 uF, we find that 


l 


T E AO PEE 
> 27 (10 x 102)C 


= 15.9 Q 


At this point, our design is complete. Or is it? The simulated frequency 
response of this circuit is shown in Fig. 16.42a. 

It is readily apparent that our design does not in fact meet the 
10 kHz cutoff specification. What did we do wrong? A careful check of 
our algebra does not yield any errors, so an erroneous assumption must 
have been made somewhere. The simulation was performed using a 
„A741 op amp, as opposed to the ideal op amp assumed in the deriva- 
tions. It turns out that this is the source of our discomfort—the same 
circuit with an LF111 op amp substituted for the 4A741 results in a 
cutoff frequency of 10 kHz as desired; the corresponding simulation 
result is shown in Fig. 16.425. 

Unfortunately, the A741 op amp with a gain of 40 dB has a corner 
frequency in the vicinity of 10 kHz, which cannot be neglected in this 
instance. The LF111, however, does not reach its first corner frequency 
until approximately 75 kHz, which is far enough away from 10 kHz 
that it does not affect our design. 


16.18 Design a low-pass filter circuit with a gain of 30 dB and a cutoff 
frequency of 1 kHz. 


Ans: One possible answer of many: R; = 100 KQ, Ry = 3.062 MQ, R = 79.58 Q, 
and C = 2 uF. 





The ability to independently adjust the bass, treble, and 
midrange settings on a sound system is commonly desir- 
able, even in the case of inexpensive equipment. The au- 
dio frequency range (at least for the human ear) iS 
M commonly accepted to be 20 Hz to 20 kHz, with bass 
is | corresponding to lower frequencies (< 500 Hz or so) and 
treble corresponding to higher frequencies (> 5 kHz or 





cf thereabouts). 

a Ya ° . . . . ° . 
A Designing a simple graphic equalizer 1s a relatively 
Nye | straightforward endeavor, although a system such as that 


















shown in Fig. 16.43 requires a bit more effort. In the 
bass, midrange, treble type equalizer common on many 
portable radios, the main signal (provided by the radio 
receiver circuit, or perhaps a CD player) consists of a 
wide spectrum of frequencies having a bandwidth of ap- 
proximately 20 kHz. 
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m@ FIGURE 16.43 An example of a graphic equalizer. 
Courtesy of Alesis 


This signal must be sent to three different op amp cir- 
cuits, each with a different filter at the input. The bass ad- 
justment circuit will require a low-pass filter, the treble 
adjustment circuit will require a high-pass filter, and the 
midrange adjustment circuit requires a bandpass filter. 
The output of each op amp circuit is then fed into a sum- 
ming amplifier circuit; a block diagram of the complete 
circuit is shown in Fig. 16.44. 
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E FIGURE 16.44 Block diagram of a simple graphic equalizer circuit. 


Our basic building block is shown in Fig. 16.45. This 
circuit consists of a noninverting op amp circuit charac- 
terized by a voltage gain of 1 + Rf/Rı, and a simple 
low-pass filter composed of a resistor R2 and a capacitor 
C. The feedback resistor Ry is a variable resistor (Some- 
times referred to as a potentiometer), and allows the gain 
to be varied through the rotation of a knob; the layperson 





PRACTICAL APPLICATION 


Bass, Treble, and Midrange Adjustment 





@ FIGURE 16.45 The bass adjustment section of the amplifier circuit. 


would call this resistor the volume control. The low-pass 
filter network restricts the frequencies that will enter the 
op amp and hence be amplified; the corner frequency is 
simply (R2C)~'. If the circuit designer needs to allow the 
user to also select the break frequency for the filter, R2 
may be replaced by a potentiometer, or, alternatively, C 
could be replaced by a variable capacitor. The remaining 
stages are constructed in essentially the same way, but 
with a different filter network at the input. 

In order to keep the resistors, capacitors, and op amps 
separate, we should add an appropriate subscript to each 
as an indication of the stage to which it belongs (7, m, b). 
Beginning with the treble stage, we have already en- 
countered problems in using the “A741 in the 10 to 
20 kHz range at high gain, so perhaps the LF111 is a bet- 
ter choice here as well. Selecting a treble cutoff fre- 
quency of 5 kHz (there is some variation among values 
selected by different audio circuit designers), we require 





- = 2x (5 x 10°) = 3.142 x 10° 

Ro, C, 

Arbitrarily selecting C; = lF results in a required 
value of 31.83 Q for Ry. Selecting C, = 1 uF as well 
(perhaps we can negotiate a quantity discount), we need 
R>, = 318.3 Q for a bass cutoff frequency of 500 Hz. 
We leave the design of a suitable bandpass filter for the 
reader, 

The next part of our design is to choose suitable val- 
ues for Rj, and Rip, as well as the corresponding feed- 
back resistors. Without any instructions to the contrary, it 
is probably simplest to make both stages identical. 
Therefore, we arbitrarily select both Ri, and Rj, as 1 KQ, 
and Rr, and Ry, as 10 kQ potentiometers (meaning that 
the range will be from 0 to 10 KQ). This allows the 
volume of one signal to be up to 11 times louder than the 
other. In case we need our design to be portable, we se- 
lect +9 V supply voltages, although this can be easily 
changed if needed. 


(Continued on next page) 





Now that the design of the filter stage is complete, we 
are ready to consider the design of the summing stage. 
For the sake of simplicity, we should power this opamp |; Opo as: ee 
stage with the same voltage sources as the other stages, = ts 
which limits the maximum output voltage magnitude to : 
less than 9 V. We use an inverting op amp configuration, 
with the output of each of the filter op amp stages fed di- 
rectly into its own | kQ resistor. The other terminal of 
each | KQ resistor is then connected to the inverting in- 
put of the summing amplifier stage. The appropriate po- 
tentiometer for the summing amplifier stage must be 








selected in order to prevent saturation, so that knowledge | oe SN aeRO TOON ag 
of both the input voltage range and the output speaker o 
wattage is required. @ FIGURE 16.46 Simulated frequency response of the equalizer design. 


SUMMARY AND REVIEW 


4 Resonance is the condition in which a fixed-amplitude sinusoidal 
forcing function produces a response of maximum amplitude. 


Q An electrical network is in resonance when the voltage and current at 
the network input terminals are in phase. 


Q The quality factor is proportional to the maximum energy stored in a 
network divided by the total energy lost per period. 


Q Ahalf-power frequency is defined as the frequency at which the mag- 


nitude of a circuit response function is reduced to 1/./2 times its maxi- 
mum value. 


QO The bandwidth of a resonant circuit is defined as the difference be- 
tween the upper and lower half-power frequencies. 


Q Ahigh-Q circuit is a resonant circuit in which the quality factor 
is = 3. 

Q Ina high-@Q circuit, each half-power frequency is located approxi- 
mately one-half bandwidth from the resonant frequency. 


Q A series resonant circuit is characterized by a low impedance at 
resonance, whereas a parallel resonant circuit is characterized by a 
high impedance at resonance. 


Q A series resonant circuit and a parallel resonant circuit are equivalent if 
R, = R,(l + 95 and Xp = XC 2% oO). 


Q Impractical values for components often make design easier. The trans- 
fer function of a network may be scaled in magnitude or frequency 
using appropriate replacement values for components. 


Q Bode diagrams allow the rough shape of a transfer function to be 
plotted quickly from the poles and zeros. 


Q The four basic types of filters are low-pass, high-pass, bandpass, and 
bandstop. 


Q Passive filters use only resistors, capacitors, and inductors; active 
filters are based on op amps or other active elements. 








EXERCISES 


READING FURTHER 


A good discussion of a large variety of filters can be found in: 


J.T. Taylor and Q. Huang, eds.. CRC Handbook of Electrical Filters. Boca 
Raton, Fla: CRC Press, 1997. 
A comprehensive compilation of various active filter circuits and design proce- 
dures is given in: 


D. Lancaster, Lancaster s Active Filter Cookbook, 2nd ed. Burlington, 
Mass.: Newnes, 1996. 


EXERCISES 


16.1 Parallel Resonance 


1. A parallel RLC circuit has R = | K9, C = 47 uF, and L = 11 mH. (a) Com- 
pute Qo. (b) Determine the resonant frequency (in Hz). (c) Sketch the voltage 
response as a function of frequency if the circuit is excited by a steady-state 
] mA sinusoidal current source. 


t- 


. A parallel RLC circuit is measured to have a Qo of 200. Determine the remain- 
ing component value if (a) R = 1 Q and C = 1 uF; (b) L = 12 fH and 
C = 2.4 nF: (¢) R = 121.7 KQ and L = 100 pH. 
. A varactor ts a semiconductor device whose reactance may be varied by apply- 
ing a bias voltage. The quality factor can be expressed? as 
wCy Rp 
1 + w°CiRpRs 
where C; is the junction capacitance (which depends on the voltage applied to 
the device), Rs is the series resistance of the device, and Rp is an equivalent 
parallel resistance term. (a) If Cy = 3.77 pF at 1.5 V, Rp = 1.5 MQ, and 
Rs = 2.8 Q, plot the quality factor as a function of frequency œ. (b) Differenti- 
ate the expression for Q to obtain both wo and Qmax. 
4. Determine Q for (a) a ping-pong ball: (b) a quarter; (c) this textbook. Be sure 
to provide precise details of the measurement conditions and any observations 
you make, including averaging or other statistical analysis. 


T 


LA 


. A parallel resonant circuit has parameter values of a = 80 Np/s and 
wy = 1200 rad/s. If the impedance at s = —2a@ + jwg has a magnitude of 
400 Q, calculate Oo, R, L, and C. 


6. Find the resonant frequency of the two-terminal network shown in Fig. 16.47. 


QD 


|l mF 





E FIGURE 16.47 


7. Let R= 1 MQ, L = I H.C = 1 uF, and I = 10/0° pA in the circuit of 
Fig. 16.1. (a) Find wo and Qo. (b) Plot |V] as a function of w, 
995 < w < 1005 rad/s. 


(4) S. M. Sze, Physics of Semiconductor Devices, 2d ed. New York: Wiley, 1981, p. 116. 
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8. For the network shown in Fig. 16.48, find (a) the resonant frequency wo; 
(b) Zin( Jao). 


10 mH 





E FIGURE 16.48 


9. A parallel resonant circuit has impedance poles at s = —50 + j1000s7!, anda 
zero at the origin. If C = 1 uF: (a) find L and R; (b) calculate Z at w = 
1000 rad/s. 


t0. Design a parallel resonant circuit for an AM radio so that a variable inductor 
can adjust the resonant frequency over the AM broadcast band, 535 to 
1605 kHz, with Qo = 45 at one end of the band and Qo < 45 throughout 
the band. Let R = 20 k&2, and specify values for C, Lmin, and Lmax. 


. (a) Find Yin for the network shown in Fig. 16.49. (b) Determine wp and 
Zin(/@o) for the network, 


— 
— 


10-8 F 





@ FIGURE 16.49 


12. Determine the resonant frequency for t > 0 of the network depicted in 
Fig. 16.50. 


24 22 





@ FIGURE 16.50 


13. Determine the resonant frequency for t > 0 of the network depicted in 
Fig. 16.51. 


l 
ol H 


1kQ (+) tOu(-1) V 


E FIGURE 16.51 








EXERCISES 


14. (a) For the circuit of Fig. 16.52, set L = 1 mH, C = 1 mF, and R such that 
a = 100 s~}. Determine the resonant frequency and the impedance Zin at the 
resonant frequency. (b) Verify your answer using a PSpice simulation. (Hint: 
use the VAC source, and include a negligibly small resistance in series to avoid 
the inductor shorting the source during the automatically performed DC bias 
determination.) 





Ref. 


@ FIGURE 16.52 





.(a) For the circuit of Fig. 16.52, set L = 1 mH, R such that a = 50 sT}, and 
C such that wg = 5000 rad/s. Determine the resonant frequency and the 
impedance Zin at the resonant frequency. (b) Verify your answer using a 
PSpice simulation. (Hint: use the VAC source, and include a negligibly small 
resistance in series to avoid the inductor shorting the source during the 
automatically performed DC bias determination.) 


16.2 Bandwidth and High-Q Circuits 


16. A parallel resonant circuit has wo = 100 rad/s, Qo = 80, and C = 0.2 uF. 
(a) Find R and L. (b) Use approximate methods to plot |Z| versus w. 


17. Use the exact relationships to find R, L, and C for a parallel resonant circuit 
that has w, = 103 rad/s, œ = 118 rad/s, and (Z(j105)| = 10Q. 


18. Let wọ = 30 krad/s, Qo = 10, and R = 600 Q for a certain parallel resonant 
circuit. (a) Find the bandwidth. (b) Calculate N at w = 28 krad/s. (c) Use 
approximate methods to determine Zj,(j28,000). (d) Find the true value of 
Zin(j 28,000). (e) State the percentage error incurred by using the approximate 
relationships to calculate |Zj,| and ang Zin at 28 krad/s. 


19. A parallel resonant circuit is resonant at 400 Hz with Qo = 8 and R = 500 Q. 
If a current of 2 mA is applied to the circuit, use approximate methods to find 
the cyclic frequency of the current if (a) the voltage across the circuit has a 
magnitude of 0.5 V; (b) the resistor current has a magnitude of 0.5 mA. 

20. A parallel resonant circuit has @ = 1 Mrad/s and Qo = 10. Let R = 5kQ 
and find (a) L; (b) the frequency above ap at which |Zin| = 2 kQ; (c) the 
frequency at which ang Zin = —30°. 


21. Use good approximations on the circuit of Fig. 16.53 to (a) find a; 
(b) calculate V, at the resonant frequency; (c) calculate V; at a frequency 
that is 15 krad/s above resonance. 


1/0° V 





Q 52 
E FIGURE 16.53 ° 


22. (a) Apply the definition of resonance to find wo for the network of Fig. 16.54. n 
(b) Find Zin (oo). 

23. A parallel resonant circuit is characterized by fo = 1000 Hz, Qo = 40, and 
(Zin(j@o)| = 2 KQ. Use the approximate relationships to find (a) Zin at 
1010 Hz; (b) the frequency range over which the approximations are 


reasonably accurate. E FIGURE 16.54 


1 uF 10 mH 
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24, Find the bandwidth of each of the response curves shown in Fig. 16.55. 


0.8 
0.6 1.0 
0.4|- 
0.5 H- 
0.2 
il Lo fikk? . fH) 
O 4 5 6 PREZ) 10? 103 104 105 106 107 108 


(a) (b) 
E FIGURE 16.55 


25. A parallel resonant circuit is known to have a bandwidth of | MHz, and a 
lower halt-power frequency fi = 5.5 kHz. (a) What is the upper half-power 
frequency (in Hz)? (b) What is the circuit’s resonant frequency fo? (c) What is 
the quality factor of the circuit when operated at its resonant frequency? 


26. A parallel resonant circuit is known to have a bandwidth of 1 GHz, and a lower 
half-power frequency fi = 75.3 MHz. (a) What is the upper half-power 
frequency (in Hz)? (b) What is the circuit’s resonant frequency fo? (c) What is 
the quality factor of the circuit when operated at its resonant frequency? 


27. (a) Sketch the voltage response curve for a circuit having a lower half-power 
frequency of 1000 rad/s. an upper half-power frequency of 4000 rad/s, and a 
maximum voltage magnitude of 10 V. (b) What is the resonant frequency of the 
circuit? (c) What is the bandwidth of the circuit? (d) What is the quality factor 
of the circuit when operated at the resonant frequency? 


28. (a) If the 1 uF capacitor of Fig. 16.54 is replaced with a 330 pF capacitor, find 
the resonant frequency of the new circuit. (b) Verify your answer using PSpice. 
(Hint: Use the VAC source, and simulate over several decades of frequency.) 


29. Design a paraliel RLC circuit having a bandwidth of 5.5 kHz and a lower 


half-power frequency of 500 Hz. Verify your design with an appropriate 
PSpice simulation. 





16.3 Series Resonance 


30. A series circuit is constructed from two 5 Q resistors, four 100 uH inductors. 
and a 3.3 uF capacitor. (a) Compute the resonant frequency of the circuit. 
(b) Calculate the quality factor of the circuit when operated at the resonant 
frequency. (c) Determine the input impedance at the resonant frequency. 
0.1 times the resonant frequency, and 10 times the resonant frequency. 


. If a series circuit is known to have a bandwidth of 3 MHz, and a lower haif- 
power frequency fı = 17 kHz, determine (a) the upper half-power frequency 
(in Hz); (b) the resonant frequency fo of the circuit; (c) the quality factor of the 
circuit when operated at the resonant frequency. 


32. (a) Determine the impedance of a series RLC circuit (R = 1 Q, L = 1 mH, 
C = 2 mF) when operated at the resonant frequency. (b) Verify your solution 
with an appropriate PSpice simulation. (Hint: A very large resistor in parallel 
with the capacitor will avoid error messages associated with no dc path to 
ground.) 


3 


—_ 








33. (a) Determine the impedance of a series RLC circuit (R = 1kQ,L = 1 HH, 
C = 2 uF) when operated at the resonant frequency. (b) Verify your solution 





34. 


36. 


39. 


EXERCISES 


with an appropriate PSpice simulation. (Hint: A very large resistor in parallel 
with the capacitor will avoid error messages associated with no dc path to 
ground.) 


(a) Use approximate techniques to plot [Vou] versus œ for the circuit shown in 
Fig. 16.56. (b) Find an exact value for Vou at œ = 9 rad/s. 


3Q 1 92 6H 


60 V 





E FIGURE 16.56 


. A series resonant network consists of a 50 Q resistor, a 4 mH inductor, and a 


0.1 uF capacitor. Calculate values for (a) wo: (b) fo: (c) Qo; (d) B; (e) œ: 
(f) wo; (g) Zin at 45 krad/s; (A) the ratio of magnitudes of the capacitor 
impedance to the resistor impedance at 45 krad/s. 


After deriving Zi,(s) in Fig. 16.57, find: (a) wo; (6) Qo. 
` Vee + 
10Q | mH 
0.5V pe 50 nF + Zin 


@ FIGURE 16.57 


. Inspect the circuit of Fig. 16.58, noting the amplitude of the source voltage. 


Now decide whether you would be willing to put your bare hands across the 
capacitor if the circuit were actually built in the lab. Plot |V¢j versus w to 
justify your answer. 


10 Q 





E FIGURE 16.58 


. A certain series resonant circuit has fo = 500 Hz, Qo = 10, and X; = 500Q 


at resonance. (a) Find R, L, and C. (b) if a source V, = 1/0° V is connected 
in series with the circuit, find exact values for |V¢| at the frequencies f = 450, 
500, and 550 Hz. 


A three-element network has an input impedance Z(s) that shows poles at 
s = 0 and infinity, and a pair of zeros at s = —20,000 + 80,000 s—!. Specify 
the three element values if Zin(— 10,000) = —20 + jO Q. 


16.4 Other Resonant Forms 


40. Make a few reasonable approximations on the network of Fig. 16.59 and ob- 


41. 


tain values for wo, Qo, B, Zin( jw), and Zin(/ 99,000). 


What value of resistance should be connected across the input of the network 
in Fig. 16.59 to cause it to have a Qo of 50? 











in 


1 mH 100 nF 


E FIGURE 16.59 
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42. Refer to the network shown in Fig. 16.60 and use approximate techniques to 
determine the minimum magnitude of Zin and the frequency at which it occurs. 


3 mH 0.3 Q 





0.1 Q 


@ FIGURE 16.60 


43. Por the circuit of Fig. 16.61: (a) prepare an approximate response curve of |V; 
versus w, and (b) calculate the exact value of V at w = 50 rad/s. 


1Q 





E FIGURE 16.61 


44. (a) Use approximate methods to calculate |V, {| at œ = 2000 rad/s for the cir- 
cuit of Fig. 16.62. (b) Obtain the exact value of |V,(j2000)|. 


20 kQ 


1 /0° V 





E FIGURE 16.62 


45. A parallel combination of a 5 kQ resistor and a 1 uF capacitor is constructed. 
Determine a series-connected equivalent if the operating frequency w is 
(a) 10° rad/s; (b) 10* rad/s; (c) 10° rad/s. 


46. A series combination of a 5 k&2 resistor and a | uF capacitor is constructed. 
Determine a parailel-connected equivalent if the operating frequency w is 
(a) 10° rad/s; (b) 10* rad/s; (c) 10° rad/s. 


47. A series combination of a 470 Q resistor and a 3.3 uH inductor is constructed. 
Determine a series-connected equivalent if the operating frequency w is 
(a) 10° rad/s; (b) 10* rad/s; (c) 10° rad/s. 


48. A parallel combination of a 470 Q resistor and a 3.3 4H inductor is 
constructed. Determine a parallel-connected equivalent if the operating 
frequency w is (a) 10° rad/s: (b) 10* rad/s; (c) 10° rad/s. 





EXERCISES 


LJ} 49. (a) For the circuit of Fig. 16.63, employ approximate methods to calculate |V, | 
at f = 1.6 MHz. (b) Compute the exact value of |V,(j10 x 10°)|. (c) Verify 
your results with an appropriate PSpice simulation. 


$70 Q 


1/0°V 200 Q 10 nF 





E FIGURE 16.63 


16.5 Scaling 


50. The filter shown in Fig. 16.64a has the response curve shown in Fig. 16.64b. 
(a) Scale the filter so that it operates between a 50 Q source and a 50 Q load 
and has a cutoff frequency of 20 kHz. (6) Draw the new response curve. 


(00Q 9.82 uH 31.8 pH 9.82 uH 


100 /0° V 2.57nF 100Q 





(a) 


EV oat! CV) 


out | 


50 


l 2 3 (MH?) 


(b) 
E FIGURE 16.64 


51. (a) Find Zin(S) for the network shown in Fig. 16.65. (b) Write an expression 
for Zin(s) after it has been scaled by Km = 2, K f = 5. (c) Scale the elements 
in the network by Km = 2, Kp = 5, and draw the new network. 





W@W FIGURE 16.65 
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52. (a) Use good approximations to find wg and Qo for the circuit of Fig. 16.66. 
(b) Scale the network to the right of the source so that it is resonant at 
1 Mrad/s. (c) Specify wa and B for the scaled circuit. 





E FIGURE 16.66 


53. (a) Draw the new configuration for Fig. 16.67 after the network is scaled by 
Km = 250 and K; = 400. (b) Determine the Thévenin equivalent of the scaled 
network at œ = | krad/s. 





E FIGURE 16.67 


54. A network composed entirely of ideal R’s, L’s, and C’s has a pair of input ter- 
minals to which a sinusoidal current source I, 1s connected, and a pair of open- 
circuited output terminals at which a voltage Vou is defined. If I, = 1/0° A at 
w = 50 rad/s, then Voy = 30/25° V. Specify Vom for each condition described 
as follows. If it is impossible to determine the value of Vou, write OTSK.” 

(a) I, = 2/0° A at w = 50 rad/s; (b) 1, = 2/40° A at w = 50 rad/s; (c) I, = 
2/40° A at 200 rad/s; (d) the network is scaled by Km = 30,1, = 
2/40° A, w = 50 rad/s: (e) Km = 30, Ky = 4, I, = 2/40° A, w = 200 rad/s. 


16.6 Bode Diagrams 

55. Find Hag if H(s) equals (a) 0.2: (6) 50; (c) 12/(s + 2) + 26/(s + 20) for s = 
J10. Find |H(s)| if Hag equals (d) 37.6 dB; (e) —8 dB; ( f} 0.01 dB. 

56. Draw the Bode amplitude plot for (a) 20(s + 1)/(s + 100); (b) 2000s(s + 1)/ 
(s + 100)”; (c) s + 45 + 200/s. (d) Venfy your sketches using MATLAB. 


57. For Fig. 16.68, prepare Bode amplitude and phase plots for transfer function, 
H(s) = Vc/k,. 








@ FIGURE 16.68 


(5) Only The Shadow Knows. 





EXERCISES 


58. (a) Using an origin at œ = l, Hag = 0. construct the Bode amplitude plot for 
H(s) = 5 x 108s(s + 100)/[(s + 20)(s + 1000)°]. (h) Give the coordinates 
for all corners and all intercepts on the Bode plot. (c) Give the exact value of 
20 log |H( jw); for each corner frequency in part P. 

59. (a) Construct a Bode phase plot for H(s) = 5 x 10°s(s + 100)/[(s + 20) 

(s + 1000)*]. Place the origin at œ = 1, ang = 0°. (b) Give the coordinates 
for all points on the phase plot at which the slope changes. (c) Give the exact 
value of ang H( ja) for each frequency listed in part b. 
Ti+ 60, (a) Construct a Bode magnitude plot for the transfer function H(s) = 
| | + 20/s + 400/s*. (b) Compare the Bode plot and exact values at œ = 5 and 
100 rad/s. (¢) Verify your Bode plot using MATLAB. 

61. (a) Find His) = Vr/V, for the circuit shown in Fig. 16.69. (b) Draw Bode 
amplitude and phase plots for H(s). (c) Calculate the exact values ot Hyg and 
ang H(j@) at œ = 20 rad/s. 


62. Construct the Bode amplitude plot for the transfer function H(s) = Vour/Vio of 
the network shown in Fig. 16.70. 


| uF 





@ FIGURE 16.70 


63. For the network of Fig. 16.71: (a) find H(s) = Vou/Vin; (b) draw the Bode 
amplitude plot for Hag; (c) draw the Bode phase plot for H( Jæ). 


100 KQ 100 kQ 





E FIGURE 16.71 


16.7 Filters 


64. The audio frequency range of the bottlenose dolphin extends from approxi- 
mately 250 Hz to 150 kHz. Frequencies between 250 Hz and ~ 50 kHz are 
thought to be used primarily in social communications, and “clicks” with fre- 
quencies above ~ 40 kHz are believed to be primarily used in echolocation. 





| mF 10H 


@ FIGURE 16.69 
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Design an amplifier circuit that will selectively amplify dolphin social 
conversations. The microphone can be modeled as a sinusoidal voltage source 
with peak amplitude less than [5 mV in series with a | {2 resistor. The voltage 
delivered to the 1 kQ earphone should peak at approximately 1 V. 


65. Design a filter circuit that removes the entire range of frequencies audible to 
the human ear (20 Hz to 20 kHz), while allowing lower- and higher-frequency 
signals to pass through. Verify your design using PSpice. 


66. Design a filter circuit that removes any signals with a frequency greater than or 
equal to | kHz. Verify your design using PSpice. 


67. A microphone that is very sensitive to high frequencies is used to detect certain 
types of imminent jet engine failures, but is unfortunately also picking up 
low-frequency noise from flap and aileron hydraulic systems, resulting in false 
alarms. Design a filter circuit to remove the noise signals while selectively 
amplifying the high-frequency signals by at least a factor of 100. The 
low-frequency noise signal has its peak energy in the vicinity of 20 Hz, 
and has fallen to less than 1 percent of its maximum by 1 kHz. The engine 
failure signals begin in the vicinity of 25 kHz. 


68. Complete the design discussed in the Practical Application. (a) Begin by de- 
signing a suitable midrange stage. (b) Simulate the frequency response of your 
circuit by varying the feedback resistance between its minimum and maximum 
values. 


69. Despite the fact that the human auditory response is commonly accepted to he 
within the range of 20 Hz to 20 kHz, the bandwidth of many telephone systems 
is limited to 3 kHz. Design a filter circuit that will convert 20 kHz bandwidth 
speech into reduced 3 kHz “telephone bandwidth” speech. The input is a mi- 
crophone with a maximum voltage of 150 mV and essentially zero series resis- 
tance; the output is an 8 Q speaker. The speech should be amplified by at Icast 
a factor of 10. Verify your design using PSpice. 


70. Design a circuit that removes 50n Hz components from an antenna signal if n 
is an integer in the range of 1 to 4. A good “notch” filter (Le., a filter that 
“notches out” a particular frequency) topology is given by the circuit of 
Fig. 16.39, but with the output now taken across the inductor-capacitor series 
combination instead of across the resistor. The antenna signal may be modeled 
as a | V peak amplitude time-varying source with zero series resistance. 


. Asensitive piece of monitoring equipment is adversely affected by 60 Hz 
power line induced noise contaminating the incoming signals. The nature of 
the signals prevents any type of low-pass, high-pass, or bandpass filters to be 
used to solve the problem. Design a “notch” filter that selectively removes any 
60 Hz signals from the input of the equipment. It may be assumed that the 
equipment has an essentially infinite Thévenin equivalent resistance. A good 
“notch” filter topology is given by the circuit of Fig. 16.39, but with the output 
now taken across the inductor-capacitor series combination instead of across 
the resistor. 
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Two-Port Networks 


KEY CONCEPTS | 


The Distinction Between 




















INTRODUCTION One-Port and Two-Port 

A general network having two pairs of terminals, one perhaps Networks 

labeled the “input terminals” and the other the “output terminals,” eo — 
is a very important building block in electronic systems, communi- Admittance (y) Parameters 
cation systems, automatic control systems, transmission and distri- a- —— 
bution systems, or other systems in which an electrical signal or Impedance (z) Parameters 
electric energy enters the input terminals, is acted upon by the ee 

network, and leaves via the output terminals. The output terminal Hybrid (h) Parameters 
pair may very well connect with the input terminal pair of another e — 
network. When we studied the concept of Thévenin and Norton Transmission (t) Parameters 
equivalent networks in Chap. 5, we were introduced to the idea e -— 

that it is not always necessary to know the detailed workings of Transformation Methods 
part of a circuit. This chapter extends such concepts to situations Between y, z, h, and t 
where we don’t even know the details of the inner workings of our Parameters 

circuit. Armed only with the knowledge that the circuit is linear, e 

and the ability to measure voltages and currents, we will shortly Circuit Analysis Techniques 


~~ Using Network Parameters 
see that it is possible to characterize such a network with a set of ; 


parameters that allow us to predict how the network will interact 
with other networks. 


17.1 _ ONE-PORT NETWORKS 


A pair of terminals at which a signal may enter or leave a network 
is called a port, and a network having only one such pair of termi- 
nals is called a one-port network, or simply a one-port. No connec- 
tions may be made to any other nodes internal to the one-port, and it 
is therefore evident that i, must equal i, in the one-port shown in 


691 








692 


ee, 





(a) 





(h) 


@ FIGURE 17.1 (2) A one-port network. (6) A two- 
port network. 
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Fig. 17.1a. When more than one pair of terminals is present, the network is 
known as a multiport network. The two-port network to which this chapter 
is principally devoted is shown in Fig. 17.1b. The currents in the two leads 
making up each port must be equal, and so it follows that i, = i, andi. = iy 
in the two-port shown in Fig. 17.15. Sources and loads must be connected 
directly across the two terminals of a port if the methods of this chapter are 
to be used. In other words. each port can be connected only to a one-port 
network or to a port of another multiport network. For example, no device 
may be connected between terminals a and c of the two-port network in Fig. 
17.16. Hf such a circuit must be analyzed, general loop or nodal equations 
should be written. 

The special methods of analysis which have been developed for two- 
port networks. or simply two-ports, emphasize the current and voltage rela- 
tionships at the terminals of the networks and suppress the specific nature 
of the currents and voltages within the networks, Our introductory study 
should serve to acquaint us with a number of important parameters and their 
use in simplifying and systematizing linear two-port network analysis. 

Some of the introductory study of one- and two-port networks is ac- 
complished best by using a generalized network notation and the abbrevi- 
ated nomenclature for determinants introduced in Appendix 2. Thus, if we 
write a set of loop equations for a passive network, 


Zoh + Zyl + Zeb +-+ Zin = V; 
Zal + Zyhk + Zak +- + Ziy = V2 
Zal + Zzb + Zh +--+ Zvi = V3 L1] 


CONE SE E SE E E E r r a a r r a a a a 


Zil + Zyoko + Zsh +--+ Zanin = Vn 


then the coefficient of each current will be an impedance Z;;(s), and the 
circuit determinant, or determinant of the coefficients, is 


Zi; Zo ZR © Zyy 
Za Z2 ē Z} © Ly 

Az = Z3; Zz Z3 ++: Zap [2] 
Zy Zm Zn >> Zyn 


where N loops have been assumed, the currents appear in subscript order in 
each equation, and the order of the equations is the same as that of the cur- 
rents. We also assume that KVL is applied so that the sign of each Zy term 
(Zii, Z2,..., Zyn) is positive; the sign of any Z;;(i Æ j) or mutual term 
may be either positive or negative, depending on the reference directions 
assigned to I; and I. 

If there are dependent sources within the network. then it is possible that 
not all the coefficients in the loop equations must be resistances or imped- 
ances. Even so, we will continue to refer to the circuit determinant as Az. 

The use of minor notation (Appendix 2) allows for the input or driving- 
point impedance at the terminals of a one-port network to be expressed very 
concisely. The result is also applicable to a nvo-port network if one of the 
two ports is terminated in a passive impedance, including an open or a short 
circuit. 
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Let us suppose that the one-port network shown in Fig. 17.2 is com- se l 

, i l a. Cramer's rule is reviewed in Appendix 2. 
posed entirely of passive elements and dependent sources; linearity is also 
assumed. An ideal voltage source V is connected to the port, and the source 


current is identified as the current in loop 1. Employing the Cramer’s rule 
procedure, then, 























(Vy Ze Bis -*- Zin 
0 Z» Zn} = Zon Linear 
0 tn Vag =e Lx | network 
0 Zm Zm © Zyn! 
l= 7 7 7 a m FIGURE 17.2 An ideal voltage source V; Is 
bo 13 ka connected to the single port of a linear one-port 
Za Zn DZ © ZN network containing no independent sources; 
2 Lin = A,/ Aj. 
Z3 Zz Z3 +e Z3n 
Zni Zm Zn ZNN 
or, more concisely, 
XAN 
h= 
Az 
Thus, 
VY; Az 
Lin = — = [3] 
I, Ail 


Calculate the input impedance for the one-port resistive network | 
shown in Fig. 17.3. | 





m FIGURE 17.3 An example one-port network containing 
only resistive elements. 


We first assign the four mesh currents as shown and write the corre- 
sponding mesh equations by inspection: 
V, = 101, — 10K, 
0=-101, + 17L - 2k - 54 
0= - 2L +7L- L 
C= — 5L- +26 


(Continued on next page) 
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The circuit determinant is then given by 


l0 —I10 0 0 
—10 17 —2 —5 
0 —2 7 —l 
0 —5 -1 26] 





and has the value 9680 Qt. Eliminating the first row and first column. 


we have 
| 17 ~2 —5 
‘n= 7 “|| = 2778 2° 
-5 —] 26! 


Thus, Eq. [3] provides the value of the input impedance, 


— 9680 _ 
Zin = 289 = 3.4852 





PRACTICE 


17.1 Find the input impedance of the network shown in Fig. 17.4 if it 
is formed into a one-port network by breaking it at terminals: (a) a and 
a’. (b) b and b’; (c) c and c’. 





E FIGURE 17.4 


Ans: 9.47 Q: 10.63 9: 7.58 Q. 






EXAMPLE 17.2 





Find the input impedance of the network shown in Fig. 17.5. E 


0.51, 





@ FIGURE 17.5 A oneport network containing a dependent source. 
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The four mesh equations are written in terms of the four assigned mesh 
currents: 


+ 


101, — 10i = V] 
—10F, + 17L — 2k - 54 = 0 
— 2L +7L— L=0 








and 
L = -0.5L = —0.5(L — l) 
or 
—0.51, + 1.54 = 0 
Thus we can write 
10 —10 0 0 
—10 17 -2 —5 3 
Az = 0 2 7 a |= 590 Q 
0 0 —0.5 1.5 
while 
17 —2 —5 
Ay=|-2 7 =i |=1599? 
0 —0.5 1.5 
giving 


Zin = = 3.7112 


We may also select a similar procedure using nodal equations, yielding 
the input admittance: 
i Ay 
z= [4] 
Zin ôu 
where Aj; now refers to the minor of Ay. 


Yin = 


PRACTICE | 


17.2 Write a set of nodal equations for the circuit of Fig. 17.6, cal- 
culate Ay, and then find the input admittance seen between: 
(a) node I and the reference node; (b) node 2 and the reference. 








@ FIGURE 17.6 


Ans: 10.68 S; 13.16 5, 
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Use Eq. [4] to again determine the input impedance of the network 
shown in Fig. 17.3, repeated here as Fig. 17.7. 





20 Q 





E FIGURE 17.7 The circuit from Example 17.1, repeated for convenience. 


We first order the node voltages V;, V2, and V3 from left to right, select 
the reference at the bottom node, and then write the system admittance 
matrix by inspection: 


0.35 —0.2 —0.05 


Ay = | —0.2 Ly st = 0.3473 S? 


—0.05 —1 LS 





1.7 —1 


An E 1.3 


= 1.21 S? 
so that 
0.3473 


= 0.2 
71 0.2870 S 


Yin e= 





which corresponds to 


1 
Zin = = = 3.484 Q 
~ Oe 
which agrees with our previous answer to within expected rounding 
error (we only retained four digits throughout the calculations). 


Exercises 8 and 9 at the end of the chapter give one-ports that can be 
built using operational amplifiers. These exercises illustrate that negative 
resistances may be obtained from networks whose only passive circuit 
elements are resistors, and that inductors may be simulated with only resis- 
tors and capacitors. 


17.2 _ ADMITTANCE PARAMETERS 


Let us now turn our attention to two-port networks. We will assume in all 
that follows that the network is composed of linear elements and contains 
no independent sources; dependent sources are permissible, however. Fur- 
ther conditions will also be placed on the network in some special cases. 


SECTION 17.2 ADMITTANCE PARAMETERS 


We will consider the two-port as it is shown in Fig. 17.8; the voltage and 
current at the input terminals are V; and I, and V3 and I, are specified at the 
output port. The directions of I, and I are both customarily selected as into 
the network at the upper conductors (and out at the lower conductors). Since 
the network is linear and contains no independent sources within it, I; may 
be considered to be the superposition of two components, one caused by V; 
and the other by V2. When the same argument is applied to In, we may begin 
with the set of equations 


li = yu Vi +12 V2 [5] 
b = yo, Vi + Y22 V2 [6] 


where the y’s are no more than proportionality constants, or unknown coef- 
ficients, for the present. However, it should be clear that their dimensions 
must be A/V, or S. They are therefore called the y (or admittance) param- 
eters, and are defined by Eqs. [5] and [6]. 

The y parameters, as well as other sets of parameters we will define later 
in the chapter, are represented concisely as matrices. Here, we define the 
(2 x 1) column matrix I, 

i=] [7] 
ar 


the (2 x 2) square matrix of the y parameters, 


yit Yr 
y= | | [8] 
Y21 Yy22 


and the (2 x 1) column matrix V, 


val” [9] 
7 M 


Thus, we may write the matrix equation I = yV, or 


H = ja aad H 
I, ya Yyo2| LV2 


and matrix multiplication of the right-hand side gives us the equality 


h | 7 h + ah 
I, Ya Vi + y22V2 
These (2 x 1) matrices must be equal, element by element, and thus we are 
led to the defining equations, [5] and [6]. 

The most useful and informative way to attach a physical meaning to the 
y parameters is through a direct inspection of Eqs. [5] and [6]. Consider 
Eq. [5], for example; if we let V2 be zero, then we see that yı; must be given 
by the ratio of I; to V;. We therefore describe y,; as the admittance measured 
at the input terminals with the output terminals short-circuited (V2 = 0). 
Since there can be no question which terminals are short-circuited, yı; is 
best described as the short-circuit input admittance. Alternatively, we might 
describe y4; as the reciprocal of the input impedance measured with the out- 
put terminals short-circuited, but a description as an admittance is obviously 
more direct. It is not the name of the parameter that is important. Rather, it 





@ FIGURE 17.8 A general two-port with terminal 
voltages and currents specified. The two-port is 
composed of linear elements, possibly including 
dependent sources, but not containing any 
independent sources. 


The notation adopted in this text to represent a matrix 
is standard, but also can be easily confused with our 
previous notation for phasors or general complex 
quantities. The nature of any such symbol should be 
clear from the context in which it is used. 


698 CHAPTER 17 TWO-PORT NETWORKS 


is the conditions which must be applied to Eq. [5] or [6], and hence to the 
network. that are most meaningful; when the conditions are determined, the 
parameter can be found directly from an analysis of the circuit (or by exper- 
iment on the physical circuit). Each of the y parameters may be described as 
a current-voltage ratio with either Vı = 0 (the input terminals short- 
circuited) or V> = 0 (the output terminals short-circuited): 


[10] 
[11] 
[12] 


[13] 





Because each parameter is an admittance which is obtained by short- 
circuiting either the output or the input port, the y parameters are known as 
the short-circuit admittance parameters. The specific name of yj; is the 
short-circuit input admittance, y2 is the short-circuit output admittance, 
and yı2 and y2; are the short-circuit transfer admittances. 






EXAMPLE 17.4 


@ FIGURE 17.9 A resistive two-port. 


($ + 75), or 0.3 A. Hence, 


yi = 0.38 


In order to find yı2, we short-circuit the input terminals and apply 1 V 
at the output terminals. The input current flows through the short circuit 
and is I; = —75 A. Thus 


yı2 = —-0.18 
By similar methods, 
y21 = —0.1 S yz = 0.15S 


The describing equations for this two-port in terms of the admittance 
parameters are, therefore, 


I, = 0.3V, — 0.1V2 [14] 
I, —0.1V; + 0.15V2 [15] 


“~ 
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0.3 0.1 
re] oy a cnn 


It is not necessary to find these parameters one at a time by using 
Eqs. [10] to [13], however. We may find them all at once. 


and 


EXAMPLE 17.5 


Assign node voltages V; and V2 in the two-port of Fig. 17.9 and 
write the expressions for I, and I, in terms of them. | 





We have 
Vi #%\V,i-V2 
I = — ——_ = 0.3V, — 0.1 V; 
| 5 + 10 l 2 
and 
ge BEM MW gy EE 
7 10 ene rnin 


These equations are identical with Eqs. [14] and [15], and the four y 
parameters may be read from them directly. 


PRACTICE 


———— ees —Q 


17.3 By applying the appropriate 1 V sources and short circuits to the 
circuit shown in Fig. 17.10, find (a) y11; (b) yo1; (c) Y22; (d) Yi2. 


20 Q 





@ FIGURE 17.10 


Ans: 0.1192 S; —0.1115 S; 0.1269 S; —0.1115 S. 


In general, it is easier to use Eqs. [10], [11], [12], or [13] when only one 
parameter is desired. If we need all of them, however, it is usually easier to 
assign V, and V> to the input and output nodes, to assign other node-to- 
reference voltages at any interior nodes, and then to carry through with the 
general solution. 

In order to see what use might be made of such a system of equations, 
let us now terminate each port with some specific one-port network. 
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we eee ee i 


E FIGURE 17.11 The resistive two-port network of Fig. 17.9, terminated 
with specific one-port networks. 


Consider the simple two-port network of Example 17.4, shown in 
Fig. 17.11 with a practical current source connected to the input port and a 
resistive load connected to the output port. A relationship must now exist 
between V, and I, that is independent of the two-port network. This rela- 
tionship may be determined solely from this external circuit. If we apply 
KCL (or write a single nodal equation) at the input, 


I, = 15—0.1V, 
For the output, Ohm’s law yields 
In = —0.25V>2 
Substituting these expressions for I, and I; in Eqs. [14] and [15], we have 
IS= 04V, —0.1V2 
0 = —0.1V; + 0.4V2 
from which are obtained 
Vv, =40V V,=10V 
The input and output currents are also easily found: 
TL=11A I,=-2.5A 


and the complete terminal characteristics of this resistive two-port are then 
known. 

The advantages of two-port analysis do not show up very strongly for 
such a simple example, but it should be apparent that once the y parameters 
are determined for a more complicated two-port, the performance of the 
two-port for different terminal conditions is easily determined; it is neces- 
sary only to relate V; to I, at the input and V2 to I at the output. 

In the example just concluded, y7 and y2; were both found to be —0.1 S. 
It is not difficult to show that this equality is also obtained if three general 
impedances Z,, Zp, and Zc are contained in this TI network. It is somewhat 
more difficult to determine the specific conditions which are necessary in 
order that yj2 = y2, but the use of determinant notation is of some help. Let 
us see if the relationships of Eqs. [10] to [13] can be expressed in terms of 
the impedance determinant and its minors. 

Since our concern is with the two-port and not with the specific net- 
works with which it is terminated, we will let V; and V2 be represented by 
two ideal voltage sources. Equation [10] is applied by letting Vz = 0 (thus 
short-circuiting the output) and finding the input admittance. The network 
now, however, 1s simply a one-port, and the input impedance of a one-port 
was found in Sec. 17.1. We select loop 1 to include the input terminals, and 
let I; be that loop’s current; we identify (—I,) as the loop current in loop 2 





SECTION 17.2 ADMITTANCE PARAMETERS 


and assign the remaining loop currents in any convenient manner. Thus, 





Az 
LZinly.=0 — Ai 
and, therefore, 
Any 
yi = Ap 
Similarly, 
Ar 
yan = Ap 


In order to find y,2, we let V; = 0 and find I, as a function of V2. We find 
that I, is given by the ratio 


O Zn © Zin 
-V Zy © Z 
0 Z32 © ZN 
I= O Zm -:: Znn 
Zi Zn © Zin 
Za Zn © Lon 
Z3 Za --- Zan 
Zy, Zy > Znn 
Thus, 
I (—V2)Aa1 
= — 
Az 
and 
yp = 22 
R= 
In a similar manner, we may show that 
y = OB 
= 


The equality of y;2 and y2; is thus contingent on the equality of the two 
minors of Az, A12, and A21. These two minors are 


Z2 Z3 Zig -> Zin 
Za Z3 Zag = Zon 
Az = Zya Zy Zau > Zan 
Zya Zy Zya > ZywN 
and 
Za Zn} ē Zua +++ Lon 
Z3; Z33 Za © Zan 
An = Za Zax Zag o Zan 


Zy Zm Zya © ZywN 











A simple way of stating the theorem is to say that the 
interchange of an ideal voltage source and an ideal 
ammeter in any passive, linear, bilateral circuit will not 
change the ammeter reading. 


in other words, the interchange of an ideal current 
source and an ideal voltmeter in any passive linear 
bilateral circuit will not change the voltmeter reading. 
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Their equality is shown by first interchanging the rows and columns of one 
minor (for example, ^21), an operation which any college algebra book 
proves is valid, and then letting every mutual impedance Zy be replaced by 
Zi- Thus, we set 


Zi = Zr £33 = Zy etc. 


This equality of Z; and Z; is evident for the three familiar passive 
elements, the resistor, capacitor, and inductor, and it is also true for mutual 
inductance. However, it is not true for every type of device which we may 
wish to include inside a two-port network. Specifically, it 1s not true in gen- 
eral for a dependent source, and it is not true for the gyrator, a useful model 
for Hall-effect devices and for waveguide sections containing ferrites. Over 
a narrow range of radian frequencies, the gyrator provides an additional 
phase shift of 180° for a signal passing from the output to the input over that 
for a signal in the forward direction, and thus y;2 = —y2,. A common type 
of passive element leading to the inequality of Z; and Zj, however, is a 
nonlinear element. 

Any device for which Z; = Z,; 1s called a bilateral element, and a circuit 
which contains only bilateral elements is called a bilateral circuit. We have 
therefore shown that an important property of a bilateral two-port is 


Yi2 = y21 
and this property is glorified by stating it as the reciprocity theorem: 


In any passive linear bilateral network, if the single voltage source V, 
in branch x produces the current response I, in branch y, then the 
removal of the voltage source from branch x and its insertion in branch 
y will produce the current response I, in branch x. 


If we had been working with the admittance determinant of the circuit and 
had proved that the minors A>, and Aj, of the admittance determinant Ay 
were equal, then we should have obtained the reciprocity theorem in its dual 
form: 


In any passive linear bilateral network, if the single current source I, 
between nodes x and x’ produces the voltage response V, between 
nodes y and y’, then the removal of the current source from nodes x and 
x’ and its insertion between nodes y and y’ will produce the voltage re- 
sponse V, between nodes x and x’. 


Two-ports containing dependent sources receive emphasis in Sec. 17.3. 





17.4 In the circuit of Fig. 17.10, let I; and Ip represent ideal current 
sources. Assign the node voltage V; at the input, V> at the output, and 
V from the central node to the reference node. Write three nodal 
equations, eliminate V, to obtain two equations, and then rearrange 
these equations into the form of Eqs. [5] and [6] so that all four y 
parameters may be read directly from the equations. 





SECTION 17.3 SOME EQUIVALENT NETWORKS 


17.5 Find y for the two-port shown in Fig. 17.12. 





E FIGURE 17.12 





aay. 0.1192 ~0.1115 p 06 0 
Ans: 174: | oas oir69] US). 175:[ 09 9] alls) 
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When analyzing electronic circuits, it is usually necessary to replace the ac- 
tive device (and perhaps some of its associated passive circuitry) with an 
equivalent two-port containing only three or four impedances. The validity 
of the equivalent may be restricted to small signal amplitudes and a single 
frequency, or perhaps a limited range of frequencies. The equivalent is also 
a linear approximation of a nonlinear circuit. However, if we are faced with 
a network containing a number of resistors, capacitors, and inductors, plus a 
transistor labeled 2N3823, then we cannot analyze the circuit by any of 
the techniques we have studied previously; the transistor must first be re- 
placed by a linear model, just as we replaced the op amp by a linear model 
in Chap. 6. The y parameters provide one such model in the form of a two- 
port network that is often used at high frequencies. Another common linear 
model for a transistor appears in Sec. 17.5. 

The two equations that determine the short-circuit admittance parameters, 


Ihh=yinVit+ypVvV2 [16] 
k = ya Vi} + y22V> [17] 


have the form of a pair of nodal equations written for a circuit containing two 
nonreference nodes. The determination of an equivalent circuit that leads to 
Eqs. [16] and [17] is made more difficult by the inequality, in general, of y,> 
and y2); it helps to resort to a little trickery in order to obtain a pair of equa- 
tions that possess equal mutual coefficients. Let us both add and subtract 
yi2V, (the term we would like to see present on the right side of Eq. [17]): 


b = yi2Vi + y22 V2 + (Y2 — ¥12) Vj [18] 
or 


h — (Y2 — yi2)Vi = y2 Vi + ynV2 [19] 


The right-hand sides of Eqs. [16] and [19] now show the proper symmetry 
for a bilateral circuit; the left-hand side of Eq. [19] may be interpreted as the 
algebraic sum of two current sources, one an independent source I, entering 
node 2, and the other a dependent source (y2; — yi2)V; leaving node 2. 
Let us now “read” the equivalent network from Eqs. [16] and [19]. We 
first provide a reference node, and then a node labeled V; and one labeled V>. 
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I, É f I 










(a) (b) 





w FIGURE 17.13 (a, b) Two-ports which are equivalent to any general linear two-port. The dependent source in part a depends on V,, and that in part b 
depends on V2. (c) An equivalent for a bilateral network. 


From Eq. [16], we establish the current I; flowing into node 1, we supply a 
mutual admittance (—y)2) between nodes 1 and 2, and we supply an admit- 
tance of (yi; + yi2) between node 1 and the reference node. With V2 = 0, 
the ratio of I, to V; is then yj), as it should be. Now consider Eq. [19]; we 
cause the current I, to flow into the second node, we cause the current 
(y21 — Y12) Vi to leave the node, we note that the proper admittance (—y12) 
exists between the nodes, and we complete the circuit by installing the ad- 
mittance (y22 + yi2) from node 2 to the reference node. The completed cir- 
cuit is shown in Fig. 17.13a. 

Another form of equivalent network is obtained by subtracting and 
adding y2) V2 in Eq. [16]; this equivalent circuit is shown in Fig. 17.130. 

If the two-port is bilateral, then yi2 = y21, and either of the equivalents 
reduces to a simple passive I network. The dependent source disappears. 
This equivalent of the bilateral two-port is shown in Fig. 17.13c. 

There are several uses to which these equivalent circuits may be put. In 
the first place, we have succeeded in showing that an equivalent of any 
complicated linear two-port exists. It does not matter how many nodes or 
loops are contained within the network; the equivalent is no more complex 
than the circuits of Fig. 17.13. One of these may be much simpler to use 
than the given circuit if we are interested only in the terminal characteristics 
of the given network. 

The three-terminal network shown in Fig. 17.14a is often referred to as 
a A of impedances, while that in Fig. 17.14b is called a Y. One network may 
be replaced by the other if certain specific relationships between the imped- 
ances are satisfied, and these interrelationships may be established by use of 
the y parameters. We find that 


l l l 





yya = +e Seo ey 
Za Zp 2, +%ZZ3/(Z2.+ Zs) 
re sia = a= ae EE 
M FIGURE 17.14 The three-terminal A network = 1; Zs ZZ + ZZ; + ZZ, 
(a) and the three-terminal Y network (b) are equivalent 1 1 1 
if the six impedances satisfy the conditions of the Y-A Yn = — + 


(or T1-T) transformation, Eqs. [20] to [25]. Zc Zs Zn +%ZZ3/(Zi + Zs) 
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These equations may be solved for Z4, Zg, and Zc in terms of Z), Z2, and Z3: 





» E ZZ + Z-Z; + ZZ; 
f Z- 


giy s aS Dla T A [21] 
Z3 
= ZZ) + ZoZ3 + Z3Z, 


Z| 





C 





or, for the inverse relationships: 











bs a [23] 
Za + Zeg + Zc 
ARE. < [24] 
ae PE, F 
ZcZ, 
er 2- EE [25] 
Za + Zeg + Zc 


These equations enable us to transform easily between the equivalent Y and 
A networks, a process known as the Y-A transformation (or I-T transfor- 
mation if the networks are drawn in the forms of those letters). In going 
from Y to A, Egs. [20] to [22], first find the value of the common numera- 
tor as the sum of the products of the impedances in the Y taken two at a 
time. Each impedance in the A is then found by dividing the numerator by 
the impedance of that element in the Y which has no common node with the 
desired A element. Conversely, given the A, first take the sum of the three 
impedances around the A; then divide the product of the two A impedances 
having a common node with the desired Y element by that sum. 

These transformations are often useful in simplifying passive networks, 


particularly resistive ones, thus avoiding the need for any mesh or nodal 
analysis. 









(b) (d) 


@ FIGURE 17.15 (a) A resistive network whose input resistance is desired. This example is 
repeated from Chap. 5. (b) The upper A is replaced by an equivalent Y. (c, d') Series and parallel 
combinations give the equivalent input resistance = Q. 


(Continued on next page) 


The reader may recall these useful relationships from 
Chap. 5, where their derivation was described. 


EXAMPLE 17.6 
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We first make a A-Y transformation on the upper A appearing in 
Fig. 17.15a. The sum of the three resistances forming this A is 
1+4+3=8Q. The product of the two resistors connected to the 
top node is 1 x 4 = 4 Q?. Thus, the upper resistor of the Y i is $, or 5 Q. 
Repeating this procedure for the other two resistors, we dötaio the 
network shown in Fig. 17.15b. 

We next make the series and parallel combinations indicated, 
obtaining in succession Fig. 17.15c and d. Thus, the input resistance 
of the circuit in Fig. 17.15a is found to be = , or 2.24 Q. 


Now let us tackle a slightly more complicated example, shown as 
Fig. 17.16. We note that the circuit contains a dependent source, and thus the 
Y-A transformation is not applicable. 





EXAMPLE 17.7 


The circuit shown in Fig. 17.16 is an approximate linear equivalent 
of a transistor amplifier in which the emitter terminal is the bottom 
node, the base terminal is the upper input node, and the collector 
terminal is the upper output node. A 2000 & resistor is connected 
between collector and base for some special application and makes 
the analysis of the circuit more difficult. Determine the y param- 
eters for this circuit. 


I; 2000 Q I, 







0.0395 V 


1 
500 Q D ikii V2 


@ FIGURE 17.16 The linear equivalent circuit of a transistor in common- 
emitter configuration with resistive feedback between collector and base. 





Identify the goal of the problem. 
Cutting through the problem-specific jargon, we realize that we have 
been presented with a two-port network and require the y parameters. 


» Collect the known information. 
Figure 17.16 shows a two-port network with V,, I,, V2, and I, already 
indicated, and a value for each component has been provided. 


Devise a plan. 

There are several ways we might think about this circuit. If we 
recognize it as being in the form of the equivalent circuit shown in 
Fig. 17.13a, then we may immediately determine the values of the 
y parameters. If recognition is not immediate, then the y parameters 
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may be determined for the two-port by applying the relationships of 
Eqs. [10] to [13]. We also might avoid any use of two-port analysis 
methods and write equations directly for the circuit as it stands. The 
first option seems best in this case. 


` Construct an appropriate set of equations. 

By inspection, we find that —y2, corresponds to the admittance of 
our 2 kQ resistor, that Yı; + y;2 corresponds to the admittance of the 
500 Q resistor, the gain of the dependent current source corresponds 
tO Yo; — Yi2, and finally that y22 + y;2 corresponds to the admittance 
of the 10 kQ resistor. Hence we may write 


l 
¥Yi2 = 3000 


l 
Yi = a — Yi2 


y21 = 0.0395 + y2 
l 
y2 = wooo ~ Yi2 - 


`- Determine if additional information is required. 
With the equations written as they are, we see that once yj2 is com- 
puted, the remaining y parameters may also be obtained. 


_ Attempt a solution. 
Plugging the numbers into a calculator, we find that 


Yp = — = —0.5 mS 
Yi = 30- (— xa) = 2.5 m$ 
y2 = mo ~ (mw) = 0.6 mS 
and 
Y21 = 0.0395 + (— 545) = 39 mS 
The following equations must then apply: 
I, = 2.5V; — 0.5V2 {26] 
I, = 39V, + 0.6V>2 (27) 
where we are now using units of mA, V, and mS or kQ. 


Verify the solution. Is it reasonable or expected? 
Writing two nodal equations directly from the circuit, we find 





Vv; —V, V, 
i = — I, = 2.5V, —0.5V 
! z tos OO A 1 —0.5V2 
and 
V- — V Yy 
—39.5V,+h= — + 0 or I, = 39V; + 0.6V> 


which agree with Eqs. [26] and [27] obtained directly from the 
y parameters. 





CHAPTER 17 TWO-PORT NETWORKS 


Now let us make use of Eqs. [26] and [27] by analyzing the performance 
of the two-port in Fig. 17.16 under several different operating conditions. 
We first provide a current source of 1/0° mA at the input and connect a 
0.5 KQ (2 mS) load to the output. The terminating networks are therefore 


both one-ports and give us the following specific information relating I, to 
V, and [, to V»: 


I, = ! (for any Yı) I, = —2V> 


We now have four equations in the four variables, Vi, V2, L, and Ip. Sub- 
stituting the two one-port relationships in Eqs. [26] and [27], we obtain two 
equations relating V, and V3: 


1=2.5V, — 0.5V> 0 = 39V; + 2.6V2 
Solving, we find that 


V,=01V V,=—-15V 
I=lmA bh=3mA 


These four values apply to the two-port operating with a prescribed input 
(I, = | mA) and a specified load (Rz = 0.5 KQ). 

The performance of an amplifier is often described by giving a few spe- 
cific values. Let us calculate four of these values for this two-port with its 
terminations. We will define and evaluate the voltage gain, the current gain, 
the power gain, and the input impedance. 

The voltage gain Gy is 


Vv 
Gy = v. 
From the numerical results, it is easy to see that Gy = —15. 
The current gain G; is defined as 
I, 
G; = i, 
and we have 
G; =3 


Let us define and calculate the power gain Gp for an assumed sinusoidal 
excitation. We have 


The device might be termed either a voltage, a current, or a power amplifier, 
since all the gains are greater than unity. If the 2 kQ resistor were removed, 
the power gain would rise to 354. 

The input and output impedances of the amplifier are often desired in or- 
der that maximum power transfer may be achieved to or from an adjacent 
two-port. We define the input impedance Zin as the ratio of input voltage to 
current: 
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This is the impedance offered to the current source when the 500 Q load is 
connected to the output. (With the output short-circuited, the input imped- 
ance is necessarily 1/y,;, or 400 Q.) 

It should be noted that the input impedance cannot be determined by 
replacing every source with its internal impedance and then combining 
resistances or conductances. In the given circuit, such a procedure would 
yield a value of 416 2. The error, of course, comes from treating the 
dependent source as an independent source. If we think of the input imped- 
ance as being numerically equal to the input voltage produced by an input 
current of | A, the application of the 1 A source produces some input volt- 
age V, and the strength of the dependent source (0.0395V,) cannot be zero. 
We should recall that when we obtain the Thévenin equivalent impedance 
of a circuit containing a dependent source along with one or more indepen- 
dent sources, we must replace the independent sources with short circuits or 
open circuits, but a dependent source must not be killed. Of course, if the 
voltage or current on which the dependent source depends is zero, then the 
dependent source will itself be inactive; occasionally a circuit may be sim- 
plified by recognizing such an occurrence. 

Besides Gy, G;, Gp, and Zin, there is one other performance parameter 
that is quite useful. This is the output impedance Zox, and it is determined 
for a different circuit configuration. 

The output impedance is just another term for the Thévenin impedance 
appearing in the Thévenin equivalent circuit of that portion of the network 
faced by the load. In our circuit, which we have assumed is driven by a 
1/0° mA current source, we therefore replace this independent source with 
an open circuit, leave the dependent source alone, and seek the input im- 
pedance seen looking to the left from the output terminals (with the load 
removed). Thus, we define 


Zou = V2 h=! A with all other independent sources killed and R; removed 


We therefore remove the load resistor, apply 1/0° mA (since we are work- 
ing in V, mA, and k{2) at the output terminals, and determine V2. We place 
these requirements on Eqs. [26] and [27], and obtain 


0 = 2.5V, —0.5V> 1 = 39V, + 0.6V> 
Solving, 


V,=—90.1190 V 
and thus 


Zou = 0.1190 kQ 


An alternative procedure might be to find the open-circuit output volt- 
age and the short-circuit output current. That is, the Thévenin impedance is 
the output impedance: 

y 
Zon = Za = — o 
Psc 
Carrying out this procedure, we first rekindle the independent source so that 
I, = | mA, and then open-circuit the load so that I, = 0. We have 


1=2.5V, —0.5V>2 0 = 39V, + 0.6V, 
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1. and thus 
Vase = — 1.857 V 


Next, we apply short-circuit conditions by setting V> = Q and again let 
1, = 1 mA. We find that 


}e=t=25V, —0 I, = 39V, +0 





and thus 
bo L. = 15.6 mA 


The assumed directions of V> and b therefore result in a Thévenin or out- 
put impedance 








, Vaor — 1.857 
Lou = — = ————— = 0.1190 k? 
== e e ee Boxe 15.6 
(h) as before. 
= FIGURE nT O ne een equvalen ol ne We now have enough information to enable us to draw the Thévenin 
network in Fig. 17.16 to the left of the output terminai, . the tan. a: re . 
I, = 1/0° mA. (b) The Thévenin equivalent of that or Norton equivalent of the two port of Fig. 17.16 when it 1s driven by a 
portion of the network to the right of the input |/0° mA current source and terminated in a 500 load. Thus, the Norton 
terminals, if 1} = —2V. mA. equivalent presented to the load must contain a current source equal to the 


short-circuit current I>, in parallel with the output impedance; this equiva- 
lent is shown in Fig. 17.17a. Also, the Thévenin equivalent offered to the 
1 /0° mA input source must consist solely of the input impedance, as drawn 
in Fig. 17.176. 

Before leaving the y parameters, we should recognize their usefulness in 
describing the parallel connection of two-ports, as indicated in Fig. 17.18. 
When we first defined a port in Sec. 17.1. we noted that the currents enter- 
ing and leaving the two terminals of a port had to be equal, and there could 
be no external connections made that bridged between ports. Apparently the 
parallel connection shown in Fig. 17.18 violates this condition. However, if 
each two-port has a reference node that ts common to its input and output 
port, and if the two-ports are connected in parallel so that they have a com- 
mon reference node. then all ports remain ports after the connection. Thus, 
for the A network, 


In = y A Vi 







Network A 


Network B 


@ FIGURE 17.18 [he parallel connection of two two-port networks. If 
both inputs and outputs have the same reference node, then the 
admittance matrix y = Ya + ya. 
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where 


and for the B network 
Ip = yeVe 
But 
Vaz Ve =V and I=I,+I, 
Thus, 
T= (ya + yB)V 


and we see that each y parameter of the parallel network is given as the sum 
of the corresponding parameters of the individual networks, 


Y=YatyYe [28] 


This may be extended to any number of two-ports connected in parallel. 


17.6 Find y and Zou for the terminated two-port shown in Fig. 17.19. 
17.7 Use A-Y and Y-A transformations to determine Rin for the 
network shown in (a) Fig. 17.20a; (b) Fig. 17.20b. 








@ FIGURE 17.19 


R. -—» 


Each R is 47 Q 
(a) 
m FIGURE 17.20 





ad 19-3 
Ans: 17.6: | 2 x 10 10 ]¢s); 51. Q. 17.7: 53.71 Q, 1.311 Q. 


—4 x 107? 203x107 
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17.4 _ IMPEDANCE PARAMETERS 


The concept of two-port parameters has been introduced in terms of the 
short-circuit admittance parameters. There are other sets of parameters. 
however. and each set is associated with a particular class of networks for 
which its use provides the simplest analysis. We will consider three other 
types of parameters, the open-circuit impedance parameters, which are the 
subject of this section: and the hybrid and the transmission parameters. 
which are discussed in following sections. 

We begin again with a general linear two-port that does not contain any 
independent sources: the currents and voltages are assigned as before 
(Fig. 17.8). Now let us consider the voltage V; as the response produced by 
two current sources I, and I>. We thus write for V, 








Vi = zh + zpk [29] 
and for V- 


V- = Zil; + zoL [30] 


V; Zui Z2 | [i l 
V= = zl = [31] 
Və Z2| 422 I, 


Of course, in using these equations it is not necessary that I, and Ih be 
current sources; nor is it necessary that V; and V> be voltage sources. In 
general. we may have any networks terminating the two-port at either end. 
As the equations are written, we probably think of V, and V> as given quan- 
tities, or independent variables, and I; and Ip as unknowns, or dependent 
variables. 

The six ways in which two equations may be written to relate these four 
quantities define the different systems of parameters. We study the four 
most important of these six systems of parameters. 

The most informative description of the z parameters, defined in 


Eqs. [29] and [30], is obtained by setting each of the currents equal to zero. 
Thus 


OT 

















| vi 

asl [32] 
| L iso, 

| y | | 
| I; },=0 

R | 

ana 2) [34] 
| Th ico | 

: Vel 

me) [35] 
| B ino | 


Since zero current results from an open-circuit termination, the z param- 
eters are known as the open-circuit impedance parameters. They are easily 


related to the short-circuit admittance parameters by solving Eqs. [29] and 
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[30] tor I, and L: 





Vv; Zi? 
V- Za 
l = Zoet 
Zii Zi? 
Z>; £93 





Or 


222 | £12 
i, = | ———_ | V, -| —— V2 
Z\ {£22 — Z|222) Zii 222 — Z222] 


Using determinant notation, and being careful that the subscript is a lower- 
case Z, we assume that A, Æ 0 and obtain 














Ay £7? A?! Z12 
Yu = A, A, ye =A, 
and from solving for Íp, 
Ai 224 Ar Zit 
HION T a OUR © 


In a similar manner, the z parameters may be expressed in terms of the 
admittance parameters. Transformations of this nature are possible between 
any of the various parameter systems, and quite a collection of occasionally 
useful formulas may be obtained. Transformations between the y and z pa- 
rameters (as well as the h and t parameters which we will consider in the 
following sections} are given in Table 17.1 as a helpful reference. 


TABLE „17.1 Transformations Between y, z, h, and t Parameters 








y Z h t 
y yn 222 ~2i2 i hy iz -At 
y Ay Ar hi hy tnp ti 
yz yz —Z21 Zi) ho: = A ied ty 
A, A, oho te = th 
yx -y2 E o w hn A 
rer Zil Zi? — ee 
z Ay Ay | Bn fa 
—y21 yı L 4 
—_—_ —- Z>} Zn y — 
Ay Ay An toi 
1 - A Z o t At 
— y12 ax mn hı $p 12 —* 
Yu Yiu 222 #22 a: ty tz 
h yai A 1 1 _— i t 
21 — a ~ i 
eA — — ho; hp ~— om 
Yu Yul Z22 222 tz tr 
—Y22 -1 Zi Ay ~An —hy 
om — —— z ti ti2 
t Ya Ya Z2 22) hz) ho 
—Ay ~Yi) l 222 —h22 —] . 
— = — ooo E tzi tz 
Ya y2 22) 22 hz: hoi 


For all parameter sets: Ap = Pri fo2 — Prp. ` 





W FIGURE 17.21 The Thévenin equivalent of a 
general two-port, as viewed from the output terminals, 
expressed in terms of the open-circuit impedance 
parameters. 


EXAMPLE 17.8 
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If the two-port is a bilateral network, reciprocity is present, it is easy to 
show that this results in the equality of Zı2 and 22). 

Equivalent circuits may again be obtained from an inspection of 
Eqs. [29] and [30]; their construction is facilitated by adding and subtract- 
ing either Z)21, in Eq. [30] or Z>\I> in Eq. [29]. Each of these equivalent 
circuits contains a dependent voltage source. 

Let us leave the derivation of such an equivalent to some leisure 
moment, and consider next an example of a rather general nature. Can we 
construct a general Thévenin equivalent of the two-port, as viewed from 
the output terminals? It is necessary first to assume a specific input circuit 
configuration, and we will select an independent voltage source V, (positive 
sign at top) in series with a generator impedance Ze. Thus 


V, =V + hZ, 


Combining this result with Eqs. [29] and [30], we may eliminate V, and I, 
and obtain 


Z2\ Z12722] 
V3 = Ver i= I, 


The Thévenin equivalent circuit may be drawn directly from this equation; 
it is shown in Fig. 17.21. The output impedance, expressed in terms of the z 
parameters, is 


If the generator impedance is zero, the simpler expression 


Z11Z22 — Z12221 As l 
Lows See = (Ze = 0) 
Z\\ Az # yn 








is obtained. For this special case, the output admittance is identical to y22, 
as indicated by the basic relationship of Eq. [13]. 





10° 10 
Ee | io io | (all £2) 
which is representative of a transistor operating in the common-emitter 
configuration, determine the voltage, current, and power gains, as well 
as the input and output impedances. The two-port may be viewed as 
driven by an ideal sinusoidal voltage source V, in series with a 500 2 


resistor, and terminated in a 10 k load resistor. 
The two describing equations for the two-port are 


V, = 10°1, + 101, [36] 
Ye2-I al0bh ~ [37] 
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and the characterizing equations of the input and output networks are 
V, = 5001, + V; [38] 
V = -10° [39] 


From these last four equations, we may easily obtain expressions for 
Vi, L, Vo, and I, in terms of V,: 





V, 
=0.75V, T= 
Vi =0.75V 1=5 
Vs 
Və = —250V, L= 40 


From this information, it is simple to determine the voltage gain, 


V> 
= — = —333 
Gy V, 
the current gain, 
I, 
G, = — = 50 
I I, 
the power gain, 
Rej- iVE 
Gp = Ref- V28] = 16,670 
Re [3 Vii] 
and the input impedance, 
Vi 


Zia = — = 1500 Q 
I, 


The output impedance may be obtained by referring to Fig. 17.21: 


In accordance with the predictions of the maximum power transfer 
theorem, the power gain reaches a maximum value when Z; = Zin = 
16.67 KQ; that maximum value is 17,045. 


The y parameters are useful when two-ports are interconnected in paral- 
lel, and, in a dual manner, the z parameters simplify the problem of a series 
connection of networks, shown in Fig. 17.22. Note that the series connection 
is not the same as the cascade connection that we will discuss later in con- 
nection with the transmission parameters. If each two-port has a common 
reference node for its input and output, and if the references are connected 
together as indicated in Fig. 17.22, then I, flows through the input ports of 
the two networks in series. A similar statement holds for Ip. Thus, ports 
remain ports after the interconnection. It follows that I = I, = I, and 


V= Va + Vz = Zala + zl, 
= (Za +zg) = al 
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I, = i <«—I,= ba 






<— li =l; 


@ FIGURE 17.22 The series connection of two two-port networks Is 
made by connecting the four common reference nodes together; then 
the matrix z = Z4 + Zg. 


where 
Z= Z4 + Zg 


so that Zi; = Z1;4 + Z11g, and so forth. 


F ma rri f 
PRACTICE 
A ee < 


17.8 Find z for the two-port shown in (a) Fig. 17.23a; (b) Fig. 17.23b. 
17.9 Find z for the two-port shown in Fig. 17.23c. 





20 Q 50 Q 


V, 232 V, 





(a) (b) 


20 Q 50 Q 





@ FIGURE 17.23 


45 25 21.2 11.76 70 100 
: 17.8: 2), À 9: : 
ai be =a ie 67.6 | UA Ei o ei (22) 









Parameter values for bipolar junction transistors are 
commonly quoted in terms of h parameters. Invented 
in the late 1940s by researchers at Bell Laboratories 
(Fig. 17.24), the transistor is a nonlinear semiconductor 
device that forms the basis for almost all amplifiers and 
digital logic circuits. 
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E FIGURE 17.24 Photograph of the first demonstrated bipolar junction 
transistor (“bjt”). 
Lucent Technologies Inc/Bell Labs 


The three terminals of a transistor are labeled the 
base (b), collector (c), and emitter (e) as shown in 
Fig. 17.25, and are named after their roles in the trans- 
port of charge within the device. The h parameters of a 
bipolar junction transistor are typically measured with 
the emitter terminal grounded, also known as the 
common-emitter configuration; the base is then desig- 
nated as the input and the collector as the output. As 
mentioned previously, however, the transistor is a non- 
linear device, and so definition of h parameters which 


( 


| Collector 





| Emitter 
I, 


E FIGURE. 17.25 Schematic of a bjt showing currents and voltages defined 
using the IEEE convention. 
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Characterizing Transistors 


are valid for all voltages and currents is not possible. 
Therefore, it is common practice to quote h parameters 
at a specific value of collector current Jc and collector- 
emitter voltage Vcg. Another consequence of the nonlin- 
earity of the device is that ac h parameters and dc h 
parameters are often quite different in value. 

There are many types of instruments which may be 
employed to obtain the h parameters for a particular 
transistor. One example is a semiconductor parameter 
analyzer, shown in Fig. 17.26. This instrument sweeps 
the desired current (plotted on the vertical axis) against a 
specified voltage (plotted on the horizontal axis). A 
“family” of curves is produced by varying a third param- 
eter, often the base current, in discrete steps. 

As an example, the manufacturer of the 2N3904 NPN 
silicon transistor quotes h parameters as indicated in 
Table 17.2; note that the specific parameters are given 
alternative designations (hie, Aye, etc.) by transistor 
engineers. The measurements were made at Ic = 1.0 mA, 
Vcr = 10 Vdc, and f = 1.0 kHz. 





@ FIGURE 17.26 Display snapshot of an HP 4155A Semiconductor 
Parameter Analyzer used to measure the h parameters of a 2N3904 bipolar 
junction transistor (bjt). 


Just for fun, one of the authors and a friend decided 
to measure these parameters for themselves. Grabbing 
an inexpensive device off the shelf and using the instru- 
ment in Fig. 17.26, they found 


hoe = 3.3 wmhos 
hie = 3.02 KQ 


hye = 109 
h,.=4x 107 


(Continued on next page) 





TABLE _ 17.2 Summary of 2N3904 ac Parameters 


Parameter 


hie (hi1) 

hre (hy2) 
hye (hz) 
hoe (hn) 


Input impedance 

Voltage feedback ratio 
Smail-signal current gain 
Output admittance 


the first three of which were all well within the manufac- 
turer’s published tolerances, although much closer to the 
minimum values than to the maximum values. The value 
for Aye, however, was an order of magnitude larger than 
the maximum value specified by the manufacturer’s 
datasheet! This was rather disconcerting, as we thought 
we were doing pretty well up to that point. 

Upon further reflection, we realized that the experi- 
mental setup allowed the device to heat up during the 


Specification Units 


1.0-10 

0.5-8.0 x 1074 
100-400 
1.040 


Measurement, as we were sweeping below and above 
Ic = 1 mA. Transistors, unfortunately, can change their 
properties rather dramatically as a function of tempera- 
ture; the manufacturer values were specifically for 25°C. 
Once the sweep was changed to minimize device heat- 
ing, we obtained a value of 2.0 x 1074 for h,e. Linear cir- 
cuits are by far much easier to work with, but nonlinear 
circuits can be much more interesting! 
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The difficulty in measuring quantities such as the open-circuit impedance 
parameters arises when a parameter such as z2; must be measured. A known 
sinusoidal current is easily supplied at the input terminals, but because of 
the exceedingly high output impedance of the transistor circuit, it is difficult 
to open-circuit the output terminals and yet supply the necessary dc biasing 
voltages and measure the sinusoidal output voltage. A short-circuit current 
measurement at the output terminals is much simpler to implement. 

The hybrid parameters are defined by writing the pair of equations relat- 
ing V,, I), V2, and I, as if V, and I, were the independent variables: 


Vi = hul + h2V2 [40] 
bL = hol, + hy V2 [41] 


Vij th 
Mauka e 


The nature of the parameters is made clear by first setting V2 = 0. Thus, 


or 





Vi ooo . 
hı = — = short-circuit input impedance 
I V.=0 
I, i, 
ho, = = = short-circuit forward current gain 
L ly, <0 
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Letting I; = 0, we obtain 














Vı 
hy = = open-circuit reverse voltage gain 
V2 |1,=0 
žie 
l TAN" 
h» = y = open-circuit output admittance 
9 
2 11, =0 


Since the parameters represent an impedance, an admittance, a voltage gain, 
and a current gain, they are called the “hybrid” parameters. 

The subscript designations for these parameters are often simplified 
when they are applied to transistors. Thus, h;;, hy>, h21, and h22 become hi, 
h,, hy, and h,, respectively, where the subscripts denote input, reverse, for- 
ward, and output. 






Find h for the bilateral resistive circuit drawn in Fig. 17.27. 


With the output short-circuited (V2 = 0), the application of a 1 A 
source at the input (I; = 1 A) produces an input voltage of 3.4 V 
(V; = 3.4 V); hence, hy; = 3.4 Q. Under these same conditions, the- 





output current is easily obtained by current division: I, = —0.4 A; thus, 
h>, = —0.4. 

The remaining two parameters are obtained with the input open- | 
circuited (1; = 0). We apply 1 V to the output terminals (V2 = 1 V). E FIGURE 17.27 A bilateral network for whichtheh 
The response at the input terminals is 0.4 V (V, = 0.4 V), and thus parartieters are foun: fig = =i; 


hız = 0.4: The current delivered by this source at the output terminals 
is 0.1 A (Ip = 0.1 A), and therefore hy = 0.1 S. 


3.42 04 s 
We therefore have h = | ji 0a al It is a consequence of the 
reciprocity theorem that hız = —h», for a bilateral network. 


PRACTICE 


17.10 Find h for the two-port shown in (a) Fig. 17.28a; (b) Fig. 17.280. 





20 Q 10 Q 
+ + 
V, 402 V, 
(b) 
w@ FIGURE 17.28 
7.11 ith =| y A |, find (a) . (b) 2 
' “L-03 8187 y> l 


I 
20 Q l 8 Q 0.8 0.2 —0.4 | 
Ans: 17.10: > SYTA: (S), 
—| 25ms —0.8 20ms —0.1 0.3 
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The circuit shown in Fig. 17.29 is a direct translation of the two defining 
equations, [40] and [41]. The first represents KVL about the input loop, 
while the second is obtained from KCL at the upper output node. This 
circuit is also a popular transistor equivalent circuit. Let us assume some 
reasonable values for the common-emitter configuration: hj; = 1200 Q, 
hız = 2 x 1074, hy, = 50, h» = 50 x 107% S, a voltage generator of 
1/0? mV in series with 800 Q. and a 5 kQ load. For the input, 


107° = (1200 + 800)I, +2 x 10°*V> 
and at the output, 
In = —2 x 101V; = 501, + 50 x 107°V; 
Solving, 


I =0.510 uA V; = 0.592 mV 
I, = 20.4 LA Vz = —102 mV 
Through the transistor we have a current gain of 40, a voltage gain of —172, 


and a power gain of 6880. The input impedance to the transistor is 1160 Q, 
and a tew more calculations show that the output impedance is 22.2 kQ. 





E FIGURE 17.29 The four h parameters are referred to a two-port. The 
pertinent equations are V, = byt, + hp V and h = hyh + hy Vo. 


Hybrid parameters may be added directly when two-ports are connected 
in series at the input and in parallel at the output. This is called a series- 
parallel interconnection, and it is not used very often. 


17.6 _ TRANSMISSION PARAMETERS 


The last two-port parameters that we will consider are called the t param- 


eters, the ABCD parameters, or simply the transmission parameters. They 
are defined by 


V; =t), V2 — tok [43] 
and 


I, = t1 V2 — tyh [44] 


Vil yt V2 
He] o 


where V;, V2, L, and I, are defined as usual (Fig. 17.8). The minus signs 
that appear in Eqs. [43] and [44] should be associated with the output 


Or 
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current, as (--J>). Thus, both I, and —h are directed to the right, the direc- 
tion of energy or signal transmission. 
Other widely used nomenclature for this set of parameters is 


ti. Gy A B 
e i] 7 È 4 [46] 
Note that there are no minus signs in the t or ABCD matrices. 

Looking again at Eqs. [43] to [45], we see that the quantities on the left, 
often thought of as the given or independent variables, are the input voltage 
and current, V,; and I,: the dependent variables, V- and I, are the output 
quantities. Thus, the transmission parameters provide a direct relationship 
between input and output. Their major use arises in transmission-line analy- 
sis and in cascaded networks. 

Let us find the t parameters for the bilateral resistive two-port of 


Fig. 17.30a. To illustrate one possible procedure for finding a single param- 
eter, consider 


Vi 


-h V2=0 





tz: = 


We therefore short-circuit the output (V2 = 0) and set V; = 1 V, as shown in 
Fig. 17.30b. Note that we cannot set the denominator equal to unity by plac- 
ing a 1 A current source at the output; we already have a short circuit there. 
The equivalent resistance offered to the 1 V source is Reg = 2 + (4110) 2, 
and we then use current division to get 


j 10 5 
-b = ——— x ——-= =A 
2+ (4/10) 10+4 34 
Hence, 
l 34 
= — = — = §8Q 
tiz TE 3 6.8 


im 


If it is necessary to find all four parameters, we write any convenient 


pair of equations using all four terminal quantities, V;, V2, I, and Ip. From — 


Fig. 17.30a, we have two mesh equations: 
V, = 121, + 10L [47] 
V2 = 101, + 141, [48] 
Solving Eq. [48] for I,, we get 
I, = 0.1V2 — 1.41, 


so that th; = 0.1 S and ty = 1.4. Substituting the expression for I; in 
Eq. [47], we find 


Vi = 12(0.1V> — 1.41) + 10b = 1.2V2 — 6.81, 


and t;; = 1.2 and ty = 6.8 Q, once again. 
For reciprocal networks, the determinant of the t matrix is equal to unity: 


At = tite — tote: = Í 





@ FIGURE 17.30 (a) A two-port resistive network 
for which the t parameters are to be found. 
(b) To find te, set Vi = 1V with V = 0; then 
to = 1/(—b) = 6.8 Q. 





EXAMPLE 17.10 
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In the resistive example of Fig. 17.30, Ay = 1.2 x 1.4 — 6.8 x 0.1 = 1. 
Good! 

We conclude our two-port discussion by connecting two two-ports in 
cascade, as illustrated for two networks in Fig. 17.31. Terminal voltages and 
currents are indicated for each two-port, and the corresponding t parameter 
relationships are, for network A, 





@ FIGURE 17.31 When two-port networks A and B are cascaded, the t parameter 
matrix for the combined network is given by the matrix product t = t4 te. 


and for network B, 


Combining these results, we have 


[n ete] 


Therefore, the t parameters for the cascaded networks are found by the ma- 
trix product, 


t= tatg 


This product is not obtained by multiplying corresponding elements in the 
two matrices. If necessary, review the correct procedure for matrix multi- 
plication in Appendix 2. 





Network A Network B 
@ FIGURE 17.32 A cascaded connection. 





SECTION 17.6 TRANSMISSION PARAMETERS eo 





Network A is the two-port of Fig. 17.32, and, therefore 


= 1.2 6.82 
AT|O1S 1.4 


while network B has resistance values twice as large, so that 


[12 13.62 
B=] 005S 1.4 


For the combined network, 
taet |12 68] [12 13-6 
TAB |01 1.4110.05 1.4 
| 12x* 1.24+6.8x 005 1.2 x 13.64 6.8 x 1.4 
~ 10.1 x 1.2+1.4x0.05 0.1 x 13.6+ 1.4 x 1.4 


and 


¿[178 25.842 
~ 1019S 3.32 





3.2 82 
025 4 
in cascade; (c) z for two identical networks in cascade. 


l 6 11.84 7.69 8.22 87.1 
Ans: | 6 > lo: ° Bi | (&2). 


17.12 Given t = | 


| find (a) z; (b) t for two identical networks 


5 20 1448 17.6 0.694 12.22 






COMPUTER-AIDED ANALYSIS 


The characterization of two-port networks using t parameters creates 
the opportunity for vastly simplified analysis of cascaded two-port 
network circuits. As seen in this section, where, for example, 


„|12 682 
A 1018S 1.4 


and 


te = | 12 13.62 
B= | 005S 1.4 


we found that the t parameters characterizing the cascaded network can 
be found by simply multiplying t4 and tg: 


t = t4 ' tg 


Such matrix operations are easily carried out using scientific calculators 
or software packages such as MATLAB. The MATLAB script, 


(Continued on next page) 
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for example. would be 
bitioe tA = [1.2 6.8; 0.1 1.4); 
bids = tB = [1.2 13.6: 0.05 1.4]; 
hide. t= tA*tB 


OFRING PA ah) 


Ei AHRI 4 p 


as we found in Example 17.10. 

In terms of entering matrices in MATLAB, each has a case-sensitive 
variable name (tA, tB, and t in this example). Matrix elements are en- 
tered a row at a time, beginning with the top row; rows are separated by 
a semicolon. Again, the reader should always be careful to remember 
that the order to operations is critical when performing matrix algebra. 
For example, tB*tA results in a totally different matrix than the one we 


sought: 
2.8 27.2 
fe“ fa = [o2 x3] 


For simple matrices such as seen in this example, a scientific calculator 
is just as handy (if not more so). However, larger cascaded networks 
are more easily handied on a computer, where it is more convenient to 
see all arrays on the screen simultaneously. 


SUMMARY AND REVIEW 


Q In order to employ the analysis methods described in this chapter, it is 
critical to remember that each port can only be connected to either a 
one-port network or a port of another multiport network. | 


Q The defining equations for analyzing a two-port network in terms of its 
admittance (y) parameters are: 


I, =yiVityrV2 and L = yo Vi + Y22 V2 








where 
y I, I, 
u1~= yn = r 
V: V2=0 V2 V,=0 
y I, d I, 
2 en an Yn = = 
Vi V3=0 V> V,;=0 








E 


The defining equations for analyzing a two-port network in terms of its 
impedance (z) parameters are: 


Vi = Zyh + zb and Vi = mih + zb 


Q The defining equations for analyzing a two-port network in terms of its 
hybrid (h) parameters are: 


Vi =hyl +hi2V2 and In = ho I, +hyV2 





EXERCISES 


U The defining equations for analyzing a two-port network in terms of 
its transmission (t) parameters (also called the ABCD parameters) 
are: 


Vi =tV>2 — tyke and I, = to) V2 — trols 


UI It is straightforward to convert between h, z, t, and y parameters, 
depending on circuit analysis needs; the transformations are 
summarized in Table 17.1. 


READING FURTHER 


Further details of matrix methods for circuit analysis can be found in: 


R. A. DeCarlo and P. M. Lin, Linear Circuit Analysis, 2nd ed. New York: 
Oxford University Press, 2001. 


Analysis of transistor circuits using network parameters is described in: 


W. H. Hayt, Jr. and G. W. Neudeck, Electronic Circuit Analysis and 
Design, 2nd ed. New York: Wiley, 1995. 





EXERCISES 
17.1 One-Port Networks 


|. Consider the following set of equations: 


40, — 81, + 91, = 12 

SI, — 7h = 4 

7h,+3h+ k=0 

(a) Write this set of equations in matrix form. (b) Determine Az. (c) Determine 
A11. (d) Calculate I,. (e) Calculate L. 


. Find Az for the network shown in Fig. 17.33, and then use it as a help in find- 
ing the power generated by a 100 V dc source inserted in the outside branch of 
imesh: (a) 1; (b) 2; (2) 3. 

3. Find Ay for the network shown in Fig. 17.34, and then use it as a help in find- 


ing the power generated by a 10 A dc source inserted between the reference 
node and node: (a) 1; (b) 2; (c) 3. 


ta 





E FIGURE 17.33 





@ FIGURE 17.34 
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4. The resistance matrix of a certain one-port network is given as Fig. 17.35. Find 
Rin for a source inserted only in mesh 1. 


3 —] -2 0 
4 l 3 
[R] = (Q) 
-2 2 5 2 
0 3 ~2 6 


@ FIGURE 17.35 


5. Find the Thévenin equivalent impedance Zi,(s) for the one-port of Fig. 17.36. 





E FIGURE 17.36 


6. Find Zin for the one-port shown in Fig. 17.37 by (a) finding Az; (b) finding 
Ay and Yj, first, and then Zin. 





E FIGURE 17.37 


7. Find the output impedance for the network of Fig. 17.38, as a function of s. 







22 0.2 F 
+ 
Vin out Vout 


@ FIGURE 17.38 


8. If the op amp shown in Fig. 17.39 is assumed to be ideal (R; = œ, Ro = 0, 
and A = oc), find Rin. 


9. (a) If both the op amps shown in the circuit of Fig. 17.40 are assumed to be 
E FIGURE 17.39 ideal (R; = oo, Ro = 0, and A = oo), find Zin. (b) Ri = 4 KQ, Ro = 10 KQ, 











EXERCISES 


R3 = 10 kQ, R4 = 1 kQ, and C = 200 pF, show that Zin = jwLin. where 
Lin = 0.8 mH. 





@ FIGURE 17.40 


17.2 Admittance Parameters 
10. For the linear network depicted in Fig. 17.8, find 


0.01 0.3 9 
-ify = V= V): 
(a) Lify l 3 | (S) and l 3 | (V); 


. —0. 1 0.15 0.001 
(b) Vi ity=| 015 08 [Omar ie | (A). 


11. Find yı; and y,2 for the two-port shown in Fig. 17.41. 


m 


3 Q 50 2 22 





E FIGURE 17.41 


12. If the two-port shown in Fig. 17.42 has the parameter values y,;; = 10, 
Yi2 = —5, y2; = 50, and yoo = 20, all in mS, find V; and V2 when 
V, = LOO V, R, = 25 Q, and Ry = 100 Q. 





@ FIGURE 17.42 


13. Find the four y parameters tor the network of Fig. 17.43. 


I aQ 
e 





@ FIGURE 17.43 
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14. Find y for the two-port shown in Fig. 17.44. 


0.51, 
I, 300 Q 





E FIGURE 17.44 


0.1 —0.0025 
i5.Ley=| 0.05 


for the ratios V2/V;, Iz2/1;, and V;/I;. (b) Remove the 5 Q resistor, set the 1 V 
source equal to zero, and find V>/Ib. 


| (S) for the two-port of Fig. 17.45. (a) Find values 









59 
i 
Linear, 
Va passive (+) V. u FIGURE 17.45 
l network i o 5 
16. The admittance parameters of a certain two-port are y = 20 > (mS). 


Find the new y if a 100 Q resistor is connected: (a) in series with one of the 
input leads; (b) in series with one of the output leads. 


17. Complete the table given as part of Fig. 17.46, and also give values for the 
y parameters. 


Exp't #1 CIEI 18. For the general linear network depicted in Fig. 17.8, find 

Expt #2 50) 100 | -20 = ~ ; o 
hee = @ity=|'& 11] os anav = | 242°] wy; 
Expt pe fof ft j0.01 0.005 2/0° 


.. f-j5 10 _ [12030 
(©) Vaity=| 4 PA (S) and t= | vase | (A). 


E FIGURE 17.46 19. The metal-oxide-semiconductor field effect transistor (MOSFET), a three- 
terminal nonlinear element used in many electronics applications, is often 
specified in terms of its y parameters. The ac parameters are strongly 
dependent on the measurement conditions, and commonly named Yis, Yrs, 
Ys, and yos, aS in: 








lg = Yis Vgs + Yrs Vas [49] 
= Yfs Ves + Yos Vas [50] 


where /, is the transistor gate current, I4 is the transistor drain current, and the 
third terminal (the source) is common to the input and output during the mea- 
surement. Thus, V,, is the voltage between the gate and the source, and Vg, is 
the voltage between the drain and the source. The typical high-frequency 
model used to approximate the behavior of a MOSFET is shown in Fig. 17.47. 





E FIGURE 17.47 








EXERCISES 


(a) For the configuration stated above, which transistor terminal is used as the 
input, and which terminal is used as the output? (b) Derive expressions for 
the parameters Vis. Vrs. Vey. and Yos defined in Eqs. [49] and [50], in terms of 
the model parameters Ces. Cyd, 8m. ra, and Cas of Fig. 17.47. (c) Compute 
Viss Wesa Nfs- aNd Yos IË 8m = 4.7 MS, Cos = 3.4 pF. Cga = 1.4 pF. 

Cas = 0.4 pF, and rg = 10 kQ. N 


ed 


17.3 Some Equivalent Networks 


20. Convert the A network of Fig. 17.48 to a Y-connected network. 





t kO 
a b 
470 0 100 Q 
a b 
220 Q 
C O d c d 
M FIGURE 17.48 m FIGURE 17.49 


21. Convert the Y network of Fig. 17.49 to a A-connected network. 


22. Find Rin for the one-port shown in Fig. 17.50 by using Y-A and A-Y transfor- 
mations as appropriate. 





@ FIGURE 17.50 


23. Use Y-A and A-Y transformations to find the input resistance of the one-port 
shown in Fig. 17.51. 


24. Find Zin for the network of Fig. 17.52. 


jl2.Q j4Q 





M FIGURE 17.52 





75 Q 


32 


@ FIGURE 17.51 
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25.Lety = p 


27. 


Lety=| 


0.4 —0.002 
5 0.04 


(b) Gz (c) Gp; (d) Zins (€) Zout- 


| (S) for the two-port of Fig. 17.53, and find (a) Gy; 


20 2 





E FIGURE 17.53 


0.1 —0.05 
—0.5 0.2 


(b) Gr (c) Gp; (d) Zin: (€) Zour. (f) H the reverse voltage gain Gy re, is defined 
as V,/V> with V, = 0 and R; removed, calculate Gy rey. (g) If the insertion 
power gain Gins is defined as the ratio of Pso with the two-port in place to Pso 
with the two-port replaced by jumpers connecting each input terminal to the 
corresponding output terminal. calculate Gins. 


| (S} for the two-port of Fig. 17.54. Find (a) Gy; 





@ FIGURE 17.54 


(a) Draw an equivalent circuit in the form of Fig. 17.13 for which 


4 
draw the new equivalent circuit and show that Yney = 2y. 


1S —l 
y= | 3 l (mS). (b) If two of these two-ports are connected in parallel, 


28. (a) Find ya for the two-port of Fig. 17.55a. (b) Find y, for Fig. 17.55b. 
Y 


(c) Draw the network that is obtained when these two-ports are connected in 
parallel, and show that y for this network is equal to yz + yp. 





(a) 
@ FIGURE 17.55 


17.4 impedance Parameters 
29. For the linear network depicted in Fig. 17.8, 


4.7 22 
2.2 3 | (k92) and I =| 


—10 15 l 
z=| 15 A (k2) and V = | (V). 


1.5 


(a) find V; if z = | 95 


| (mA); (b) I; if 





EXERCISES 


30. Consider the general linear network of Fig. 17.8. Calculate 


(a) Voita =|" J |emanat =| | a 


2/0° 
o [= 2 [137/30 
onitz=| 7; almay] osas | 


31. Find z for the two-port shown in Fig. 17.56. 





@ FIGURE 17.56 


32. (a) Find z for the two-port of Fig. 17.57. (b) Fh = Ib = 1 A, find the voltage 
gain Gy. 


| i 2 o I, 


— 








O 
E FIGURE 17.57 


1.5 


4 
33. A certain two-port is described by z = | 0 3 


source V, in series with 5 Q, while the output is R; = 2 Q. Find (a) Gy; 
(b) Gy; (c) Gp; (d) Zin; (e) Zom- 

1000 100 , . 
000 ‘00 | (Q) for the two-port of Fig. 17.58. Find the average 


power delivered to the (a) 200 Q resistor; (b) 500 Q resistor; (c) two-port. 


| ($2). The input consists of a 


34. Let [z] = | 


200 Q 





E FIGURE 17.58 


35. Find the four z parameters at w = 10Ë rad/s for the transistor high-frequency 
equivalent circuit shown in Fig. 17.59. 


| pF 





E FIGURE 17.59 
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20 2 
40 ol (2) is driven by a source V, = 100/07 V 


in series with 5 Q, and terminated tn a 25 Q resistor. Find the Thévenin- 
equivalent circuit presented to the 25 Q resistor. 


36. A two-port for which z = l 


17.5 Hybrid Parameters 


92 —2 
37. The h parameters for a certain two-port are h = l 


20 0.2 S 


new h that results if a 1 Q resistor 1s connected in series with (a) the input; 
(b) the output. 


| Find the 


38. Find Zi, and Zou for a two-port driven by a source having R, = 100 &2 and 
10082 0.01 

20 l ws | 

39. Refer to the two-port shown in Fig. 17.60 and find (a) hi2; (6) Z12; (€) Y12- 


terminated with R; = 500 Q, if h = l 





E FIGURE 17.60 

40. Let hy, = 1 KQ, hp = —1, hz; = 4, and hz; = 500 uS for the two-port 
shown in Fig. 17.61. Find the average power delivered to (a) R, = 200 22; 
(b) Ri = 1 KS; (c) the entire two-port. 


200 2 


100 V rms i kQ 





@ FIGURE 17.61 
4 


po 


. (a) Find h for the two-port of Fig. 17.62. (b) Find Zou if the input contains V, 
in series with R, = 200. 


10 KQ 





u FIGURE 17.62 


42. Find y, z, and h for both of the two-ports shown in Fig. 17.63. If any parameter 
is infinite, skip that parameter set. 


O--AAAy—o 
R 
R 
O0 
{a) (b) 


@ FIGURE 17.63 





EXERCISES oe OO NN N 


43. Figure 17.64 depicts a commonly used high-frequency bipolar junction transis- 
tor (bjt) model, which is valid for small ac signal magnitudes. If the emitter 
terminal (labeled E) is common to the input and output, and the base terminal 
(labeled B) is used as the input, derive an expression in terms of ry, r, Ca, Cu, 
8m, and rq for (a) hoe; (b) hye, (C) Rie; and (d) hre- 





EO 
W FIGURE 17.64 


17.6 Transmission Parameters 


, 1 —2 4 6 3 2 4 -l 
44.Giveny =|; see] ‘lel 3 5 5 | and 


l 2 -=l 
3 0 5 

d = 2 3 , calculate: (a) y - b; (b) b - y; (c) b+ c; (d) e- d; 
4 —4 2 


(fehy:b-e-d. 
45. (a) Find t for the two-port shown in Fig. 17.65. (b) Calculate Zom for this two- 
port if R; = 15 Q for the source. 


15V, 


10 Q 





@ FIGURE 17.65 


46. Find t for the two-port shown in Fig. 17.66. E FIGURE 17.66 


47. (a) Find t,, tg, and tc for the cascaded two-ports of Fig. 17.67. (b) Find t for 
the six-resistor two-port. 





H FIGURE 17.67 
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48. (a) Find t, for the single 2 Q resistor of Fig. 17.68. (b) Show that t for a single 
10 Q resistor can be obtained by (ta). 

49, (a) Find ta, t,, and t- for the networks shown in Fig. 17.69a, b, and c. 
(b) By using the rules for interconnecting two-ports in cascade, find t for the 
network of Fig. 17.69d. 





OO 
@ FIGURE 17.68 





E FIGURE 17.69 


50. (a) Find t for the two-port shown in Fig. 17.70. (b) Use the techniques of cas- 
cading two-ports to find they if a 20 Q resistor is connected across the output. 





E FIGURE 17.70 


Je P 735-792 





AN INTRODUCTION TO 
NETWORK TOPOLOGY 


After working many circuits problems, it slowly becomes evident that many 
of the circuits we see have quite a bit in common, at least in terms of the 
arrangement of components. From this realization, it is possible to create a 
more abstract view of circuits which we call network topology. This appen- 
dix presents an introduction to several basic concepts of network topology; 
implementation is left to the reader’s discretion. 


A1.1 _ TREES AND GENERAL NODAL ANALYSIS 


We now plan to generalize the method of nodal analysis that we have come 
to know and love. Since nodal analysis is applicable to any network, we 
cannot promise that we will be able to solve a wider class of circuit prob- 
lems. We can, however, look forward to being able to select a general nodal 
analysis method for any particular problem that may result in fewer equa- 
tions and less work. 

We must first extend our list of definitions relating to network topology. 
We begin by defining topology itself as a branch of geometry which is con- 
cerned with those properties of a geometrical figure which are unchanged 
when the figure is twisted, bent, folded, stretched, squeezed, or tied in knots, 
with the provision that no parts of the figure are to be cut apart or to be 
joined together. A sphere and a tetrahedron are topologically identical, as 
are a square and a circle. In terms of electric circuits, then, we are not now 
concerned with the particular types of elements appearing in the circuit, but 
only with the way in which branches and nodes are arranged. As a matter of 
fact, we usually suppress the nature of the elements and simplify the draw- 
ing of the circuit by showing the elements as lines. The resultant drawing is 
called a linear graph, or simply a graph. A circuit and its graph are shown in 
Fig. Al.1. Note that all nodes are identified by heavy dots in the graph. 

Since the topological properties of the circuit or its graph are unchanged 
when it is distorted, the three graphs shown in Fig. A1.2 are all topologi- 
cally identical with the circuit and graph of Fig. A1.1. 

Topological terms that we already know and have been using correctly 
are 


Node: A point at which two or more elements have a common 
connection. 

Path: A set of elements that may be traversed in order without passing 
through the same node twice. 

Branch: A single path, containing one simple element, which connects 
one node to any other node. 


APPENDIX 








(b) 
@ FIGURE Al.1 (4) A given circuit. (b) The linear 


graph of this circuit. 
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íc) 


H FIGURE A1.4 (c) A linear graph. (b) A possible 
tree for this graph. (c, d’) These sets of branches do 
not satisfy the definition of a tree. 








JE 


(a) (b) (c) 
@ FIGURE A1.2 (c, b, c) Alternative linear graphs of the circuit of Fig. A11. 


Loop: A closed path. 

Mesh: A loop which does not contain any other loops within it. 
Planar circuit: A circuit which may be drawn on a plane surface in 
such a way that no branch passes over or under any other branch. 
Nonplanar circuit: Any circuit which is not planar. 


The graphs of Fig. A1.2 each contain 12 branches and 7 nodes. 

Three new properties of a linear graph must now be defined—a tree, a 
cotree, and a link. We define a tree as any set of branches which does not 
contain any loops and yet connects every node to every other node, not nec- 
essarily directly. There are usually a number of different trees which may 
be drawn for a network, and the number increases rapidly as the complex- 
ity of the network increases. The simple graph shown in Fig. Al.3a has 
eight possible trees, four of which are shown by heavy lines in Fig. A1.3b, 
c,d, and e. 





(a) (b) (c) 


E FIGURE A1.3 (c) The linear graph of a three-node network. (b, c, d, e) Four of the eight different 
trees which may be drawn for this graph are shown by the black lines. 


In Fig. Al.4a a more complex graph is shown. Figure A1.4b shows one 
possible tree, and Fig. Al.4c and d show sets of branches which are not 
trees because neither set satisfies the definition. 

After a tree has been specified, those branches that are not part of the 
tree form the cotree, or complement of the tree. The lightly drawn branches 
in Fig. A1.3b to e show the cotrees that correspond to the heavier trees. 

Once we understand the construction of a tree and its cotree, the concept 
of the link is very simple, for a link is any branch belonging to the cotree. It 
is evident that any particular branch may or may not be a link, depending on 
the particular tree which is selected. 

The number of links in a graph may easily be related to the number of 
branches and nodes. If the graph has N nodes, then exactly (N — 1) 
branches are required to construct a tree because the first branch chosen 
connects two nodes and each additional branch includes one more node. 
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Thus, given B branches, the number of links L must be 
L=B-~(N-1) 
or 
L=B-N+1 [1] 


There are L branches in the cotree and (N — 1) branches in the tree. 

In any of the graphs shown in Fig. Al.3, we note that 3 = 5 ~ 3 + I, and 
in the graph of Fig. Al.4b. 6 = 10 — 5 + 1. A network may be in several 
disconnected parts, and Eq. [1] may be made more general by replacing +1 
with +S, where S is the number of separate parts. However, it is also possi- 
ble to connect two separate parts by a single conductor, thus causing two 
nodes to form one node; no current can flow through this single conductor. 
This process may be used to join any number of separate parts, and thus we 
will not suffer any loss of generality if we restrict our attention to circuits 
for which $ = 1. 

We are now ready to discuss a method by which we may write a set of 
nodal equations that are independent and sufficient. The method will enable 
us to obtain many different sets of equations for the same network, and all 
the sets will be valid. However, the method does not provide us with every 
possible set of equations. Let us first describe the procedure, illustrate it by 
three examples, and then point out the reason that the equations are inde- 
pendent and sufficient. 

Given a network, we should: 


1. Draw a graph and then identify a tree. 
2. Place ali voltage sources in the tree. 
3. Place all current sources in the cotree. 
4 


. Place all control-voltage branches for voltage-controlled dependent 
sources in the tree, if possible. 


A 


. Place all control-current branches for current-controlled dependent 
sources in the cotree, if possible. 


These last four steps effectively associate voltages with the tree and cur- 
rents with the cotree. 

We now assign a voltage variable (with its plus-minus pair) across each 
of the (N — I) branches in the tree. A branch containing a voltage source 
(dependent or independent) should be assigned that source voltage, and a 
branch containing a controlling voltage should be assigned that controlling 
voltage. The number of new variables that we have introduced is therefore 
equal to the number of branches in the tree (N — 1), reduced by the number 
of voltage sources in the tree, and reduced also by the number of control 
voltages we were able to locate in the tree. In Example A1.3, we will find 
that the number of new variables required may be zero. 

Having a set of variables, we now need to write a set of equations that 
are sufficient to determine these variables. The equations are obtained 
through the application of KCL. Voltage sources are handled in the same 
way that they were in our earlier attack on nodal analysis; each voltage 
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source and the two nodes at its terminals constitute a supernode or a part of 
a supernode. Kirchhoff’s current law is then applied at all but one of the re- 
maining nodes and supernodes. We set the sum of the currents leaving the 
node in all of the branches connected to it equal to zero. Each current is ex- 
pressed in terms of the voltage variables we just assigned. One node may be 
ignored, just as was the case earlier for the reference node. Finally, in case 
there are current-controlled dependent sources, we must write an equation 
for each control current that relates it to the voltage variables; this also is no 
different from the procedure used before with nodal analysis. 

Let us try out this process on the circuit shown in Fig. Al.5a. It contains 
four nodes and five branches, and its graph is shown in Fig. A1.5b. 





Find the value of v, in the circuit of Fig. A1.5a. 
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@ FIGURE A1.5 (a) A circuit used as an example for general nodal analysis. (b) The 
graph of the given circuit. (c) The voltage source and the control voltage are placed in 
the tree, while the current source goes in the cotree. (7) The tree is completed and a 
voltage is assigned across each tree branch. 


In accordance with steps 2 and 3 of the tree-drawing procedure, we 
place the voltage source in the tree and the current source in the cotree. 
Following step 4, we see that the v, branch may also be placed in the 
tree, since it does not form any loop which would violate the definition 
of a tree. We have now arrived at the two tree branches and the single 
link shown in Fig. Al.Sc, and we see that we do not yet have a tree, 
since the right node is not connected to the others by a path through 
tree branches. The only possible way to complete the tree is shown in 
Fig. Al.Sd. The 100-V source voltage, the control voltage vx, and a 
new voltage variable vı are next assigned to the three tree branches as 
shown. 

We therefore have two unknowns, v, and vı, and we need to obtain 
two equations in terms of them. There are four nodes, but the presence 
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of the voltage source causes two of them to form a single supernode. 
Kirchhoff’s current law may be applied at any two of the three 
remaining nodes or supernodes. Let’s attack the right node first. The 
current leaving to the left is —vı /15, while that leaving downward is 
—v,/14. Thus, our first equation is 


The central node at the top looks easier than the supernode, and so we 
set the sum of the current to the left (—v, /8), the current to the right 

(v, /15), and the downward current through the 4-Q2 resistor equal to 
zero. This latter current is given by the voltage across the resistor 
divided by 4 Q, but there is no voltage labeled on that link. However, 
when a tree is constructed according to the definition, there is a path 
through it from any node to any other node. Then, since every branch 
in the tree is assigned a voltage, we may express the voltage across any 
link in terms of the tree-branch voltages. This downward current is 
therefore (—v, + 100)/4, and we have the second equation, 


The simultaneous solution of these two nodal equations gives 


vı = —60 V vy, = S0 Yy 





Find the values of vy and v in the circuit of Fig. A1.6a. 





(a) (b) 


m FIGURE A1.6 (a) A circuit with 5 nodes. (b) A tree is chosen such that both 
voltage sources and both control voltages are tree branches. 


We draw a tree so that both voltage sources and both control voltages 
appear as tree-branch voltages and, hence, as assigned variables. As it 
happens, these four branches constitute a tree, Fig. Al .6b, and tree- 
branch voltages vx, 1, vy, and 4v, are chosen, as shown. 


(Continued on next page) 
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EXAMPLE A1.3 





(b) 


@ FIGURE A1.7 (a) A circuit for which only one 
general nodal equation need be written. (b) The tree 
and the tree-branch voltages used. 
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Both voltage sources define supernodes, and we apply KCL twice. 
once to the top node, 


2vy + (uy ~ vy — 4u,) = 2 


and once to the supernode consisting of the right node, the bottom 
node, and the dependent voltage source. 


tvy + 2(v, — 1) + W(4u, + vy — vy) = 20, 


Instead of the four equations we would expect using previously studied 
techniques, we have only two, and we find easily that v, = Æ V and 

4 
Uy = 3 V. 





Find the value of v, in the circuit of Fig. A1.7a. 


The two voltage sources and the control voltage establish the three- 
branch tree shown in Fig. Al.7b. Since the two upper nodes and the 
lower right node all join to form one supernode, we need write only one 
KCL equation. Selecting the lower left node, we have 


Uy =v; + 30 + 6v, 
4 rot 5 
and it follows that v, = -5 V. In spite of the apparent complexity of 


this circuit, the use of general nodal analysis has led to an easy solution. 
Employing mesh currents or node-to-reference voltages would require 
more equations and more effort. 


We will discuss the problem of finding the best analysis scheme in the 
following section. 

If we should need to know some other voltage, current, or power in the 
previous example, one additional step would give the answer. For example. 
the power provided by the 3-A source is 


3 (-30 — ¥) = -122 W 


Let us conclude by discussing the sufficiency of the assumed set of tree- 
branch voltages and the independence of the nodal equations. If these tree- 
branch voltages are sufficient. then the voltage of every branch in either the 
tree or the cotree must be obtainable from a knowledge of the values of all 
the tree-branch voltages. This is certainly true for those branches in the tree. 
For the links we know that each link extends between two nodes, and. by 
definition, the tree must also connect those two nodes. Hence. every link 
voltage may also be established in terms of the tree-branch voltages. 

Once the voltage across every branch in the circuit is known, then all the 
currents may be found by using either the given value of the current if the 
branch consists of a current source, by using Ohm’s law if it is a resistive 
branch, or by using KCL and these current values if the branch happens to 
be a voltage source. Thus, all the voltages and currents are determined and 
sufficiency is demonstrated. 
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To demonstrate independency, let us satisfy ourselves by assuming the 
situation where the only sources in the network are independent current 
sources. As we have noticed earlier, independent voltage sources in the cir- 
cuit result in fewer equations, while dependent sources usually necessitate a 
greater number of equations. With independent current sources only, there 
will then be precisely (N — 1) nodal equations written in terms of (N — 1) 
tree-branch voltages. To show that these (N — 1) equations are independ- 
ent, visualize the application of KCL to the (N — 1) different nodes. Each 
time we write the KCL equation, there is a new tree branch involved—the 
one which connects that node to the remainder of the tree. Since that circuit 
element has not appeared in any previous equation, we must obtain an 1n- 
dependent equation. This is true for each of the (N — 1) nodes in turn, and 
hence we have (N — 1) independent equations. 





Al.1 (a) How many trees may be constructed for the circuit of 
Fig. A1.8 that follow all five of the tree-drawing suggestions listed 
earlier? (b) Draw a suitable tree, write two equations in two unknowns, 
and find i3. (c) What power is supplied by the dependent source? 


5S9 8A 


25v(*) CS (toa 20 


E FIGURE A1.8 


Ans: 1; 7.2 A; 547 W. 


A1.2 _ LINKS AND LOOP ANALYSIS 


Mie ee MNE AUUT MUI A OO mammam 
Now we will consider the use of a tree to obtain a suitable set of loop 
equations. In some respects this is the dual of the method of writing nodal 
equations. Again it should be pointed out that, although we are able to guar- 
antee that any set of equations we write will be both sufficient and inde- 
pendent, we should not expect that the method will lead directly to every 
possible set of equations. 

We again begin by constructing a tree, and we use the same set of rules 
as we did for general nodal analysis. The objective for either nodal or loop 
analysis is to place voltages in the tree and currents in the cotree; this is a 
mandatory rule for sources and a desirable rule for controlling quantities. 

Now, however, instead of assigning a voltage to each branch in the tree, 
we assign a current (including reference arrow, of course) to each element 
in the cotree or to each link. If there were 10 links, we would assign exactly 
10 link currents. Any link that contains a current source is assigned that 
source current as the link current. Note that each link current may also be 
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thought of as a loop current, for the link must extend between two specific 
nodes, and there must also be a path between those same two nodes through 
the tree. Thus, with each link there is associated a single specific loop that 
includes that one link and a unique path through the tree. It is evident that 
the assigned current may be thought of either as a loop current or as a link 
current. The link connotation is most helpful at the time the currents are be- 
ing defined, for one must be established for each link; the loop interpreta- 
tion is More convenient at equation-writing time, because we will apply 
KVL around each loop. 

Let us try out this process of defining link currents by considering the 
circuit shown in Fig. Ai.9a. The tree selected is one of several that might be 
constructed for which the voltage source is in a tree branch and the current 
source is 1n a link. Let us first consider the link containing the current source. 
The loop associated with this link is the left-hand mesh, and so we show our 
link current flowing about the perimeter of this mesh (Fig. A1.9b). An obvi- 
ous choice for the symbol for this link current is ““7 A.” Remember that no 
other current can flow through this particular link, and thus its value must be 
exactly the strength of the current source. 


20 





{a} (b) 


@ FIGURE A1.9 (a) Asimple circuit. (5) A tree ts chosen such that the 
current source is in a link and the voltage source is in a tree branch. 


We next turn our attention to the 3-2 resistor link. The loop associated 
with it is the upper right-hand mesh, and this loop (or mesh) current is de- 
fined as i4 and also shown in Fig. A1.9b. The last link is the lower 1-Q re- 
sistor, and the only path between its terminals through the tree is around the 
perimeter of the circuit. That link current is called ig, and the arrow indi- 
cating its path and reference direction appears in Fig. A1.9b. It is not a mesh 
current. 

Note that each link has only one current present in it, but a tree branch 
may have any number from 1 to the total number of link currents assigned. 
The use of long, almost closed, arrows to indicate the loops helps to indicate 
which loop currents flow through which tree branch and what their refer- 
ence directions are. | 

A KVL equation must now be written around each of these loops. The 
variables used are the assigned link currents. Since the voltage across a cur- 
rent source cannot be expressed in terms of the source current, and since we 
have already used the value of the source current as the link current, we dis- 
card any loop containing a current source. 


APPENDIX 1 AN INTRODUCTION TO NETWORK TOPOLOGY 





EXAMPLE A1.4 


For the example of Fig. A1.9, find the values of i4 and ip. 


We first traverse the i, loop, proceeding clockwise from its lower left 
corner. The current going our way in the 1-Q resistor is (i4 — 7), in the 
2-Q element it is (i4 + ig), and in the link it is simply ig. Thus 


Ilia —7) +2(i4 tig) + 3i4 = 0 
For the ig link, clockwise travel from the lower left corner leads to 


-7 + 2ia +ig) + lig =0 


Traversal of the loop defined by the 7-A link is not required. Solving, 
we have i, = 0.5 A, ig = 2 A, once again. The solution has been 
achieved with one less equation than before! 





EXAMPLE Al1.5 
Evaluate i; in the circuit shown in Fig. A1.10a. 


i 50 oe 4.0 


25 V 





(a) 


(b) 





(c) 


@ FIGURE A1.10 (a) A circuit for which, may be found with one equation 
using general loop analysis. (b) The only tree that satisfies the rules outlined in 
Sec. A1.1. (c) The three link currents are shown with their loops. 


This circuit contains six nodes, and its tree therefore must have five 
branches. Since there are eight elements in the network, there are three 
links in the cotree. If we place the three voltage sources in the tree and 
the two current sources and the current control in the cotree, we are led 
to the tree shown in Fig. A1.10b. The source current of 4 A defines a 


(Continued on next page) 








E FIGURE Al.11 A tree that is used as an example 
to illustrate the sufficiency of the link currents. 
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loop as shown in Fig. Al.10c. The dependent source establishes the 
loop current 1.5%, around the right mesh, and the control current i} 
gives us the remaining loop current about the perimeter of the circuit. 
Note that all three currents flow through the 4-Q resistor. 

We have only one unknown quantity, i, and after discarding the 
loops defined by the two current sources, we apply KVL around the 
outside of the circuit: 


—30 + 5(—i1) + 19 4+ 2(-7, ~ 4) + 4(-7, — 44 1.57,) — 25 =0 


Besides the three voltage sources, there are three resistors in this loop. 
The 5-Q resistor has one loop current in it, since it is also a link: the 
2-&2 resistor contains two loop currents; and the 4-Q resistor has three. 
A carefully drawn set of loop currents is a necessity if errors in 
skipping currents, utilizing extra ones, or erring in choosing the correct 
direction are to be avoided. The foregoing equation is guaranteed, 
however, and it leads toi; = —12 A. 


How may we demonstrate sufficiency? Let us visualize a tree. It con- 
tains no loops and therefore contains at least two nodes to each of which 
only one tree branch is connected. The current in each of these two branches 
is easily found from the known link currents by applying KCL. If there are 
other nodes at which only one tree branch is connected, these tree-branch 
currents may also be immediately obtained. In the tree shown in Fig. Al. 11, 
we thus have found the currents in branches a, b, c, and d. Now we move 
along the branches of the tree, finding the currents in tree branches e and f; 
the process may be continued until all the branch currents are determined. 
The link currents are therefore sufficient to determine all branch currents. It 
is helpful to look at the situation where an incorrect “tree” has been drawn 
which contains a loop.. Even if all the link currents were zero, a current 
might still circulate about this “tree loop.” Hence, the link currents could 
not determine this current, and they would not represent a sufficient set. 
Such a “tree” is by definition impossible. 

To demonstrate independence, let us satisfy ourselves by assuming the 
situation where the only sources in the network are independent voltage 
sources. As we have noticed earlier, independent current sources in the cir- 
cuit result in fewer equations, while dependent sources usually necessitate a 
greater number of equations. If only independent voltage sources are pres- 
ent, there will then be precisely (B — N + 1) loop equations written in 
terms of the (B — N + 1) link currents. To show that these (B — N + 1) 
loop equations are independent, it is necessary only to point out that each 
represents the application of KVL around a loop which contains one link 
not appearing in any other equation. We might visualize a different resist- 
ance R;, R2,..., Rg—n+i in each of these links, and it is then apparent that 
one equation can never be obtained from the others, since each contains one 
coefficient not appearing in any other equation. 

Hence, the link currents are sufficient to enable a complete solution to be 
obtained, and the set of loop equations which we use to find the link currents 
is a set of independent equations. 
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Having looked at both general nodal analysis and loop analysis, we 
should now consider the advantages and disadvantages of each method so 
that an intelligent choice of a plan of attack can be made on a given analy- 
sis problem. 

The nodal method in general requires (X — 1) equations, but this num- 
ber is reduced by | for each independent or dependent voltage source in a 
tree branch, and increased by | for each dependent source that is voltage- 
controlled by a link voltage, or current-controlled. 

The loop method basically involves (B — N + 1) equations. However, 
each independent or dependent current source in a link reduces this number 
by 1, while each dependent source that is current-controlled by a tree- 
branch current, or is voltage-controlled, increases the number by 1. 

As a grand finale for this discussion, let us inspect the T-equivalent-cir- 
cuit model for a transistor shown in Fig. Al.12, to which is connected a si- 
nusoidal source, 4 sin 1OOOt mV, and a 10-kQ load. 


EXAMPLE A1.6 





Find the input (emitter) current i, and the load voltage vz in the 
circuit of Fig. A1.12, assuming typical values for the emitter 
resistance r, = 50 Q; the base resistance r, = 500 2; the collector 
resistance r, = 20 kQ; and the common-base forward-current- 
transfer ratio œ = 0.99. 


5 


4 sin 10007 
mV 





@ FIGURE Al.12 A sinusoidal voltage source and a 10-kQ load are 
connected to the T-equivalent circuit of a transistor. The common connection 
between the input and output is at the base terminal of the transistor, and the 
arrangement is called the common-base configuration. 


Although the details are requested in the practice problems that follow, 
we should see readily that the analysis of this circuit might be 
accomplished by drawing trees requiring three general nodal equations 
(N — | — 1+ 1) or two loop equations (B — N + 1 — 1). We might 
also note that three equations are required in terms of node-to-reference 
voltages, as are three mesh equations. . 


No matter which method we choose, these results are obtained for 
this specific circuit: 
ie = 18.42 sin 1000t WA 
v; = 122.6 sin 1000¢ mV 


(Continued on next page) 
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and we therefore find that this transistor circuit provides a voltage gain 
(vz /vs) of 30.6, a current gain (vz /10,0007,) of 0.666, and a power 
gain equal to the product 30.6(0.666) = 20.4. Higher gains could be 


secured by operating this transistor in a common-emitter configuration. 


Al.2 Draw a suitable tree and use general loop analysis to find i10 in 
the circuit of (a) Fig. Al.13a by writing just one equation with iio as 
the variable; (b) Fig. Al.135 by writing just two equations with i; and 
i> as the variables. 








@ FIGURE Al.13 


A1.3 For the transistor amplifier equivalent circuit shown in Fig. Al.12, 
let re = 50 Q, r, = 500 Q, r- = 20 kQ, and a = 0.99, and find both i, 
and v; by drawing a suitable tree and using (a) two loop equations; 

(b) three nodal equations with a common reference node for the 
voltage; (c) three nodal equations without a common reference node. 
A1.4 Determine the Thévenin and Norton equivalent circuits presented | 
to the 10-k&2 load in Fig. Al.12 by finding (a) the open-circuit value of 
vy; (b) the (downward) short-circuit current; (c) the Thévenin equivalent 
resistance. All circuit values are given in Practice Problem A1.3. 


Ans: Al.2: —4.00 mA; 4.69 A. A1.3: 18.42 sin 1000t pA; 122.6 sin 10001 mV. 
A1.4: 147.6 sin 10007 mV; 72.2 sin 1000 2A; 2.05 kQ. — 





SOLUTION OF SIMULTANEOUS 
EQUATIONS 


Consider the simple system of equations 


Tv, — 3v — 4v, = — |] [1] 
—3v, + 6v — 2v = 3 [2] 
—4v,; — 2 + ilu = 25 [3] 


This set of equations could be solved by a systematic elimination of the 
variables. Such a procedure is lengthy, however, and may never yield an- 
swers if done unsystematically for a greater number of simultaneous equa- 
tions. Fortunately, there are many more options available to us. some of 
which we will explore in this appendix. 


The Scientific Calculator 


Perhaps the most straightforward approach when faced with a system of 
equations such as Eqs. [1] to [3], in which we have numerical coefficients 
and are only interested in the specific values of our unknowns (as apposed 
to algebraic relationships), is to employ any of the various scientific calcu- 
lators presently on the market. For example, on a Texas Instruments 71-86, 


we access this feature by pressing SIMULT]. The resulting display is 


SIMULTE 
Number = 


to which we will respond with the keystroke sequence [ENTER]. The cal- 
culator then displays 


indicating that we may begin entering the numeric data for Eq. [1]. Note that 
prior to beginning such an operation, we should take the time required to 
write the system of equations in an ordered fashion in order to avoid confus- 
ing our coefficients. We respond with the keystroke sequence 


re [11] [ENTER], We then are presented 


with a new display for our second equation. 
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After entering the information for all three equations, we press the key 
to instruct the T7-86 to solve for the unknowns x1, x2, and x3 (as it names 
our v, v2, and va). The calculator display then shows 


inj 


Puya 


It should be noted that each calculator capable of solving simultaneous 
equations has its own procedure for entering the required intormation— 
therefore, it is a good idea not to throw away anything marked “Owner's 
Manual” or “Instructions,” no matter how tempting such an action might be. 


Matrices 


Another powerful approach to the solution of a system of equations is based 
on the concept of matrices. Consider Eqs. [1]. [2], and [3]. The array of the 
constant coefficients of the equations, 


7 ~3 -4 
G=|-3 6 -2 
-4 2 il 


is called a matrix; the symbol G has been selected since each element of the 
matrix is a conductance value. A matrix itself has no “value”; it is merely 
an ordered array of elements. We use a letter in boldface type to represent a 
matrix, and we enclose the array itself by square brackets. 

A matrix having m rows and n columns is called an (m x n) (pronounced 
“m by n”) matrix. Thus, 


is a (2 x 3) matrix, and the G matrix of our example is a (3 x 3) matrix. An 
(n x n) matrix is a Square matrix of order n. 
An (m x 1) matrix is called a column matrix, or a vector. Thus, 


Vi 
V= 
v] 


is a (2 x 1) column matrix of phasor voltages, and 


- I, 
I= 
H 


isa (2 x 1) phasor-current vector. A (1 x n) matrix is known as a row vector. 

Two (m x n) matrices are equal if their corresponding elements are 
equal. Thus, if aj, is that element of A located in row j and column k and 
bj, is the element at row j and column k in matrix B, then A = B ifand only 
ifaj, = bjk forall 1 < j < mandi <k <n. Thus, if 


Vif | zuk +z 
Vaj] [zah + 22h 
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then Vi = zul + zpb and Vo = 22,1, + zh. 
Two (m x n) matrices may be added by adding corresponding elements. 


Thus. 
20 5] [1 2 3] [328 
—1 6 3 —3 2 -]}| |-4 4 2 


Next let us consider the matrix product AB, where A is an (m x n) matrix 
and B isa (p x q) matrix. If n = p, the matrices are said to be conformal, 
and their product exists. That is, matrix multiplication is defined only for the 
case where the number of columns of the first matrix in the product is equal 
to the number of rows in the second matrix. 

The formal definition of matrix multiplication states that the product of 
the (nm x n) matrix A and the (n x q) matrix Bis an (m x q) matrix having 
elements c. 1 < J < mand l < k <q, where 


Cik = Gj Dye + ajabar +++ + Ajnbnk 


That is, to find the element in the second row and third column of the prod- 
uct, we multiply each of the elements in the second row of A by the corre- 
sponding element in the third column of B and then add the n results. For 
example, given the (2 x 3) matrix A and the (3 x 2) matrix B, 


by, Oy 
cjl djo 43 
l ba bo |= 
Aa] 2 la) Ay 
bx, bap 


(ayibi + aib + 13031) (aibi? + anbn + 413832) 
(azb) + anba, + a23b31) (az1b12 + anba + a23b32) 


The result is a (2 x 2) matrix. 
As a numerical example of matrix multiplication, we take 
2 3 
| 3 2 1 | 5 ile | 6 s 
-2 2 4 = |16 —16 
4 -3 


where 6 = (3)(2) + (2)(—2) + (D4). 4 = (3)(3) + QX—1) + (1)(—3), 
and so forth. 

Matrix multiplication is not commutative. For example, given the 
(3 x 2) matrix C and the (2 x 1) matrix D, it is evident that the product 
CD may be calculated, but the product DC is not even defined. 


As a final example, let 
t= 2 3 
AT 1-1 4 


=f! 
B- |s 0 


so that both t,t, and tgt, are defined. However, 


eee eee 
AB T |17 =] 


and 





@ FIGURE A2.1 Matrix manipulation display of the 
71-86, with the corresponding function key shown 
beneath each menu item. 
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while 
5 13 
a= aq as 
PRACTICE 
A2.1 GivenA=[3 ~3],B=[_5 ~3],C=[35],andv= 


e | , find (a) A + B; (b) AB; (c) BA; (d) AV + BC; (e) A? = AA. 


Anes}? 4].[ 19 0L —17].[ a0, e =18 
td SLE Bere Bri") 34 456—101"1 m 


Matrix Inversion 


If we write our system of equations using matrix notation, 


7 —3 —4 vi —11 
—3 6 -2 V2 = 3 [4] 
—4 —2 11 V3 25 


we may solve for the voltage vector by multiplying both sides of Eq. [4] by 
the inverse of our matrix G: 


T s oo vi — ji 
Gil- 6 = v | = G7! 3 [5] 
—4 -—2 11 U3 29 


This procedure makes use of the identity G~'G = I, where I is the identity 
matrix, a square matrix of the same size as G, with zeros everywhere except 
the diagonal. Each element on the diagonal of an identity matrix is unity. 
Thus, Eq. [5] becomes 


I O Q v] —11 
0 1 0 v | = G7! 3 
0 0 1 U3 25 
which may be simplified to 
vi —11 
V? = G7! 3 
V3 25 


since the identity matrix times any vector is simply equal to that vector (the 
proof is left to the reader as a 30-second exercise). The solution of our system 
of equations has therefore been transformed into the problem of obtaining the 
inverse matrix of G. Many scientific calculators provide the means of per- 
forming matrix algebra. 

Once again using the 7/-86 as an example, we enter the keystroke se- 


quence [MATRX], and see the display shown in Fig. A2.1. 
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To create a new matrix called G, we press [F2], resulting in the display 


MATRA 


Races eee 


We next press and the display reads 


S44 ave DS a le 
fs ; rA i E TN . i : 


We next type ENTER| twice to define G as a3 x 3 matrix, and the dis- 
play changes to 


We respond by typing 


and continue until we have entered each coefficient, then pressing [iX]. 
We next create a current vector I by once again invoking the matrix menu, 
and creating a matrix I with the dimensions 3 x |. We proceed by entering 
the values —11, 3, and 25. We can check the values we have entered by 
typing [auena] [G] [ENTER], or [ENTER]. 

The calculator is now prepared to manipulate our arrays to solve the sys- 
tem of equations. We need only type 





Again, the reader is cautioned to refer to a specific calculator owner’s manual 
for details. 


Determinants 


Although a matrix itself has no “value,” the determinant of a square ma- 
trix does have a value. To be precise, we should say that the determinant of 
a matrix is a value, but common usage enables us to speak of both the array 
itself and its value as the determinant. We shall symbolize a determinant 
by A, and employ a suitable subscript to denote the matrix to which the 
determinant refers. Thus, 


7 -3 —4 
Ag=|-3 6 -2 
-4 -2 ll 


Note that simple vertical lines are used to enclose the determinant. 

The value of any determinant is obtained by expanding it in terms of its 
minors. To do this, we select any row j or any column k, multiply each el- 
ement in that row or column by its minor and by (—1)/**, and then add the 
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products. The minor of the element appearing in both row j and column & 
is the determinant obtained when row j and column k are removed; it is 
indicated by Aj,. 

As an example, let us expand the determinant Ag along column 3. We 
first multiply the (—4) at the top of this column by (—1)'** = | and then by 
its minor: 


—3 6 


ro, a 
CADS] G 








and then repeat for the other two elements in column 3. adding the results: 


7 3) 


3 61 4, 7 -3l | 
3 | 3 6] 


4 2 


cul 


The minors contain only two rows and two columns. They are of order 2, and 
their values are easily determined by expanding in terms of minors again, 
here a trivial operation. Thus, for the first determinant, we expand along the 
first column by multiplying (—3) by (—1)!*! and its minor, which is merely 
the element (—2), and then multiplying (—4) by (—1)°*! and by 6. Thus. 


-3 6 
-4 —2 





= (—3)(—2) — 4(—6) = 30 


It is usually easier to remember the result for a second-order determinant as 
“upper left times lower right minus upper right times lower left.” Finally, 


Ag = ~4[(—3)(—2) — 6(—4)] 

+ 2[(7)(—2) — (—3)(—4)] 
+ 11[(7)(6) — (—3)(—3)] 
~4(30) + 2(—26) + 11(33) 
= 19] 


For practice, let us expand this same determinant along the first row: 














6 -2| ,|-3 -2 1-3 6 
AG=T)_» a OD -4 uftOP)_4 5 
= 7(62) + 3(—41) — 4(30) 
= 191 


The expansion by minors is valid for a determinant of any order. 
Repeating these rules for evaluating a determinant in more general 
terms, we would say, given a matrix a, | 


All ANR ... AIN 
a= a ad ++» Gon 
dN) QN2 .-.. ANN 


that A, may be obtained by expansion in terms of minors along any row j: 


Aa = ap (1t Ag + aj2(-1)! An + + ajn (IV Aj 


N oa 
= > ajn(— ] ym Ajn 
n=l 
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or along any column k: 


Ay = all) Ag + ayl Ang + an E Any 
N 
= » Unk ( 7 l y Ank 
n= 


The cofactor Cj, of the element appearing in both row j and column & is 
simply (—1t)/+* times the minor A;r. Thus, Cy) = Ay). but Cio = — Ai. 
We may now write 


N N 


Aa = X GinC jn = S Ank Cnk 


A=! n=l 
As an example, let us consider this fourth-order determinant: 


2 =l] —2 0 


— 











—| 4 2 —3 
A= 
—2 -l 5-1, 
3 3 2 
We find 
4 2 —3 
an =| 5 —1|=4(104+ 3) + 1(4+ 9) 3(—2 + 15) = 26 
—3 3 2 
—| 2 -3 
Aj =|-2 5 -b) = —-11104+3)4+ 2(44+9)4+0= 13 
0 3 2 
and Ci; = 26, whereas Ci = —13. Finding the value of A for practice, we 
have 


A = 2C + (-DCi2 + (~2)C + 0 


7? 
2(26) + (—1)(—13) + (—2)(3) + 0 = 59 


Cramer's Rule 


We next consider Cramer’s rule, which enables us to find the values of the 
unknown variables. It is also useful in solving systems of equations where 
numerical coefficients have not yet been specified, thus confounding our 
calculators. Let us again consider Eqs. [1]. [2], and [3]; we define the deter- 
minant A, as that determinant which is obtained when the first column of 
Ag is replaced by the three constants on the right-hand sides of the three 
equations. Thus, 








—-l1 -3 —4 
A, = 3 6 —2 
25 -2 Ii 
We expand along the first column: 
6 —2 -3 —4 —3 —4 
A= ll 25 
! s il - HE 6 p 








|l 


—682 + 123 + 750 = 191 
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Cramer's rule then states that 





A 19] 
v= —=-—=1V 
Ac 191 
and 
7 =l] —4 
3 5 = — 1 
n=% 3 3 -2| = Ea zy 
C -4 25 u 
and finally, 
7 -3 —il 
A 1092 — 291 — 228 
€ j4 2 25 


Cramer’s rule is applicable to a system of N simultaneous linear equations 
in N unknowns; for the ith variable v;: 


A; 
v= 


AG 


A2,2 Evaluate: 





3 l l 0 ; ; ; X 
(a) ; (b) 14 2 —31;3(c) ; 
2 _ 
5 3 5 5 0 4 2 3 





6 3 -2 5 
(d) Find i» if 5i; — 2i} — i3 = 100, —2i, + 6%, — 373 — ig = 0 
Ty — 3i} + 413 — ig = 0, and —i, — i, = 0. 


Ans: 4; 33; —411; 1.266. 


kd 


A PROOF OF THEVENIN’S 
THEOREM 


We shall prove Thévenin’s theorem in the same form in which it is stated in 
Sec. 5.4 of Chap. 5, repeated here for reference: 


Given any linear circuit, rearrange it in the form of two networks A 
and B connected by two wires. Define a voltage Voc as the open-circuit 
voltage which appears across the terminals of A when B is discon- 
nected. Then all currents and voltages in B will remain unchanged if 
all independent voltage and current sources in A are “killed” or 
“zeroed out,” and an independent voltage source Voc is connected, 
with proper polarity, in series with the dead (inactive) A network. 


We will effect our proof by showing that the original A network and the 
Thévenin equivalent of the A network both cause the same current to flow 
into the terminals of the B network. If the currents are the same, then the 
voltages must be the same; in other words, if we apply a certain current, 
which we might think of as a current source, to the B network, then the cur- 
rent source and the B network constitute a circuit that has a specific input 
voltage as a response. Thus, the current determines the voltage. Alterna- 
tively we could, if we wished, show that the terminal voltage at B is 
unchanged, because the voltage also determines the current uniquely. If the 
input voltage and current to the B network are unchanged, then it follows 
that the currents and voltages throughout the B network are also unchanged. 

Let us first prove the theorem for the case where the B network is inactive 
(no independent sources). After this step has been accomplished, we may then 
use the superposition principle to extend the theorem to include B networks 
that contain independent sources. Each network may contain dependent 
sources, provided that their control variables are in the same network. 

The current i, flowing in the upper conductor from the A network to the 
B network in Fig. A3.la, is therefore caused entirely by the independent 
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(a) (b) 


(c) 


E FIGURE A3.1 (a) A general linear network A and a network B that contains no independent sources. Controls for dependent sources must appear in 
the same part of the network. (b) The Thévenin source is inserted in the circuit and adjusted until / = 0. No voltage appears across network B and thus 
Vy = Voc. The Thévenin source thus produces a current —/ while network A provides /. (c) The Thévenin source is reversed and network A is killed. 


The current ts therefore / . 





814 


(a) 
@ FIGURE A3.2 Superposition enables the current / to be considered as the sum of two partial responses. 
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sources present in the A network. Suppose now that we add an additional 
voltage source vy, which we shall call the Thévenin source, in the conduc- 
tor in which is measured. as shown in Fig. A3.1b, and then adjust the mag- 
nitude and time variation of v, until the current is reduced to zero. By our 
definition of v,,, then, the voltage across the terminals of A must be Voc. 
since § = Q. Network B contains no independent sources, and no current is 
entering its terminals; therefore, there 1s no voltage across the terminals of 
the B network, and by Kirchhoff’s voltage law the voltage of the Thévenin 
source 1S Yoc volts, vy = voc. Moreover, since the Thévenin source and the 
A network jointly deliver no current to B, and since the A network by itself 
delivers a current /, superposition requires that the Thévenin source acting 
by itself must deliver a current of —/ to B. The source acting alone in a re- 
versed direction, as shown in Fig. A3.1c, therefore produces a current / in 
the upper lead. This situation, however, is the same as the conclusion 
reached by Thévenin’s theorem: the Thévenin source vo: acting in series 
with the inactive A network is equivalent to the given network. 

Now let us consider the case where the B network may be an active net- 
work. We now think of the current /, flowing from the A network to the B 
network in the upper conductor. as being composed of two parts, i4 and ip, 
where i, is the current produced by A acting alone and the current ig is due 
to B acting alone. Our ability to divide the current into these two compo- 
nents is a direct consequence of the applicability of the superposition 
principle to these two linear networks; the complete response and the two | 
partial responses are indicated by the diagrams of Fig. A3.2. 


Paty tip 


a ad 


then: | 





(b) 


The partial response i4 has already been considered; if network B is in- 
active, we know that network A may be replaced by the Thévenin source and 
the inactive A network. In other words, of the three sources which we must 
keep in mind—those in A, those in B, and the Thévenin source—the partial 
response i 4 occurs when A and B are dead and the Thévenin source is active. 
Preparing for the use of superposition, we now let A remain inactive, but 
turn on B and turn off the Thévenin source; by definition, the partial re- 
sponse ig is obtained. Superimposing the results, the response when A is 
dead and both the Thévenin source and B are active is i, + ig. This sum is 
the original current 7, and the situation wherein the Thévenin source and B 
are active but A 1s dead is the desired Thévenin equivalent circuit. Thus the 
active network A may be replaced by its Thévenin source, the open-circuit 
voltage, in series with the inactive A network, regardless of the status of the 
B network; it may be either active or inactive. 





A PSpice” TUTORIAL 


SPICE is an acronym for Simulation Program with Integrated Circuit 
Emphasis. A very powerful program, it is an industry standard and used 
throughout the world fer a variety of circuit analysis applications, SPICE 
was originally developed in the early 1970s by Donald O. Peterson and 
coworkers at the University of California at Berkeley. Interestingly, Peterson 
advocated free and unhindered distribution of knowledge created in univer- 
sity labs, choosing to make an impact as opposed to profiting financially. In 
1984, MicroSim Corporation introduced a PC version of SPICE called 
PSpice®, which built intuitive graphical interfaces around the core SPICE 
software routines. There are now several variations of SPICE available 
commercially, as well as competing software products. 

The goal of this appendix ts to simply introduce the basics of computer- 
aided circuit analysis; more details are presented in the main text as well as in 
the references listed under Reading Further. Advanced topics covered in the 
references include how to determine the sensitivity of an output variable to 
changes in a specific component value; how to obtain plots of the output ver- 
sus a source value: determining ac output as a function of source frequency; 
methods for performing noise and distortion analyses; nonlinear component 
models; and how to model temperature effects on specific types of circuits. 

The acquisition of MicroSim by OrCAD, and the subsequent acquisition 
of OrCAD by Cadence. has led to quite a few changes in this popular circuit 
simulation package. At the time of this writing, OrCAD 10.3 is the current 
professional release. retailing for approximately US$1000; a scaled-back 
version called OrCAD 10.0 Lite is available for free download (www. 
cadence.com). This new version replaces the popular PSpice Student 
Release 9.1, and although slightly different, particularly in terms of the 
schematic editing, should seem generally familiar to users of previous 
PSpice releases. 

The documentation which accompanies the Demo version OrCAD 10.0 
Lite lists several restrictions that do not apply to the professional (commer- 
cially available) version. The most significant is that only circuits having 
60 or fewer parts may be saved and simulated; larger circuits can be drawn 
and viewed, however. We have chosen to work with the OrCAD Capture 
schematics editor, as the current version is very similar fundamentally to the 
PSpice A/D Schematic Capture editor. Although at present Cadence also 
provides PSpice A/D for download, it is no longer supported. 


Getting Started 

A computer-aided circuit analysis consists of three separate steps: (1) draw- 
ing the schematic; (2) simulating the circuit: and (3) extracting the desired 
information from the simulation output. The OrCAD Capture schematic 
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editor is launched through the Windows programs list found under the 
| menu; a menu similar to the one shown in Fig. A4.1 should 

Tutorials >| appear. Upon selecting Capture CIS Demo, the schematics editor opens, as 
| shown in Fig. A4.2. 


PSpice Accessories > 


58 


Capture CIS Demo 





Flow Documentation Gateway 


Layout Demo i Xï Capture CIS - Demo Edition - [Session Log} 
i Fie View Edt Options Window Help 
f 


Layout SmartRoute Calibrate 


èj 

w | 
m Online Documentation | 
aa PSpice AD Demo | 
Æ) Read Me 

SPECCTRA Demo 

Uninstall OrCAD 10.0 Demo 


@ FIGURE A4.1 Orcad Demo programs menu. 





E FIGURE A4.2 Capture CIS Demo window. 


Under the File menu, select New, then Project; the window of 
Fig. A4.3a appears. After providing a simulation filename and a directory 
path, the window of Fig. A4.3b appears (simply select the “blank project” 









New Project 





Name ` 
Voltage Divider Example 


Create a New Project Using 





Location : 
[C\Circut Simulations\Examples 


(a) (b) 
@ FIGURE A4.3 (a) New Project window. ( b) Create PSpice Project window. 
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option). We are now presented with the main schematics editor window, as 
in Fig. A4.4. 


. Capture CIS - Demo Edition - [/ - (SCHEMATIC1 : PAGE 1)] 
| File Edit View Place Macro PSpice Accessories Optons Window Help 


je alej [Vv -|I 


Scale=100% X=) Y=0 





W FIGURE A4.4 Main Capture CIS Demo schematics page. 


At this point, we’re ready to draw a circuit, so let’s try a simple voltage 
divider for purposes of illustration. We will first place the necessary com- 
ponents on the grid, and then wire them together. 

Pulling down the Place menu, we choose Part, resulting in the window 
shown in Fig. A4.5. Typing a lower case “‘r” as shown, we click OK and are 
now able to move a resistor symbol around the schematic window using the 
mouse. A single left click places a resistor (named R1) at the mouse loca- 
tion; a second left click places a second resistor on our schematic (named 
R2). A single right click and selecting End Mode cancels further resistor 
placements. The second resistor does not have the appropriate orientation, 
but is easily manipulated by highlighting it with a single left click, then 


TQ2N6059/E VAL 
QbreakL/BREAKOUT 

| QtreakN/BREAKOUT 

| QbreakN3/BREAKOUT 
QbreakN4/BREAKOUT 

| QbreakP /BREAKOUT 
ObreakP3/BREAKOUT 
ObteakP4/BREAKOUT 
QDarBreakN /BREAKOUT 


Ae auae 


1 /ANALOG P 


Libraries. 





@ FIGURE A4.5 Place Part menu. 
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typing Ctrl + R. If we do not know the name of the desired part, we can 
browse through the library of parts provided. If 1 kQ resistors are not 
desired—for example, perhaps two 500 Q resistors were called for—we 
change the default values simply by double-clicking the “1k” next to the 
appropriate symbol. 

No voltage divider circuit is complete of course without a voltage 
source. Double-clicking the 0Vdc default, we choose a value of 9 V for our 
source. One further component is required: SPICE requires a reference (or 
ground) node to be specified. Clicking the GND symbol to the far right of 


KY Capture CIS - Demo Edition - [/ - (SCHEMATIC! : PAGE} 
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(b) 
W FIGURE A4.6 (a) Parts placed on the grid. (b) Fully wired circuit, ready to simulate. 
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the schematic window, we choose 0/Source from the options. Our progress 
so far is shown in Fig. A4.6a; all that remains is to wire the components 
together. This is accomplished by pulling down the Place menu and select- 
ing Wire. The left and right mouse keys control each wire (some experi- 
menting is called for here—afterwards, select any unwanted wire segments 
and hit the Delete key). Our final circuit is shown in Fig. A4.6b. It is worth 
noting that the editor will allow the user to wire through a resistor (thus 
shorting it out), which can be difficult to see. Generally a warning symbol 
appears before wiring to an inappropriate location. 

Prior to simulating our circuit, we save it by clicking the save icon or 
selecting Save from the File menu. From the PSpice menu, we select New 
Simulation Profile, and type Voltage Divider in the dialog box that appears. 
The Simulation Settings dialog box that appears allows us to set parameters 
for a variety of types of simulations, but for the present example we need 
only select OK. Once again pulling down the PSpice menu, we select Run. 
The simulation results are shown in Fig. A4.7. 
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E FIGURE A4.7 Simulation results. 


Fortunately, our simulation yields the expected result—an even split of 
our source voltage across the two equal-valued resistors. We can also view 
the simulation results by selecting View Output File under the PSpice 
menu. Scrolling down to the end of this file, we see the following lines: 


NODE VOLTAGE NODE VOLTAGE 
(N00157) 9.0000 (N00166) 4.5000 


where node 157 is the positive reference of our voltage source, and node 
166 is the junction between the two resistors. This information is available 
at the top of the file. 
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READING FURTHER 


Two very good books devoted to SPICE and PSpice simulation are: 


P. W. Tuinenga, SPICE: A Guide to Circuit Simulation and Analysis Using 
PSpice. Englewood Cliffs, N.J.: Prentice-Hall, 1995. 


R. W. Goody, OrCAD PSpice for Windows Volume 1: DC and AC Circuits. 
3rd ed. Englewood Cliffs, N.J.: Prentice-Hall, 2001. 


An interesting history of circuit simulators, as well as Donald Peterson's contri- 
butions to the field, can be found in 


T. Perry, “Donald O. Peterson [electronic engineering biography],” /EEE 
Spectrum 35 (1998) 22-27. 





COMPLEX NUMBERS 


This appendix includes sections covering the definition of a complex num- 
ber, the basic arithmetic operations for complex numbers, Euler’s identity, 
and the exponential and polar forms of the complex number. We first intro- 
duce the concept of a complex number. 


A5.1 THE COMPLEX NUMBER 


ee E SMIN REA eee 
Our early training in mathematics dealt exclusively with real numbers, such 
as 4, — 5 , and x . Soon, however, we began to encounter algebraic equations, 
such as x? = —3, which could not be satisfied by any real number. Such an 
equation can be solved only through the introduction of the imaginary unit, 
or the imaginary operator, which we shall designate by the symbol j. By 
definition, j? = —1, and thus j = /—1, j? = ~j, jt = 1, and so forth. 
The product of a real number and the imaginary operator is called an imag- 
inary number, and the sum of a real number and an imaginary number is 
called a complex number. Thus, a number having the form a + jb, where a 
and b are real numbers, is a complex number. 

We shall designate a complex number by means of a special single sym- 
bol; thus, A = a + jb. The complex nature of the number is indicated by 
the use of boldface type; in handwritten material, a bar over the letter is cus- 
tomary. The complex number A just shown is described as having a real 
component or real part a and an imaginary component or imaginary part b. 
This is also expressed as 


Re{A} =a Im{A} = b 


The imaginary component of A is not jb. By definition, the imaginary com- 
ponent is a real number. 

It should be noted that all real numbers may be regarded as complex 
numbers having imaginary parts equal to zero. The real numbers are there- 
fore included in the system of complex numbers, and we may now consider 
them as a special case. When we define the fundamental arithmetic opera- 
tions for complex numbers, we should therefore expect them to reduce to 
the corresponding definitions for real numbers if the imaginary part of every 
complex number is set equal to zero. 

Since any complex number is completely characterized by a pair of real 
numbers, such as a and b in the previous example, we can obtain some vi- 
sual assistance by representing a complex number graphically on a rectan- 
gular, or Cartesian, coordinate system. By providing ourselves with a real 
axis and an imaginary axis, as shown in Fig. A5.1, we form a complex 
plane, or Argand diagram, on which any complex number can be repre- 
sented as a single point. The complex numbers M = 3 + jl and N = 2 — 72 
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Mathematicians designate the imaginary operator by 
the symbol /, but it is customary to use / in electrical 
engineering in order to avoid confusion with the 
symbol for current. 


The choice of the words imaginary and complex 

is unfortunate. They are used here and in the 
mathematical literature as technical terms to designate 
a class of numbers. To interpret imaginary as “not 
pertaining to the physical world” or complex as 
“complicated” is neither justified nor intended. 
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are indicated. It is important to understand that this complex plane is only 


a visual aid: it is not at all essential to the mathematical statements which 
follow. 


Imaginary 





W FIGURE A5.1 The complex numbers M = 3 + ji and 
N = 2 — j2 are shown on the complex plane. 


We shall define two complex numbers as being equal if, and only if, 
their real parts are equal and their imaginary parts are equal. Graphically, 
then, to each point in the complex plane there corresponds only one com- 
plex number, and conversely, to each complex number there corresponds 


only one point in the complex plane. Thus, suppose we are given the two 
complex numbers: 


A=a+jb and B=c+jd 
Then, if 


it is necessary that 
a=c and b=d 


A complex number expressed as the sum of a real number and an imaginary 
number, such as A = a + jb, is said to be in rectangular or cartesian form. 
Other forms for a complex number will appear shortly. 

Let us now define the fundamental operations of addition, subtraction, 
multiplication, and division for complex numbers. The sum of two complex 
numbers is defined as the complex number whose real part is the sum of the 
real parts of the two complex numbers and whose imaginary part is the sum 
of the imaginary parts of the two complex numbers. Thus, 


(a+ jb)+(c+ jd) =(at+c)+ j(b+d) 
For example, 
(3+ J4) + (4 — j2) = 74+ j2 


The difference of two complex numbers is taken in a similar manner; for 
example, 


(3+ j/4) —-(4— j2 = —1+4+ j6é 
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Addition and subtraction of complex numbers may also be accomplished 
graphically on the complex plane. Each complex number is represented as 
a vector, or directed line segment, and the sum is obtained by completing 
the parallelogram, illustrated by Fig. A5.2a, or by connecting the vectors in 
a head-to-tail manner, as shown in Fig. A5.26. A graphical sketch 1s often 
useful as a check for a more exact numerical solution. 

The product of two complex numbers is defined by 


(a + jb\(c + jd) = (ac — bd) + jibe + ad) 


This result may be easily obtained by a direct multiplication of the two 
binomial terms, using the rules of the algebra of real numbers, and then 
simplifying the result by letting j- = —1. For example, 


(3+ j4)(4 — j2) = 12 — j64+ jl6— 8° 
= 124+ j10+8 
= 20+ j10 


It is easier to multiply the complex numbers by this method, particularly if 
we immediately replace j4 by —1, than it is to substitute in the general for- 
mula that defines the multiplication. 

Before defining the operation of division for complex numbers, we 
should define the conjugate of a complex number. The conjugate of the 
complex number A = a + jb is a — jb and ts represented as A*. The con- 
jugate of any complex number is therefore easily obtained by merely chang- 
ing the sign of the imaginary part of the complex number. Thus, if 


A=5+ )3 
then 


At =5— j3 


It is evident that the conjugate of any complicated complex expression may 
be found by replacing every complex term in the expression by its conju- 
gate, which may be obtained by replacing every j in the expression by — j. 

The definitions of addition, subtraction, and multiplication show that the 
following statements are true: the sum of a complex number and its conju- 
gate is a real number; the difference of a complex number and its conjugate 
is an imaginary number; and the product of a complex number and its 
conjugate is a real number. It is also evident that if A* is the conjugate of A, 
then A is the conjugate of A*; in other words, A = (A*)*. A complex 
number and its conjugate are said to form a conjugate complex pair of 
numbers. 

We now define the quotient of two complex numbers: 
A _ (A)(B*) 


B (B)(B*) 
and thus 


a+jb —(ac+bd)+ j(bc — ad) 
c+ jd c? +d? 





e aww 





Imaginary 





Imaginary 


Real 





eo oe A N 
M+N=5-jl 


(b) 

@ FIGURE A5.2 (q) The sum of the complex 
numbers M = 3 + j 1 and N = 2 — /2 is obtained 
by constructing a parallelogram. (6) The sum of the 
same two complex numbers is found by a head-to-tail 
combination. 


inevitably in a physical problem a complex number is 
somehow accompanied by its conjugate. 





APPENDIX 5 COMPLEX NUMBERS 


We multiply numerator and denominator by the conjugate of the de- 
nominator in order to obtain a denominator which is real; this process is 
called rationalizing the denominator. As a numerical example, 


34+ j4 34+ jH4+4 j2) 
4—j2  (4— j2)(44+ j2) 
44 j22 
~ 1644 








= 0.24/11 


The addition or subtraction of two complex numbers which are each ex- 
pressed in rectangular form is a relatively simple operation; multiplication 
or division of two complex numbers in rectangular form, however, is a 
rather unwieldy process. These latter two operations will be found to be 
much simpler when the complex numbers are given in either exponential or 
polar form. These forms will be introduced in Secs. A5.3 and A5.4. 


-PRACTICE 


a re ne i rere 
AS.1 Let A = —4 + j5, B = 3 — j2, and C = —6 — j5, and find 
(a)C — B; (b)2A — 3B + 5C; (c) 7°C*(A + B); (d)B RelA] + A Re[B]. 
A5.2 Using the same values for A, B, and C as in the previous 
problem, find (a) {(A — A*)(B + B*)*]*; (b) (1/C) — (1/B)*; 
(c) (B + C)/Q2BC). 


Ans: A5,1: —9 — 73; —47 — 79; 27 — 7191; —24 + j23. A5.2: —j60; 
—0.329 + j0.236; 0.0662 + 70.1179. 


A5.2 EULER'S IDENTITY 


In Chap. 9 we encounter functions of time which contain complex numbers, 
and we are concerned with the differentiation and integration of these func- 
tions with respect to the real vanabie t. We differentiate and integrate such 
functions with respect to t by exactly the same procedures we use for real 
functions of time. That is, the complex constants are treated just as though 
they were real constants when performing the operations of differentiation 
or integration. If f(t) is a complex function of time, such as 


f(t) = acosct + jbsinct 
then 


df(t) 


7 —acsinct + jbccosct 


and 


b 
[roa -f2 sinct — j—cosct+C 
C C 


where the constant of integration C is a complex number in general. 

It is sometimes necessary to differentiate or integrate a function of a 
complex variable with respect to that complex variable. In general, the 
successful accomplishment of either of these operations requires that the 
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function which ts to be differentiated or integrated satisfy certain condi- 
tions. All our functions do meet these conditions, and integration or differ- 
entiation with respect to a complex variable is achieved by using methods 
identical to those used for real variables. 

At this time we must make use of a very important fundamental rela- 
tionship known as Euler’s identity (pronounced ‘‘oilers’’). We shall prove 
this identity, for it is extremely useful in representing a complex number in 
a form other than rectangular form. 

The proof is based on the power series expansions of cos 6, sin@, and e`, 
given toward the back of your favorite college calculus text: 


J=] a ot o. 
cos = “ata gt 
O Ë g 
sine =b- ataa E 
or 
o. g? A 0t 0’ 
cos + jsme = l+ je- ziy tpg 
and 
-2 3 4 SS 
colpe pe p piy 
SETS T T TET 
so that 
2 0? gt 
J8 B — — — j— b k. 
Std IOs Ia + at 
We conclude that 
el? = cosO + j sin®@ [1l] 
or, if we let z = — J0, we find that 
e~}? = cos — j sind [2] 


By adding and subtracting Eqs. [1] and [2], we obtain the two expressions 
which we used without proof in our study of the underdamped natural re- 
sponse of the parallel and series RLC circuits, 


cos@ = 5(e/ + e7J*) [3] 


sind = ~j4(e!? — e~t?) [4] 


AS.3 Use Eas. [1] through [4] to evaluate: (a) e~/!; (b) e'~/!; 
(c) cos(—j1); (d) sin(— j1). 

A5.4 Evaluate att = 0.5: (a)(d/dt)(3 cos 2t — j2sin2ty, 

(b) fy (3.cos 2t — j2 sin 2t) dt; Evaluate ats = 1 + j2: (c) ft s73 ds; 
(d) (d/ds)[3/(s + 2)]. 


Ans: A5.3: 0.540 — j0.841; 1.469 — j2.29; 1.543; —-j1.175. A5.4: 
—5.05 — j2.16; 1.262 — 70.460; —0.06 — j0.08: —0.0888 + j0.213. 
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A5.3 THE EXPONENTIAL FORM 


Let us now take Euler’s identity 


e? = cosé + j sind 


and multiply each side by the real positive number C: 
Cel? = C cos + jC sing [5] 


The right-hand side of Eq. [5] consists of the sum of a real number and an 
imaginary number and thus represents a complex number in rectangular 
form; let us call this complex number A, where A = a + jb. By equating 
the real parts 


a = Ccosé [6] 
and the imaginary parts 
b= Csing [7] 
then squaring and adding Eqs. [6] and [7], 
+b =C? 
or 
C =+Va’? +b [8] 


and dividing Eq. [7] by Eq. [6]: 


— = tan 
a 
or 
b 
0 = tan™' — [9] 
a 


we obtain the relationships of Eqs. [8] and [9], which enable us to determine 
C and 6 from a knowledge of a and b. For example, if A = 4 + j2, then we 
identify a as 4 and b as 2 and find C and 8: 


C= V/44+2? = 4.47 
@ = tan! 2 = 26.6° 


We could use this new information to write A in the form 
A = 4.47 cos 26.6° + 74.47 sin 26.6° 


but it is the form of the left-hand side of Eq. [5] which will prove to be the 
more useful: 


A = Cel? = 4.47¢/°° 


A complex number expressed in this manner is said to be in exponential 
form. The real positive multiplying factor C is known as the amplitude or 
magnitude, and the real quantity @ appearing in the exponent is called the 
argument or angle. A mathematician would always express @ in radians and 
would write 


A = 4.47e4 
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but engineers customarily work in terms of degrees. The use of the degree 
symbol (°) in the exponent shouid make confusion impossible. 

To recapitulate, if we have a complex number which is given in rectan- 
gular form, 


A=a+t jb 
and wish to express it in exponential form, 
A = Ce!" 


we may find C and 0 by Eqs. [8] and [9]. If we are given the complex num- 
ber in exponential form, then we may find a and b by Eqs. [6] and [7]. 

When A is expressed in terms of numerical values, the transformation 
between exponential (or polar) and rectangular forms is available as a built- 
in operation on most hand-held scientific calculators. 

One question will be found to arise in the determination of the angle 0 
by using the arctangent relationship of Eq. [9]. This function is multivalued, 
and an appropriate angle must be selected from various possibilities. One 
method by which the choice may be made is to select an angle for which the 
sine and cosine have the proper signs to produce the required values of a 
and b from Eqs. [6] and [7]. For example, let us convert 


V =4- 73 


to exponential form. The amplitude is 


C= J/#4(-3) = 
and the angle is 


8 = tan™' = [10] 


A value of @ has to be selected which leads to a positive value for cos @, 
since 4 = 5cos0, and a negative value for sin, since —3 = 5sin®. 
We therefore obtain 8 = —36.9°, 323.1°, —396.9°, and so forth. Any of 
these angles is correct, and we usually select that one which is the 
simplest, here, —36.9°. We should note that the alternative solution of 
Eq. [10], 8 = 143.1°, is not correct, because cos @ is negative and sin@ is 
positive. 

A simpler method of selecting the correct angle is available if we repre- 
sent the complex number graphically in the complex plane. Let us first se- 
lect a complex number, given in rectangular form, A = a + jb, which lies 
in the first quadrant of the complex plane, as illustrated in Fig. A5.3. If we 
draw a line from the origin to the point which represents the complex num- 
ber, we shall have constructed a right triangle whose hypotenuse is evi- 
dently the amplitude of the exponential representation of the complex num- 
ber. In other words, C = va? + b*. Moreover, the counterclockwise angle 
which the line makes with the positive real axis is seen to be the angle 0 of 
the exponential representation, because a = C cos @ and b = C sin@. Now 
if we are given the rectangular form of a complex number which lies in an- 
other quadrant, such as V = 4 — j3, which is depicted in Fig. A5.4, the cor- 
rect angle is graphically evident, either —36.9° or 323.1° for this example. 
The sketch may often be visualized and need not be drawn. 





Real 





E FIGURE A5.3 A complex number may be 
represented by a point in the complex plane through 
choosing the correct real and imaginary parts from the 
rectangular form, or by selecting the magnitude and 
angle from the exponential form. 


Imaginary 





E FIGURE A5.4 The complex number 
V = 4 — j3 = 5e~/3& js represented in the 
compiex plane. 
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If the rectangular form of the complex number has a negative real part, 
it is often easier to work with the negative of the complex number, thus 
avoiding angles greater than 90° in magnitude. For example, given 


I= -5+ j2 
we write 

I= —(5 — j2) 
and then transform (5 — j2) to exponential form: 

I = Ce” 
where 
C=V729=5.39 and @=tan! = = —21.8° 
We therefore have 
I = —5.39¢ 777) * 


The negative sign may be removed from the complex number by increasing 
or decreasing the angle by 180°, as shown by reference to a sketch in the 
complex plane. Thus, the result may be expressed in exponential form as 


I = 5.39e7 8-7 or I = 5.39e7 77018 


Note that use of an electronic calculator in the inverse tangent mode always 
yields angles having magnitudes less than 90°. Thus, both tan~![(—3)/4] and 
tan`! [3/(—4)] come out as —36.9°. Calculators that provide rectangular-to- 
polar conversion, however, give the correct angle in all cases. 

One last remark about the exponential representation of a complex num- 
ber should be made. Two complex numbers, both written in exponential 
form, are equal if, and only if, their amplitudes are equal and their angles are 
equivalent. Equivalent angles are those which differ by multiples of 360°. 
For example, if A = Ce’? and B = De/®, then if A = B, it is necessary 
that C = D and 0 = ¢ + (360°)n, where n = 0, 1, 2,3,.... 





A5.5 Express each of the following complex numbers in exponential 
form, using an angle lying in the range —180° < 0 < 180°; 

(a) —18.5 — j26.1; (b) 17.9 — 712.2; (c) —21.6 + 31.2. 

A5.6 Express each of these complex numbers in rectangular form: 
(a) 61.2e77!!1-; (b) —36.2e1!08 ; (c) 5715, 

11.19 — j34.4; —4.01 — j2.99. . 


A5.4 _ THE POLAR FORM 


The third (and last) form in which we may represent a complex number is 
essentially the same as the exponential form, except for a slight difference 
in symbolism. We use an angle sign (/ ) to replace the combination e/. Thus, 
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the exponential representation of a complex number A, 
A = Ce”? 

may be written somewhat more concisely as 
A=C/@ 


The complex number is now said to be expressed in polar form, a name 


which suggests the representation of a point in a (complex) plane through 
the use of polar coordinates. 


It is apparent that transformation from rectangular to polar form or from 
polar form to rectangular form is basically the same as transformation 


between rectangular and exponential form. The same relationships exist 
between C, 6, a, and b. 


The complex number 
A =—2 + 75 
is thus written in exponential form as 
A = 5.39e7!!! 5 


and in polar form as 


A = 5.39/111.8° 


In order to appreciate the utility of the exponential and polar forms, let us 
consider the multiplication and division of two complex numbers repre- 
sented in exponential or polar form. If we are given 


A = 5/53.1° and B = 15/—36.9° 
then the expression of these two complex numbers in exponential form 
A=5e%" and = B= 15e77°°” 


enables us to write the product as a complex number in exponential form 
whose amplitude is the product of the amplitudes and whose angle is the 
algebraic sum of the angles, in accordance with the normal rules for multi- 
plying two exponential quantities: 


(A)(B) = (5)(15)ei 3-6 -36.9) 
Or 
AB = 75e/16? — 75/16.2° 


From the definition of the polar form, it is evident that 
A 
B = 0.333 /90° 


Addition and subtraction of complex numbers are accomplished most eas- 
ily by operating on complex numbers in rectangular form, and the addition 
or subtraction of two complex numbers given in exponential or polar form 
should begin with the conversion of the two complex numbers to rectangu- 
lar form. The reverse situation applies to multiplication and division; two 
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numbers given in rectangular form should be transformed to polar form, un- 
less the numbers happen to be small integers. For example, if we wish to 
multiply (1 — 73) by (2 + /1), it is easier to multiply them directly as they 
stand and obtain (5 — j5). If the numbers can be multiplied mentally, then 
time is wasted in transforming them to polar form. 

We should now endeavor to become familiar with the three different 
forms in which complex numbers may be expressed and with the rapid con- 
version from one form to another. The relationships among the three forms 
seem almost endless, and the following lengthy equation summarizes the 
various interrelationships 


A =a + jb = Re[A] + jIm[A] = Ce” = Va? + b2e/ an (b/a) 
= ya? + b? /tan”'(b/a) 


Most of the conversions from one form to another can be done quickly with 
the help of a calculator, and many calculators are equipped to solve linear 
equations with complex numbers. 

We shall find that complex numbers are a convenient mathematical arti- 
fice which facilitates the analysis of real physical situations. 





A5.7 Express the result of each of these complex-number manipula- 
tions in polar form, using six significant figures just for the pure joy of 
calculating: (a) [2 — (1/—41°)]/(0.3/41°); (6) 50/(2.87/83.6° + 
5.16/63.2°); (c) 4/18° — 6/—75° + 5/28°. 

AS.8 Find Z in rectangular form if (a) Z + j2 = 3/Z; (b) Z = 

2In(2 — 73); (c) sn Z = 3. 


Ans: A5.7: 4.69179 /—13.2183°; 6.318 33/—70.4626°; 11.5066/54.5969°. 
A5.8: 1.414 — j1; 2.56 — j 1.966; 1.571 + 1.763. 


A BRIEF MATLAB” TUTORIAL 


The intention of this tutorial is to provide a very brief introduction to some 
basic concepts required to use a powerful software package known as 
MATLAB. The use of MATLAB is a completely optional part of the mate- 
rial in this textbook, but as it is becoming an increasingly more common 
tool in all areas of electrical engineering, we felt that it was worthwhile to 
provide students with the opportunity to begin exploring some of the 
features of this software, particularly in plotting 2D and 3D functions, per- 
forming matrix operations, solving simultaneous equations, and manipulat- 
ing algebraic expressions. Many institutions now provide the full version of 
MATLAB for their students, but at the time of this writing, a student version 
is available at significantly reduced cost from The MathWorks, Inc. 
(http://www.mathworks.com/academia/student_version/). 


Getting Started 


MATLAB is launched by clicking on the program icon; the typical opening 
window is shown in Fig. A6.1. Programs may be run from files or by 
directly entering commands in the window. MATLAB also has extensive 
online help resources, useful for both beginners and advanced users alike. 
Typical MATLAB programs very much resemble programs written in C, 
although familiarity with this language is by no means required. 


Fie Edt Debug Desktop Window Help 
Owes WM =) Bef) PB . arren nrenory | crrogram FiesmaTLAB704work x C) © 
Shortcuts 4] How to Add 4] What's New 


To get started, select MATLAB Heip or Demos from the Help menu. 





< 
Current Directory Workspace 


Command History 


angle (-0.0471 - 3*0.0191) *180/p 


H C 

Vin » ‘1 s 

V = simplify(Vin) 
= expand (Vin) 

Vo = symmul (Vin, H) 

simplify (Vo) 

vo = ilaplace (Vo) 
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Second color has been used to differentiate program- 
generated text from user-generated text for the 
convenience of the reader only. 
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Variables and Mathematical Operations 

MATLAB makes a great deal more sense once the user realizes that all vari- 
ables are matrices, even if simply 1 x 1 matrices. Variable names can be up 
to 19 characters in length, which is extremely useful in constructing pro- 
grams with adequate readability. The first character must be a letter, but all 
remaining characters can be any letter or number; the underscore (_) 
character may also be used. Variable names in MATLAB are case-sensitive. 
MATLAB includes several predefined variables. Relevant predefined vari- 
ables for the material presented in this text include: 


eps The machine accuracy 

realmin The smallest (positive) floating point number handled by the 
computer 

realmax The largest floating point number handled by the computer 

inf Infinity (defined as 1 0) 

NaN Literally, “Not a Number.” This includes situations such as 0/0 

pi x (3.14159....) 

i, J Both are initially defined as /—1. They may be assigned other 


values by the user 


A complete list of currently defined variables can be obtained with the com- 
mand who. Variables are assigned by using an equal sign (=). If the state- 
ment is terminated with a semicolon (;), then another prompt appears. If the 
Statement is simply terminated by a carriage return (i.e., by pressing the En- 
ter key), then the variable is repeated. For example, 

LDU input_voltage = 5; 

tPU» input_current = le—3 

ippul CUATent == 

1. O000e--G03 

EDU» 
Complex variables are easy to define in MATLAB: for example, 

PPL» s = 9 + j*5; 

creates a complex variable s with value 9 + j5. 


A matrix other than a 1 x 1 matrix is defined using brackets. For example, 


we would express the matrix t = E o in MATLAB as 


Note that the matrix elements are entered a row at a time: row elements are 
separated by a space, and rows are separated by a semicolon (;). The same 


arithmetic operations are available for matrices, so, for example, we may 
find t + t as 
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Arithmetic operators include: 


A power \ left division 


* multiplication + addition 
/ right (ordinary) division _ subtraction 


The order of operations is important. The order of precedence is power, then 
multiplication and division, then addition and subtraction. 


Pitise x= 1+5%2*3 
ty 


The concept of left division may seem strange at first, but is very useful in 
matrix algebra. For example, 


EDU» 1/5 


ans = 
O 2000 
EDU» 1\5 
iS wre 
EDU» 5\1 
ais = 
0.2000 


And, in the case of the matrix equation Ax = B, where 


2 4 —| , 
a= ‘| and s=] p | we find x with 


EDU» A = [2 4; 1 6); 
EDU» x= A\B 


X= 
~= £7306 
0.6250 
Alternatively, we can also write 
EDU» xX = AS—1*B 
yo 


-~ 1.7500 
0.6250 
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or 
EDU» inv(A)*B 
ans = 


1.7500 


0.6250 


When in doubt, parentheses can help a great deal. 


Some Useful Functions 


Space requirements prevent us from listing every function contained in 
MATLAB. Some of the more basic ones include: 


abs(x) |x| log 10(x) logio x 

exp(x) e* sin(x) sin x asin(x) sin”! x 
sqrt(x) fk cos(x) COS x acos(x) cos”! x 
log(x) Inx tan(x) tan x atan(x) tan`! x 


Functions useful for manipulating complex variables include: 


real(s) Re{s} 

imag(s) Im{s} . 

abs(s) Va? + b?, where s = a + jb 
angle(s) tan`! (b/a), where s = a+ jb 
conj(s) complex conjugate of s 


Another extremely useful command, often forgotten, is simply help. 

Occasionally we require a vector, such as when we plan to create a plot. 
The command /inspace(min, max, number of points) is invaluable in such 
instances: 


EDU» frequency = linspace(0,10,5) 
frequency = 
0 2.5000 5.0000 7.5000 10.0000 


A useful cousin is the command logspace(). 


Generating Plots 


Plotting with MATLAB is extremely easy. For example, Fig. A6.2 shows 
the result of executing the following MATLAB program: 


EDU» x = linspace(0,2*pi,100); 
EDU» y = sin(x); 





i EDU» plot(x,y); 
@ FIGURE A6.2 An example plot of sin(x), rni l : in 
0 < x < 2m, generated using MATLAB. The variable x CDU» xlabel(‘Angle (radians)’); 


is a vector comprised of 100 equally spaced elements. EDU» ylabel(‘f(x)'); 
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Writing Programs 

Although the MATLAB examples in this text are presented as lines typed 
‘nto the Command Window, it is possible (and often prudent, if repetition 
is an issue) to write a program so that calculations are more convenient. 
This is accomplished in MATLAB by writing what is termed an m-file. 
This is simply a text file saved with a “ m” extension (for example, 
first_program.m). In a nod to Kernighan and Ritchie, we pull down New 
M-File under the File menu, which opens up the m-file editor. (Note that 
you can use another editor, for example WordPad, if you prefer.) 

We type in 


r = input('Hello, World’) 
as shown in Fig. A6.3. 


Fie Edt Text Cel Tools Debug Desktop Window Help 


Ose mao: SASF, 2D DR 


1 r = input (' he 





E FIGURE A6.3 Example m-file created in m-file editor. 


We next save it as first_program.m in an appropriate directory, then close 
the editor. Under the File menu, we select Open, and find first_program.m. 
This reopens the editor (so we could have skipped closing it earlier). We run 
our program by hitting f5 or selecting Run under the Debug menu. In the 
Command Window, we see our greeting; MATLAB is waiting for a key- 
board response, so just hit the Enter key. 

Let’s expand a previous example to allow the magnitude to be user- 


selected as in Fig. A6.4. We are now allowed to enter an arbitrary amplitude 
for our plot. 


Edt Text Cell Tools Debug Desktop Window Help 
Ose i eBro> SASF, OD BB 

= jamp Litude e input ('Enter sine vave ampiscuas 

x = Linspace(0,2*pi, 100): 

= y = amplictude*sin(x)- 

* plot (x,y): 

= xlabel (` ingie 

= ylabel('f.* )3 





E FIGURE A6.4 Example m-file named examplel.m 
for generating sine wave plot. 
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We leave it to the reader to choose when to write a program/m-file and 
when to simply use the Command Window directly. 


READING FURTHER 


There are a large number of excellent MATLAB references available, with new 
titles appearing regularly. Two worth looking at are: 


D. C. Hanselman and B. L. Littlefield, Mastering MATLAB 7. Upper Sad- 
dle River, N.J.: Prentice-Hall, 2005. 


W. J. Palm M, Introduction to MATLAB 7 for Engineers, 2nd ed. New 
York: McGraw-Hill, 2005. 





ADDITIONAL LAPLACE 
TRANSFORM THEOREMS 


In this appendix, we briefly present several Laplace transform theorems 
typically used in more advanced situations in addition to those described in 
Chap. 14. 


Transforms of Periodic Time Functions 


The time-shift theorem is very useful in evaluating the transform of periodic 
time functions. Suppose that f(t) is periodic with a period T for positive 
values of t. The behavior of f(t) fort < 0 has no effect on the (one-sided) 
Laplace transform, as we know. Thus, f(t) can be written as 


f() = f- nT) n =0,1,2,... 


If we now define a new time function which is nonzero only in the first 
penod of f(t), 


fi) = u) — ult — THS) 


then the original f (1) can be represented as the sum of an infinite number of 
such functions, delayed by integral multiples of T. That is, 


f(t) = {u(t) ua ~ TIS) + ut — T) ut- T O 
+ [u(t — 27) —u(t —3T)} f(t) + 
= f\(t)+ fit -—T)+ fil —2T)4+--- 


or 


fit) =o Alt—nT) 


a=Q 
The Laplace transform of this sum is just.the sum of the transforms, 


F(s) = ) Ufi ~ nT) 
n=O 


so that the time-shift theorem leads to 


F(s) = 5 e "TSF (s) 
=0 


where 


T 


Fi (s) = L{fi(t)) =| e™ f(r) dt 
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Since F,(s) is not a function of n, it can be removed from the summation, 
and F(s) becomes 


F(s) =Fy(s)[i +e +e 784.--J 


When we apply the binomial theorem to the bracketed expression, it sim- 
plifies to 1/(1 — e`"). Thus, we conclude that the periodic function f(t), 
with period T, has a Laplace transform expressed by 


F; (s) 
F(s) = Te Ts [H] 
where 
F(s) = L{lu@) — ut — TAS [2] 


is the transform of the first period of the time function. 

To illustrate the use of this transform theorem for periodic functions, let 
us apply it to the familiar rectangular pulse train, Fig. A7.1. We may de- 
scribe this periodic function analytically: 


v(t) = ) > Volu(t — nT) — u(t -nT — 1)] t>0 
n=0 


v(t) 


0 T T T+7 IT 2T+7 


@ FIGURE A7.1 A periodic train of rectangular pulses 
for which F(s) = (Vo/ 901 — e7*) /(1 ~ e787). 


The function V;(s) is simple to calculate: 


T 


Vi) = Vo | 


V 
e™ dt = ~d —e™) 


Now, to obtain the desired transform, we just divide by (1 — e757): 


_ VY (l-e™) 


V(s) = sü- e) - e-sT) [3] 


We should note how several different theorems show up in the transform in 
Eq. [3]. The (1 — e757) factor in the denominator accounts for the periodic- 
ity of the function, the e~** term in the numerator arises from the time de- 
lay of the negative square wave that turns off the pulse, and the Vo/s factor 
is, of course, the transform of the step functions involved in v(t). 
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Determine the transform of the periodic function of Fig. A7 4. 


We begin by writing an equation which describes f(t), a function 
composed of alternating positive and negative impulse functions. 


f(t) =28(t — 1) — 28(t — 3) + 28(t — 5) — 28t - 7) + 
Defining a new function fı and recognizing a period T = 4s, 


fi(t) = 2[6(t — 1) — 6(t — 3)] 





we can make use of the time periodicity operation as listed in 


Table 14.2 to find F(s) “4 iii 
l m FIGURE A7.2 A periodic function based on unit 
F(s) = ——,Fi) [4] impulse functions. 
l1—e“s 
where 


f 4 
F; (s) = i fae * dt= fi(tye ™ dt 
0 0- 


There are several ways to evaluate this integral. The easiest is to 
recognize that its value will remain the same if the upper limit is 


increased to oo, allowing us to make use of the time shift theorem. 
Thus, 


F; (s) = 2[e* —e~*] [5] 


Our example is completed by multiplying Eq. [5] by the factor 
indicated in Eq. [4], so that 





2 7 3 22 
fO 
PRACTICE a g (cosine) 
A7.1 Determine the Laplace transform of the periodic function shown 
in Fig. A7.3. 
8 s + (1/2)e* + (1/2)e—** — se~* 
Ans: (sa) eS ae re t (S) 
s? + 12/4 tag 01234367 
@ FIGURE A7.3 
Frequency Shifting 


The next new theorem establishes a relationship between F(s) = L{ f (t)} 
and F(s + a). We consider the Laplace transform of et fF), 


Lie Fit} = | gts“ ia f g Staw Fit) dt 
( 


yr 0- 
Looking carefully at this result, we note that the integral on the right is iden- 


tical to that defining F(s) with one exception: (s + a) appears in place of s. 
Thus, 


e" F(t) & F(s +a) [6] 
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We conclude that replacing s by (s + a) in the frequency domain corresponds 
to multiplication by e7% in the time domain. This is known as the frequency- 
shift theorem. It can be put to immediate use in evaluating the transform of 
the exponentially damped cosine function that we used extensively in previ- 
ous work. Beginning with the known transform of the cosine function, 


L{cos wot} = F(s) = ——-— 
s + 0 
then the transform of e~“ cos wot must be F(s + a): 


S+a 


L{e t} = F(s +a) = ——_;—, 
{e~ COS wot} (s+a) (+a) + oe 


PRACTICE B 
A7.2 Find L{e~~ sin(5t + 0.27 )u(t)}. 
Ans: (0.588s + 4.05)/(s* + 4s + 29). 





Differentiation in the Frequency Domain 


Next let us examine the consequences of differentiating F(s) with respect to 
s. The result is 


d d [9 _. 
= F(s) = zS e™ F(t) dt 


=| —te “ f(i}dt =) e~“ —tf(Ð]dt 
9- 


which is simply the Laplace transform of [—tf (t)}]. We therefore conclude 
that differentiation with respect to s in the frequency domain results in mul- 
tiplication by —r in the time domain, or 


d 
-tf (t) > ek ©) [3] 
S 


Suppose now that f(t) is the unit-ramp function tu(t), whose transform we 
know is 1 /s*. We can use our newly acquired frequency-differentiation the- 
orem to determine the inverse transform of 1/s° as follows: 


d (1 2 afi , 
< (ġ)=-$ 9- {=} == u(t) 


t?u(t) l 


7 CF [9] 


and 





Continuing with the same procedure, we find 
[10] 
and in general 


L oue [11] 
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A7.3 Find L(t sin(St + 0.27)u(r)}. 
Ans: (0.5888? + 8.09s — 14.69) /(s* + 25)?. 





Integration in the Frequency Domain 


The effect on f (t) of integrating F(s) with respect to s may be shown by be- 
ginning with the definition once more, 


F(s) =| e™f(t)dt 


performing the frequency integration from s to co, 


| Fods = | f SO dr ds 


interchanging the order of integration, 


Í F(s) ds = Í | | es! as) f(t) dt 
S 0- s 


and performing the inner integration, 


J F(s) ds = f [se] swat= | I) p-s a, 
s 0- t S 0- t 


Thus, 
ae of F(s) ds [12] 


For example, we have already established the transform pair 


. wo 
sin wytu(t) << —— 
s+ we 


Therefore, 








cpr | S Wo ds an! 8." 
S 


t s? + we Wo |. 


and we have 


S 
— 13 
; 5 Do [13] 


A7.4 Find C{sin? 5tu(t)/t}. 
Ans: 1 In{(s? + 100)/s?]. 
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The Time-Scaling Theorem 


We next develop the time-scaling theorem of Laplace transform theory by 
evaluating the transform of f(at), assuming that C{ f(t)} is known, The 
procedure is very simple: 


OO 


LAS (a) = | e plat)dt = ~ | en SIM F(A) dd 
0- a Jo- 


where the change of variable at = A has been employed. The last integral is 
recognizable as 1/a times the Laplace transform of f(t), except that s is re- 
placed by s/a in the transform. It follows that 


flat) e Ip (=) (14] 


As an elementary example of the use of this time-scaling theorem, consider 
the determination of the transform of a 1-kHz cosine wave. Assuming we 
know the transform of a l-rad/s cosine wave, 


S 
Costul) | ——— 
©) s? +1} 
the result is 


l s/20007 S 


L{cos 20007 = 000r (s/2000H)2 Li 2L O00) 
(cos 2090r tu) = or 6/2004 SE C000) 





A7.5 Find £L{sin? 5tu(t)}. 
Ans: 50/[s(s? + 100)]. 





A 


A, and A, values 
critical damping and, 333 
overdamped parallel RLC circuit, 
324-325 
abc phase sequence, 464—465 
ABCD parameters, two-port 
networks, 720-724 
Absorbed power, 16, 19, 45 
by element, 44 
in resistors, 23—27 


ac circuit analysis, 3, 4. See also ac circuit 


power analysis; Circuit 
analysis 
ac circuit power analysis, 419-456. 
See also Complex power 
apparent power/power factor, 
437-439 
average power. See Average power 
instantaneous power, 420-422, 445 
maximum average power, 429 
RMS values of current/voltage, 
432-437, 445 
average power computations, 434 
multiple-frequency circuits, 
434435 
periodic waveform values, 
432-433 
sinusoidal waveform values, 
433-434 
sinusoidal excitation, instantaneous 
power, 421 
sinusoidal steady state theorem, 
428-429 
Active element, 215 
Active filters, 677-678 
Active network, 21 
Addition, Laplace transform 
operation, 561 
Additive fluxes, 495 
Additive property, of the Laplace 
transform, 546 


ADS549K op amp, [91, 193 
Admittance, 236—237, 572 
parameters. See Two-port 
networks 
in sinusoidal steady-state, 392-393 
AD622 op amp, 204 
Algebraic alternatives, complex forcing 
functions, 378—379 
American Wire Gauge (AWG), 26 
Ampère, A.M., 12 
Amperes, 10, 11, 12 
Amplifiers, equivalent networks 


and, 708--710 
Amplitude 
exponential form of complex number, 
826-828 


of response, proportional forcing 
function, 374 
of sinusoids, 369 
Analysis 
of circuits. See Circuit analysis 
computer-aided. See Computer-aided 
analysis 
defined, 5—6 
Fourier circuit. See Fourier circuit 
analysis 
mesh. See Nodal and mesh analysis 
nodal. See Nodal and mesh analysis 
power. See ac circuit power analysis 
PSpice Type command, 105 
sinusoidal steady-state. See Sinusoidal 
steady-state analysis 
transient, 3, 4, 264-266 
Analytical Engine, 6 
Angles, exponential complex 
numbers, 826-828 
Angular frequency, of 
sinusoids, 369 
Anode, 187 
Apparent power, 440, 441, 445 
power factor and, 437-439 
Argand diagram, 821-822 


INDEX. 


Argument 
exponential form of complex number, 
826-828 
of sinusoids, 369 
Arrows, for current, 9, 13 
Asymptotes, Bode diagrams 
and, 657-658 
Attenuator, 176, 614 
Automotive suspensions, modeling, 356 
Auxiliary equation, 321 
Average power, 441, 445 
ac circuits, 422-432, 445 
ideal resistor absorption of, 426 
maximum, 429 
maximum transfer of, 428-430 
nonperiodic functions, 430-432 
periodic waveforms, 423-424 
reactive element absorption of, 427 
RMS value and, 434 
in the sinusoidal steady state, 424-425 
superposition and, 431 


B 


Babbage, Charles, 6 
Balanced load, 458 
Balanced three-phase system, 458 
B, and B, values, 337-338 
Bandpass filters, 672, 675—676 
Bandstop filters, 672 
Bandwidth, and high-Q circuits, 636-641 
Base, of transistors, 717 
Basic components and electric 
circuits, 9-34 
charge, 11-12 
current. See Current 
Ohm’s law. See Ohm’s law 
power. See Power 
units and scales, 9-11 
voltage. See Voltage 
Bass, treble, and midrange filters, 
679-680 
Beaty, H. Wayne, 28 








INDEX 


Bias Point command (PSpice), 105 

Bilateral circuit, 702 

Bilateral element, 702 

Bode, Hendrik W.. 657 

Bode diagrams/plots, 656—672 
additional considerations. 661-664 
asymptotes, determining, 657-658 
complex conjugate pairs, 666—668 
computer-aided analysis for, 669-672 
decibel (dB) scale, 657 
higher-order terms and, 665 
multiple terms in, 659-660 
phase response and, 660-661 
smoothing of, 658-659 

Bossanyi, E., 485 

Boyce, W. E., 302 

Branch current, 94 

Branches, defined, 793 

Break frequency, 658 

Buffer design, 178 

Burton, T., 485 

Butterworth filters, 678 


C 
Candela, 10 
Capacitors, 215-224 
defined, 216 
duality. See Duality 
electrochemical, 223 
energy storage, 220-222 
ideal, 215-218, 224 
integral voltage-current relationships, 
218-220 
linearity, consequences of, 235-238 
modeling 
of ideal capacitors, 215-218 
with PSpice, 243-245 
in the s-domain, 575-576 
op amp circuits with, 238-239 
in parallel, 234 
phasor relationships tor, 385-386 
practical application, 223 
s-domain circuits and, 575-577 
in series, 234 
ultracapacitor, 223 
Cartesian form, complex numbers, 822 
Cascaded op amps, 182-185, 615 
Cathode, 187 
Cavendish, Henry, 22 
cba phase sequence, 464-465 


Characteristic equation, 259, 321 
Charge, 11-12 
conservation of, 11, 155 
distance and, 5 
Chassis ground, 61-62 
Chebyshev filters, 678 
Circuit analysis. See also Circuit analysis 
techniques 
engineering and, 4-5 
linear. See Linear circuits 
nonlinear. See Nonlinear circuit 
analysis 
in the s-domain. See s-domain circuit 
analysis 
software, 7. See also Computer-aided 
analysis 
Circuit analysis techniques, 121-172 
delta-wye (A-Y) conversion, 152-154 
linearity and superposition, 121~131 
maximum power transfer, 150-152 
Norton equivalent circuits. 
See Thévenin/Norton 
equivalent circuits 
selection process for, 155-156 
source transformations. See Source 
transformations 
superposition. See Superposition 
Thévenin equivalent circuits. 
See Thévenin/Norton 
equivalent circuits 
Circuits 
analysis of. See Circuit analysis 
components of. See Basic components 
and electric circuits 
elements of, 17-18, 21 
networks and, 21-22 
response résumé, source-free series 
RLC, 344-345 
transfer functions for, 497 
Clayton, G., 616 
Closed-loop operation, op amps, 201 
Closed-loop voltage gain, 191 
Closed paths, 38, 92 
Coefficient of mutual inductance, 492 
Coils, in wattmeters, 476-477 
Collectors, 717 
Column matrix, 806 
Common-emitter configuration, 717 
Common mode rejection, op amps, 
193-194 


Comparators, 201-202 
Complementary function, source-free 
RL circuits, 256 
Complementary solution. See Natural 
responses 
Complete response, 735-736 
driven RL circuits, 285-289 
to periodic forcing functions, 750-752 
of RLC circuits. See RLC circuits 
Complex conjugate pairs, Bode diagrams 
and, 666-668 
Complex forcing function. See Sinusoidal 
steady-state analysis 
Complex form, of Fourier series, 
752-759 
Complex frequency, 322 
de case, 535 
defined, 533—537 
exponential case, 535 
exponentially damped sinusoids, 536 
general form, 534—535 
neper frequency, 534, 537 
radian frequency, 537 
s-domain circuit analysis 
and, 598—607 
at complex frequencies, 608 
frequency dependence, 
magnitude/phase angle, 
604-607 
graphing and, 600-602 
magnitude frequency dependence, 
604—607 
natural response and, 607--61 1 
general perspective, 609—610 
special case, 610 
operating at complex 
frequencies, 608 
phase angle frequency 
dependence, 604—607 
pole-zero constellations, 602—604 
response as a function of o, 599 
response as a function 
of œw, 599-600 
s in relation to reality, 536-537 
sinusoidal case, 535 
Complex numbers, 821-830 
arithmetic operations for, 822-824 
described, 821—822 
Euler’s identity, 824-825 
exponential form of, 826—828 





imaginary unit (Operator), 821 
polar form of, 828-830 
rectangular (cartesian) form of, 822 
Complex plane, 821-822 
s-domain circuit analysis and. 
See Complex trequency 
Complex power, 440—445 
apparent power, 440, 441, 445 
and power factor, 437-439 
average power, 44] 
complex power, 441 
formula, 441 
measuring, 441 
power factor, 437-439 
correction, 442 
lagging, 441 
leading, 441 
power triangle, 441 
quadrature component, 44] 
quadrature power, 441 
reactive power, 440, 441, 445 
terminology, 445 
volt-ampere (VA), 441 
volt-ampere-reactive (VAR) 
units, 440, 441 
watt (W). 441 
Complex representation, phasor as 
abbreviation for, 381 
Components. See Basic components and 
electric circuits 
Computer-aided analysis, 6-7, 128-130. 
See also MATLAB; PSpice 
Bode diagrams and, 669-672 
fast Fourier Transform, 776-779 
Laplace transforms and, 551-553 
magnetically coupled circuits, 
508-509 
nodal and mesh analysis, 103-108, 
578-580 
op amps. 198-201 
s-domain nodal and mesh analysis, 
578-580 
sinusoidal steady-state analysis, 
402-403 
source-free parallel RLC circuits, 
342-343 
source-free RL circuits, 264—266 
system function, 776-779 
for two-port networks, 723-724 
Conductance, 27—28, 392 


INDEX 


Conformal matrices, 807 
Conservation of charge, 11, 155 
Conservation of energy, 14, 44, 155 
Constant charge, 12 
Controlled sources, of voltage/current, 
18, 19-21 
Convolution 
Laplace transform operation, 561, 
595-596 
s-domain circuit analysis 
and, 589-598 
convolution integral, 591 
four-step process for analysis, 589 
graphical methods of, 592-593 
impulse response, 589-590 
Laplace transform and, 595-596 
realizable systems and, 591-592 
transfer function comments, 597 
Cooper, George R., 544 
Corer frequency, 397, 658 
Cosines, sines converted to, 371 
Cotree, 794-795 
Coulomb, 11 
Coupling coefficient, 502 
Cramer’s rule, 84, 811-812 
Create command (PSpice), 105 
Critical frequencies, s-domain circuit 
analysis, 588 
Cnitically damped response, 
RLC circuits 
form of, 332-333 
graphical representation, 334-335 
source-free circuits 
parallel, 323, 345 
series, 344-345 
Current, 9, 11, 12-13 
actual direction vs. convention, 13 
branch current, 94 
capacitor voltage-current 
relationships, 218-220 
coil, 476 
current-controlied current source, 
18, 19-21 
current-controlled voltage source, 
18, 19-21 
gain, amplifiers, 708 
graphical symbols for, 13 
laws. See Voltage and current laws 
mesh, 92, 93-95, 503 
response, resonance and, 631 





sources 
controlled, 18, 19-21 
practical, 133, 137-138 
reliable, op amps, 188-190 
series/paraliel connections, 49-5 | 
and voltage. See Voltage 
superposition applicable to, 431 
types of, 13 
and voltage division, 57-60 
Cutoff frequency, transistor amplifier, 
396-397 
Cutoff voltage, 223 


D 


Damped sinusoidal forcing function, 
537-540 
Damped sinusoidal response, 336 
Damping factor, parallel resonance and, 
634-635 
Damping out, of transients, 330 
Davies, B., 564 
3 dB frequency, 658 
dc (direct current) 
analysis, 3 
case, complex frequency, 535 
current source, 19 
parameter sweep, 128—130 
short circuits to, 225 
sources, 19, 173, 289 
Dead network, 142, 145 
Decade (of frequencies), 658 
DeCarlo, R. A., 108, 156, 407, 725 
Decibel (dB) scale, Bode diagrams, 657 
Delivered power, 19 
Delta (A) connection, 470-476 
connected sources, 473-476 
Y-connected loads vs., 473 
Delta (A) of impedances, equivalent 
networks, 704-705 
Delta-wye (A-Y) conversion, 152-154 
Dependent sources 
linear, {22 
Thévenin/Norton equivalent 
circuits, 145--147 
of voltage/current, 18, 19-21 
Derivative-of-the-current voitage, 18 
Design, defined, 5-6 
Determinants, 809-81 | 
Difference amplifier, 179-182, 193-194 
summary, 180 





INDEX 


Difference Engine, 6 
Differential equations 
algebraic alternative, sinusoidal 
steady-state, 378-379 
homogeneous linear, 255-256 


for source-tree parallel RLC circuits, 


320-322 
Differential input voltage, 193 
Digital cellular devices, 223 
Digital integrated circuits, frequency 
limits in, 300 
Digital multimeter (DMM), 148-149 
DiPrima, R. C., 302 
Direct approach, source-free 
RL circuits, 256-257 
Direction of travel, current. 12 
Direct procedure, driven RL circuits, 
281-282 
Discrete spectrum, 744 
Dissipation of power, 45 
Distance, charge and, 5 
Distinct poles, method of residues and, 
548-549 
Distributed-parameter networks, 35 
Dot convention 
circuit transfer function, 497 
mutual inductance, 493-497 
physical basis of, 495-497 
power gain, 497 
Double-subscript notation, polyphase 
circuits, 459-460 
Drexler, H. B., 246 
Driven RC circuits, 289-294 
Driven RL circuits, 280-283 
complete response determination, 
285-289 
direct procedure, 281—282 
intuitive understanding of, 283 
natural and forced response, 
282, 283-289 
response from dc sources, 
| summarized, 289 
Duality, 232, 240-242 


E 

Earth ground, 61-62 

Edison, Thomas, 457 

Effective (RMS) value. See RMS value 
Electrical networks, behavior of. 607 
Electric circuits. See Circuits 


Electrochemical capacitor, 223 
Emitters, 717 
Energy, 14 
accounting, source-free RL 
circuits, 26ł 
conservation of, 14, 44, 155 
density, 765 
instantaneous, stored, 632 
magnetically coupled circuits. 
See Magnetically coupled 
circuits 
storage capacitors, 220-222 
storage inductors, 230-232 
work units, 10 
Engineering, circuit analysis and, 4-5 
Engineering systems, behavior of, 607 
Engineering units, 11 
ENIAC, 6 
Equivalent circuits, ideal transformers, 
518--520 
Equivalent combinations, frequency 
response and, 647-651 
Equivalent networks, two-port. See Two- 
port networks 
Equivalent practical sources, 133~136 
Equivalent resistance, 52, 142 
Equivalent voltage sources, 131 
Even functions, 747n 
Even harmonics, 747, 747n 
Even symmetry, Fourier series 
analysis, 745, 749 


Exponential case, complex frequency, 535 


Exponential damping coefficient, 
322, 630 

Exponential form, complex numbers, 
826-828 

Exponential function e, 545 

Exponentially damped sinusoids, 536 

Exponential response, RL circuits, 
262-266 


F 
Fairchild Corp., 173 
Fall time, of waveforms, 294 
Faraday, Michael, 216n, 224, 225 
farad (F), 216 
Fast Fourier transform (FFT), 
774, 776-779 

image processing example, 782 

Feedback control, 5 


Feynman, R., 63 
Fiber Optic intercom, 181 
Filters (frequency), 672—680 
active, 677-678 
bandpass, 672, 675-676 
bandstop, 672 
bass/treble/midrange adjustment, 
679-680 
Butterworth, 678 
Chebyshev, 678 
high-pass, 672, 673-674 
low-pass, 672, 673-674 
maximally flat, 678 
multiband, 672 
notch, 672 
passive 
defined, 677 
low-pass and high-pass, 
673-674 
practical application, 679-680 
Final-value, Laplace transforms, 
561-563 
Finite resistance, underdamped 
source-free parallel RLC, 
338-340 
Finite wire impedance, 461 
Fink, Donald G., 28 
Flowchart, for problem-solving, 8 
Force, voltage and, 5 
Forced responses, 369, 735-736 
driven RL circuits, 282, 283-289 
to sinusoids. See Sinusoidal 
steady-state analysis 
source-free RL circuits, 256 
Forcing functions, 122 
sinusoidal waveform as, 369 
source-free RL circuits, 256 
Forms of responses 
critically damped RLC circuits, 
332-333 
underdamped source-free parallel 
RLC circuits, 336-337 
Fourier circuit analysis, 4, 735-792. 
See also Fourier series; 
Fourier transform 
complete response to periodic forcing 
functions, 750-752 
epilogue, 782-784 
image processing, 782-783 
practical application, 782-783 





Fourier series 
coefficients, 739-740 
complex form, 752-759 
sampling function, 756-759 
symmetry, use of, 745-749 
even and odd symmetry, 745, 749 
Fourier terms and, 745-747 
half-wave symmetry, 747-748. 749 
for simplification purposes, 749t 
trigonometric form of, 735~745 
coefficients, evaluating, 739-740 
derived, 737—738 
equation for, 738 
harmonics, 736-737 
integrals, useful, 738-739 
line spectra, 743-744 
phase spectra, 744-745 
Fourier transform. See also Fourier 
transform pairs 
defined, 759~763 
fast Fourier transform (FFT), 774, 
7716-779 
image processing example, 782 
of general periodic time function, 
771-772 
physical significance of, 764-765 
properties of, 763-766 
system function, frequency domain. 
See System function 
Fourier transform pairs, 760, 761 
for constant forcing function, 768 
for signum function, 768-769 
summary of, 770 
for unit-impulse function, 766-768 
for unit step function, 769 
Free response, source-free 
RL circuits, 256 
Frequency 
angular, of sinusoids, 369 
complex. See Complex frequency 
comer, 397 
cutoff, transistor amplifier, 396-397 
dependence, s plane, 604—607 
differentiation, Laplace transforms, 
561, 840-841 
domain. See Frequency domain 
fundamental frequency, 736 
integration, Laplace transforms, 
561, 841 
limits, digital integrated circuits, 300 
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multiple, RMS value with, 
434-435 
natural resonant, 336-337 
op amps and, 197-198 
radian, of sinusoids, 369 
response. See Frequency response 
scaling, 652-656 
selectivity, parallel resonance and, 637 
shift, Laplace transforms, 561, 
839-840 
of sinusoids, 370-371 
source-free parallel RLC circuits, 
322-323 
unit definitions for, 322 
Frequency domain 
phasor representation, 382 
system function and, 772-779 
time domain converted to, 539 
V-I expressions, phasor relationships 
and, 385 
Frequency response, 3, 4, 627-690 
Bode diagrams. See Bode 
diagrams/plots 
equivalent series/parallel 
combinations, 647—651 
filters. See Filters (frequency) 
parallel resonance. See Parallel 
resonance 
resonant forms, other, 645-651 
scaling, 652-656 
series resonance, 641-644 
Friction coefficient, 5 
Fundamental frequency, 736 


G 

Gain, of op amps, 612 

General Conference on Weights 
and Measures, 10 

General form, complex frequency, 
534-535 

General practical voltage source, 132 

General RC circuits, 273-276 

General RL circuits, 269-270 

General solution, source-free 
RL circuits, 258-261 

George A. Philbrick Researches, 
Inc., 205 

Global positioning systems 
(GPS), 612 

Goody, R. W., 360, 820 


Graphics/Graphing 
on complex-frequency (s) plane, 
600-602 
of convolution, s-domain analysis, 
592-593 
of critically damped response, RLC 
circuits, 334-335 
of current, symbols for, 13 
overdamped response, RLC circuits, 
329-330 
underdamped response, RLC 
circuits, 338 
Ground (neutral) connection, 61-62, 458 
Groups, of independent sources, 123 


H 


Half-power frequency, 658 

Half-wave symmetry, Fourier, 
747-748, 749 

Hanselman, D. C., 836 

Harmonics, Fourier, 736-737 

Hayt, W. H., Jr., 204, 407, 725 

Heathcote, M., 520 

Henry, Joseph, 224 

henry (H), 224 

Higher-order terms, Bode diagrams, 665 

High-pass filters, 672 

passive, 673-674 

High-Q circuits, bandwidth and, 636-641 

Homogeneity property, Laplace 
transforms, 546 

Homogeneous linear differential 
equations, 255-256 

H(s) = Vout Vin, synthesizing, 612-616 

Huang, Q., 681 

Hybrid parameters, two-port networks, 
718-720 


I 


Ideal capacitor model, 215-218 
Ideal inductor model, 224-227 
Ideal operational amplifiers. 
See Operational amplifiers 
Ideal resistor, average power 
absorption, 426 
Ideal sources, of voltage, 18 
Ideal transformers, 510-520 
equivalent circuits, 518-520 
for impedance matching, 512--513 
step-down transformers, 514 





Ideal transformers—Cont. 
step-up transformers, 514 
turns ratio of, 510-512 
for voltage level adjustment, 513—514 
voltage relationship in the time 
domain, 515-518 
Ideal voltage sources, 131-133 
Image processing, Fourier analysis 
and, 782-783 
Imaginary sources — imaginary 
responses, 377-378 
Imaginary unit (operator)/component, 821 
of complex forcing function, 376 
of complex power, 440 
imaginary sources — imaginary 
responses, 377-378 
Immittance, 392-393 
Impedance, 236-237, 571 
input, 587 
matching, 512-513 
sinusoidal steady-state, 387—391 
defined, 387 
parallel impedance combinations, 
387-388 
reactance and, 388 
resistance and, 388 
series impedance combinations, 
387 
Impulse response, convolution and, 
589-590 
Inactive network, 145 
Independent current sources, 18, 19 
Independent voltage sources, 18-19 
Inductors/Inductance, 224-232, 491 
characteristics, ideal, 232 
defined, 224 
duality. See Duality 
energy storage, 230-232 
in the frequency domain, 572, 577 
ideal inductor model, 224-227 
inductive reactance, 374 
infinite voltage spikes, 227 
integral voltage-current relationships, 
228--230 
linearity, consequences of, 235—238 
modeled, 243-245, 572-575 
in parallel, 233-234 
phasor relationships for, 384-385 
in series, 232-233 
in the time domain, 577 


Infinite voltage spikes, inductors and, 227 
Initial value, Laplace transforms, 561—563 
In-phase sinusoids, 370-371 
Input bias, 193 
Input impedance, 587 
amplifiers, 708-710 
one-port networks, 693--696 
Input offset voltage, op amps, 196 
Instantaneous charge, 12 
Instantaneous power, 420-422, 445 
Instantaneous stored energy, parallel 
resonance and, 632 
Instrumentation amplifier, 202—204 
Integral-of-the-current voltage, 18 
Integral voltage-current relationships 
capacitors, 218-220 
inductors, 228-230 
internal generated voltage, 474 
Internal resistance, 132 
International System of Units (SI), 10 
Intuitive understanding, 
driven RL circuits, 283 
Inverse transforms. See Laplace 
transform(s) 
Inverting amplifier, 175, 180 
Inverting input, 174 
IN750 Zener diode, 188 
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Lord Kelvin, 10 
Kennedy, B. K., 521 
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Kilowatthour (kWh), 437 
Kirchhoff, Gustav Robert, 36 
Kirchhoff’s laws 
current law (KCL), 35, 36-38 
nodal analysis and, 80, 155 
phasors and, 386 
voltage law (KVL), 35, 38-42 
circuit analysis and, 155 
in mesh analysis, 98 
order of elements and, 52 
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Lagging power factor, 441 
Lagging sinusoids, 370-371 
Lancaster, D., 681 
Laplace analysis, 4 
Laplace transform(s), 533-570 
computer-aided analysis, 
551-553 
convolution and, 595-596 
damped sinusoidal forcing 
function, 537-540 
defined, 540-543 
for exponential function e~*', 545 
frequency-differentiation theorem, 
840-841 
frequency-integration theorem, 841 
frequency-shift theorem, 839-840 
initial-value/final-value theorems, 
561-563 
inverse transform techniques, 546-551 
distinct poles/method of residues, 
548-549 
linearity theorem, 546-547 
for rational functions, 547-548 
repeated poles, 550 
one-sided, 542-543 
operations, table of, 561 
pairs, 559 
of periodic time functions, 837-839 
for ramp function tu(t), 545 
sifting property, 544—545 
of simple time functions, 543-545 
sinusoid theorem, 558 
system stability theorem, 560 
theorems for, 553-561 
time differentiation theorem, 553-554 
time-integration theorem, 555-556 
time-scaling theorem, 842 
time-shift theorem, 558, 837-839 
two-sided inverse Laplace 
transform, 542 


two-sided Laplace transform, 541 
for unit-impulse function 5(t — to), 
544-545 


for unit-step function u(r), 544 
LC circuit, lossless, 357-359 
Leading sinusoids, 370-37 1 
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LF411 op amp, 191, 198 
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Linear circuits, 2—4 
ac analysis, 3. 4 
complex forcing functions, 
377-378 
conservation laws, 155 
de analysis, 3 
frequency response analysis, 3, 4 


linear voltage-current relationships, 


121-122 
transient analysis, 3, 4 
Linear dependent source, 122 
Linear elements, 121--122 
Linear homogeneous differential 
equations, 255~256 
Linearity, 121-122 


consequences, capacitors/inductors, 


235-238 
inverse transform theorem, 
546-547 
Linear resistor, 23 
Linear transformers, 503-509 
primary mesh current, 503 
reflected impedance, 503-504 
secondary mesh current. 503 
T and [I equivalent networks, 
505-508 
Linear voltage-current relationship, 
121-122 
Line spectra, Fourier series analysis, 
743-744 
Line terminals, 464 
Line-to-line voltages, three-phase Y-Y 
connection, 465-466 
Links, 794-795 
loop analysis and, 799-804 
Littlefield, B. L., 836 
LMC6035 op amp, 174 
LM8272 dual op amp, 174 
LM324 op amp, 191 
LM741 op amp, 198 
Loop 
analysis, links and, 799-804 
defined, 794 
mesh analysis and, 92 
Lossless LC circuit, 357-359 
Lower half-power frequency, 636 
Low-pass filters, 672 
passive, 673-674 
Lumped-parameter networks, 35 


INDEX 


M 
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McGillem, Clare D., 544 
McLyman, W. T., 521 
McPartland. B. J., 63 
McPartland, J. F., 63 
Magnetically coupled circuits, 491-532. 
See also Transformers 
computer-aided analysis, 508—509 
coupling coefficient, 502 
energy considerations, 499-502 
equality of M,. and M>,, 500-501 
ideal transformers. See Ideal 
transformers 
linear transformers, 503-509 
magnetic flux, 491, 492, 495 
mutual inductance. See Mutual 
inductance 
upper limit for M, establishing, 501 
Magnetic flux, 491, 492, 495 
Magnitude 
exponential form of complex number, 
826-828 
frequency dependence and (s) plane, 
604-607 
scaling, 652-656 
Mancini, R., 204, 246, 616 
MATLAB, 85, 551-553 
tutorial, 831-836 
Matrices 
determinants of, 809-811 
inversion of, 808-809 
matrix form of equations, 85 
simultaneous equations, solving, 
806-812 
Maximally flat filters, 678 
Maximum average power, 429 
Maximum power transfer, 150-152, 
428-430 
Maxwell, James Clerk, 216 
Mesh. See Nodal and mesh analysis 
Meters, 10 
Method of residues, 548—549 
Metric system of units, 10 
Microfarads (uF), 217 
MicroSim Corporation, 103 
Midrange filters, 679-680 
Models/Modeling, 3 
of automotive suspension 
systems, 356 


of ideal capacitors, 215-218 
of inductors 
ideal inductors, 224-227 
with PSpice, 243-245 
in the s-domain, 572-575 
of op amps, detailed, 190-192 
Moles, 10 
Mix Mz; equality, magnetically coupled 
circuits, 5300-501 
HAT4I op amp, 191-192, 193, 196 
Multiband filters, 672 
Multiple-frequency circuits, RMS value 
with, 434-435 
Multiple terms, in Bode diagrams, 
659-660 
Multiport network, 692. See also 
Two-port networks 
Mutual inductance, 491-499 
additive fluxes, 495 
coefficient of, 492 
dot convention, 493-497 
additive fluxes, 495 
circuit transfer function, 497 
physical basis of, 495--497 
power gain, 497 
magnetic flux, 491, 492, 495 
self-inductance added to, 494 
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National Semiconductor Corp., 174, 198 
Natural resonant frequency, 
336-337, 630 
Natural responses, 276, 369, 372, 
735-736 
and the complex-frequency (s) plane, 
607-611 
driven RL circuits, 282, 283-289 
source-free RL circuits, 256 
Negative (absorbed) power, 16, 19 
Negative charge, 11 
Negative feedback 
op amps, 194-195 
path, 612 
Negative phase sequence, 464-465 
Negative resistances, 696 
Neper frequency, 537 
defined, 322 





Nepers (Np), 534 
Networks, 21-22 
active, 21 
passive, 21 
topology. See Network topology 
two-port. See Two-port networks 
Network topology, 793-804 
links and loop analysis, 799-804 
trees and general nodal analysis. 
793-799 
Neudeck, G. W., 204, 407, 725 
Neutral (ground) connection, 458, 464 
New Simulation Profile command 
(PSpice), 104-105 
Nodal and mesh analysis, 3, 79-120 
compared, 101-103 
computer-aided, 103—108, 578-580 
location of sources and, 10] 
mesh analysis, 92-98, 155 
Kirchhoff’s voltage law applied 
to, 98 
mesh current, 92, 93-95, 503 
mesh defined, 794 
procedure, summarized, 98 
supermesh, 98, 100-101 
nodal analysis, 3, 80-89, 155 
basic procedure, summary, 88-89 
Kirchhoff's current law and, 80 
nodes defined, 36, 793 
procedure, summarized, 98 
reference node, 80 
sinusoidal steady-state analysis, 
393-395 
supermesh, 98, 100-101 
supernodes, 89-91 
trees and, 793-799 
voltage source effects, 89-91 
node-base PSpice schematics, 
106-107 
s-domain circuit analysis and, 
578-584 
computer-aided, 578-580 
of sinusoidal steady-states, 
393-395 
Noninverting amplifier circuit, 180 
output waveform, 176-177 
Noninverting input, 174 
Nonlinear circuit analysis, 2 
Nonperiodic functions, average power 
for, 430-432 
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Nonplanar circuit, defined, 794 

Norton, E. L., 139 

Norton equivalents. See Thévenin/Norton 
equivalent circuits 

Notch filters, 672 

Number systems, units and scales, 9 

Numerical value, of current, 12 

IN750 Zener diode, 187~188 


O 


Octave (of frequencies), 658 
Odd functions, 747n 
Odd harmonics, 747n 
Odd symmetry, Fourier series analysis, 
745, 749 
Ogata, K., 564, 616 
Ohm, Georg Simon, 22 
Ohms (9), 22 
Ohm’s law, 22-28 
conductance, 27-28 
defined, 22 
power absorption in resistors, 
23-27 
practical application, 25-26 
resistance units defined, 22 
One-port networks, 691-696 
input impedance calculations for, 
693-696 
One-sided Laplace transform, 
542-543 
Op amps. See Operational amplifiers 
OPA690 op amp, 191, 197 
Open circuit, 27-28 
to de, 217 
impedance parameters, 712-713 
Open-loop 
configuration, op amps, 201 
voltage gain, 190-191 
Operating at complex frequencies, 608 
Operational amplifiers, 173-214 
ADS549K op amp, 191, 193 
AD622 op amp, 204 
capacitors with, 238--239 
cascaded stages, 182-185 
common mode rejection, 193-194 
comparators, 201—202 
computer-aided analysis, 198—201 
frequency and, 197-198 
ideal, 174-182 
derivation of, 192—193 


difference amplifier, 179-182, 
193—194 
inverting amplifier, 175, 180 
noninverting amplifier circuit, 
176-177, 180 
rules, 174, 175 
summary, 180 
summing amplifier, 178-179, 180 
voltage follower circuit, 177, 180 
input offset voltage, 196 
instrumentation amplifier, 202—204 
LF411 op amp, 191, 198 
LM324 op amp, 191 
LM741 op amp, 198 
LM8272 dual op amp, 174 
LMC6035 op amp, 174 
modeling, 190-192 
uUA741 op amp, 191-192, 193, 196 
negative feedback, 194-195 
OPA690 op amp, 191, 197 
outputs depend on inputs, 174 
packaging, 198 
parameter values, typical, 191 
Philbrick K2-W op amp, 174 
positive feedback, 195 
practical considerations, 190-201 
reliable current sources, 188—190 
reliable voltage sources, 186-188 
saturation, 195—196 
slew rate, 197-198 
tank pressure monitoring system, 
184-185 
Operations, Laplace transform, table 
of, 561 
Order of elements, KVL and, 52 
Ørsted, Hans Christian, 224 
Oscillator, 612 
circuit design, 612-613 
function, 338 
Out-of-phase sinusoids, 370-37 | 
Output impedance, amplifiers, 709 
Output resistance, 132 
Overdamped response 
source-free parallel RLC circuits, 323, 
324-331, 345 
A, and Az values, finding, 324-325 
graphical representation of, 
329-330 
source-free series RLC circuits, 
344-345 
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Packages, op amp, 198 
Pairs, Laplace transform, 559 
Palm, W. J.. HI, 836 
[I and T equivalent networks, 505-508 
Parallel element combinations, 45 
capacitors, 234 
impedance combinations, 387-388 
inductors, 233-234 
series/parallel combination 
equivalents, 647-651 
Parallel resonance, 627-641, 644 
bandwidth and high-Q circuits, 
636-641 
key conclusions on, 641 
current response and, 631 
damping 
exponential coefficient, 630 
factor, 634—635 
defined, 628-631 
frequency selectivity, 637 
instantaneous stored energy, 632 
natural resonant frequency, 630 
quality factor (Q), 631-641 
bandwidth and, 636-641 
damping factor and, 634—635 
other interpretations of Q, 633-634 
summary of, 644 
voltage response and, 630-63! 
Parameter values, op amps, 191 
Parseval-Deschenes, Marc Antione, 764 
Particular integral, 285 
Particular solution, 285 
source-free RL circuits, 256 
Passband, 672 
Passive element, 215 
Passive filters 
defined, 677 
low-pass and high-pass, 673-674 
Passive network, 21 
Passive sign convention, 16 
Path 
defined, 793 
mesh analysis, 92 
voltage, 14 
Periodic functions/waveforms, 431. 
See also Sinusoidal 
steady-state analysis; 
Sinusoidal waveforms 
ac average power of, 295, 423-424 
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complete response to, 750-752 
fall time of, 294 
as forcing functions, 369 
Laplace transforms of, 837-839 
as Output, noninverting amplifiers, 
176-177 
period 7 of, 295, 369-370 
pulse width of, 295 
rise time of, 294 
RMS values for, 432-434 
time delay of, 295 
Perry, T., 820 
Peterson, Donald O., 815 
Phase angie 9, 370, 604-607 
Phase comparison, sinusoidal 
waves, 371 
Phase response, Bode diagrams and, 
660-661 
Phase spectra, Fourier series analysis, 
744-745 
Phase voltages, 464 
Phasor(s), 4, 382, 571. See also Phasor 
relationships for R, L, and C 
diagrams, sinusoidal steady-states, 
404-407 
Phasor relationships for R, L, and C 
as abbreviated complex 
representation, 381 
capacitors, 385-386 
frequency-domain representation, 382 
frequency-domain V-I 
expressions, 385 
impedance defined from. See 
Sinusoidal steady-state 
analysis 
inductors, 384-385 
Kirchhoff’s laws using, 386 
phasor representation, 382 
resistors, 383-384 
time-domain representation, 382 
time-domain V-I expressions, 385 
Philbrick, George A., 205 
Philbrick K2-W op amp, 174 
Philbrick Researches, Inc., 173 
Physically realizable systems, 591-592 
Physical significance, of Fourier 
transforms, 764-765 
Physical sources, unit-step function and, 
278-279 
Pinkus, A., 564, 785 





851 


Planar circuit, 92, 101 
defined, 794 
Polar form, of complex numbers, 828-830 
Poies, 547 
method of residues and, 548-549 
pole-zero constellations, 602-604 
repeated, inverse transforms, 550 
zeros, and transfer functions, 588 
Polya, G., 8 
Polyphase circuits, 457-490 
delta (A) connection, 470-476 
of sources, 473-476 
Y-connected loads vs., 473 
double-subscript notation, 459-460 
polyphase systems, 458-460 
single-phase three-wire systems, 
460-464 
three-phase Y-Y connection. See 
Three-phase Y-Y connection 
Port, 691 
Positive charge, 1] 
Positive feedback, 195, 612 
Positive phase sequence, 464—465 
Positive power, 16, 19 
Potential coil, 476 
Potential difference, 14 
Power, 9, 15-17. See also ac circuit 
power analysis 
absorbed. See Absorbed power 
average. See Average power 
dissipation, 45 
expression for, 15 
factor. See Power factor 
gain, 497, 708 
generating systems, 474-475 
maximum transfer of, [50-152 
measuring. See Power measurement 
negative. See Absorbed power 
positive, 16, 19 
reactive, 440, 441, 445 
superposition applicable to, 431 
terminology recap, 445 
triangle, 441 
units, 10 
Power factor, 445 
apparent power and, 437—439 
complex power, 437-439 
correction, 442 
lagging, 441 
leading, 441 





Power measurement, 441 
three-phase systems, 476-484 
two-wattmeter method, 481-483 
wattmeters, use of, 476-478 
wattmeter theory and formulas, 
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Practical current sources. 133. 
137-138 

Practical voltage sources, 131-133, 
137-138 


Prefixes, SI, 10-11 
Primary mesh current, 503 
Prime mover, 474 
Probe software, 342-343 
Problem-solving strategies, 7-8 
PSpice, 103, 104-107, 128-130 
Bias Point command, 105 
capacitors modeled with, 243~245 
Create command, 105 
inductors modeled with, 243-245 
New Simulation Profile command, 
104-105 
node-base schematics, 106—107 
Run command, 105 
for sinusoidal steady-state analysis, 
402-403 
for transient analysis, 264-266 
tutorial, 815—820 
Type command, 105 
Pulse width (PW), of waveforms, 295 
Purely reactive elements, average power 
absorption, 427 
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Quadrature power, 441 

Quality factor (Q). See Parallel 
resonance 
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Radian frequency, 369, 537 
Ragazzini, J. R., 205 
Ramp function tu(t), Laplace transform 
for, 545 
Randall, R. M., 205 
Rational functions, inverse transforms for, 
547-548 
Rawlins, C. B., 25, 26 
RC circuits 
driven, 289-294 
general, 273-276 


INDEX 


sequentially switched, 294—299 
I: time to fully charge/fully 
discharge, 296-297, 298 
Il: time to fully charge but not fully 
discharge, 297, 298 
HI: no time to fully charge but time 
to fully discharge, 297, 298 
IV: no time to fully charge or fully 
discharge, 298-299 
source-free, 266-269 
time constant (r}, 267-268 
unit-step function, 276-280 
Reactance 
impedance and, 388 
inductive, 374 
synchronous, 474 
Reactive elements, average power 
absorption, 427 
Reactive power, 440, 441, 445 
Realizable systems, s-domain analysis, 
591-592 
Real portion, of complex forcing 
function, 376 
Real sources —> real responses, complex 
forcing functions, 377-378 
Receiving mode, 223 
Reciprocity theorem, 702 
Rectangular form, complex 
numbers, 822 
Rectangular pulse function, 279-280 
Rectifiers, 459 
Reference node, 80 
Reflected impedance, 503-504 
Reliable current sources, op amps, 
188-190 
Reliable voltage sources, op amps, 
186—188 
Repeated poles, inverse transform 
techniques, 550 
Resistance/Resistors/Resistivity, 9, 25. 
See also Ohm’s law 
equivalent, 52 
in the frequency domain, 571-572 
ideal, average power 
absorption, 426 
impedance and, 388, 389 
internal, 132 
linear, 23 
output, 132 
phasor relationships for, 383—384 


in s-domain circuit analysis, 
571-572, 577 
in series and parallel, 51-57 
in the time domain, 577 
Resonance, 322 
current response and, 631 
parallel. See Parallel resonance 
series, 641-644 
summary table for, 644 
voltage response and, 630-631 
Resonant frequency, 322 
Response, 121 
in the frequency domain, 772-779 
as a function of o, s-domain, 599 
as a function of w, s-domain, 
599—600 
functions, 122 
source-free series RLC circuits, 
344-345 
Rise time (TR), of waveforms, 294 
RLC circuits, 319-368 
automotive suspensions 
modeled, 356 
complete response of, 349-357 
complicated part, 350-355 
uncomplicated part, 349-350 
lossless LC circuit, 357-359 
phasor relationships for. See Phasor 
relationships for R, L, and C 
solution process summary, 355-357 
source-free critical damping, 332-336 
A, and A> values, 333 
form of critically damped response, 
332-333 
graphical representation of, 
334-335 
source-free parallel circuits, 319-323 
computer-aided analysis, 342-343 
critically damped response, 
323, 345 
differential equation for, 320-322 
equations summary, 345 
frequency terms defined, 322—323 
overdamped response, 323, 
324-331, 345 
A; and Ap values, 324-325 
graphical representation, 
329-330 
underdamped response, 323, 
336-343, 345 





B, and B- values, 337-338 
finite resistance, role of, 
338-340 
form of, 336-337 
graphical representation, 338 
source-free series circuits, 343-349 
circuit response résumé, 
344-345 
critically damped response, 
344-345 
equations summary, 345 
overdamped response, 344-345 
underdamped response, 344-345 
RL circuits 
driven. See Driven RL circuits 
exponential response properties, 
262-266 
exponential response time constant 
(T), 262-264 
general, 269-270 
natural response. See Natural 
responses 
sequentially switched, 294-299 
I: time to fully charge/fully 
discharge, 296-297, 298 
H: time to fully charge but not fully 
discharge, 297, 298 
HI: no time to fully charge but time 
to fully discharge, 297, 298 
IV: no time to fully charge or fully 
discharge, 298-299 
slicing thinly: O* vs. 07, 270-273 
source-free, 255-261 
alternative approach, 258 
complementary function, 256 
computer-aided analysis, 264—266 
direct approach, 256-257 
energy, accounting for, 261 
forced response, 256 
forcing function, 256 
free response, 256 
general solution approach, 
258-261 
natural response, 256 
the particular solution, 256 
the steady-state response, 256 
transient response. 256 
unit-step function, 276-280 
RMS value 
for average power, 434 
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for current and voltage, 432-437, 445 
with multiple-frequency circuits, 
434-435 
for periodic waveforms, 432—433 
for sinusoidal waveforms, 433-434 
Robotic manipulator, 5 
Root-mean-square (RMS) value. See 
RMS value 
Rotor, 474 
Row vector, 806 
Run command (PSpice), 105 
Russell, F. A., 205 
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s, defined, 536-537 
Sampling function, Fourier series, 
756-759 
Sands, M. L., 63 
Satellite system telephones, 223 
Saturation, op amp, 195-196 
Scalar multiplication, 561 
Scales, units and, 9-11 
Scaling 
and frequency response, 652-656 
Laplace transform operation, 561 
Scientific calculators, 805—806 
s-domain circuit analysis, 571-626 
additional techniques, 585-588 
complex frequency and. See Complex 
frequency 
convolution and. See Convolution 
H(s) = V st Vin voltage ratio, 
synthesized, 612-616 
nodal and mesh analysis in, 578-584 
computer-aided analysis, 578-380 
poles, zeros, and transfer 
functions, 588 
Thévenin equivalent technique, 
587-588 
Z(s) and Y(s), 571-577 
capacitors 
in frequency domain, 577 
modeled in the s domain, 
575-576 
in time domain, 577 
inductors 
in frequency domain, 572, 577 
modeled in the s domain, 
572-575 
in time domain, 577 


resistors 
in frequency domain, 
571-572, 577 
in time domain, 577 
summary of element 
representations, 577 
Secondary mesh current, 503 
Seconds, 10 
Self-inductance, 49 | 
added to mutual inductance, 494 
Sequentially switched RL or RC circuits. 
See RC circuits; RL circuits 
Series connections, 42 
capacitors, 234 
impedance combinations, 387 
inductors in, 232-233 
and parallel combinations. See also 
Source transformations 
connected sources, 49-51. 
137-138 
other resonant forms, 647-65} 
Series resonance, 641—644 
Settling time, 330 
Sharpe, D., 485 
Short circuit(s), 27-28 
admittance and, 712-713 
for equivalent networks, 703-704 
input admittance, 697-698 
output admittance, 698 
transfer admittance, 698 
two-port networks, 698 
to de, 225 
SI base units, 10 
siemen (S), 572 
Sifting property, 544-545 
Signal ground, 61-62 
Signs 
passive convention, 16 
for voltages, 9, 14 
Simon, Paul-René, 28 
Simple time functions, Laplace 
transforms of, 543-545 
Simulation Program with Integrated 
Circuit Emphasis, 103 
Simultaneous equations, solving, 
805-812 
Cramer’s rule, 811-812 
determinants and, 809--811 
matrices, 806-812 
scientific calculators and, 805-806 





Sines, converted to cosines, 371 
Single-loop circuit, 42-45 
Single-node-pair circuit, 45-49 
Single-phase three-wire systems, 
460-464 
Singularity functions, 277 
Sinusoids 
complex frequency case, 535 
as forcing functions, 627-628 
Laplace transforms of, 558 
Sinusoidal steady-state analysis, 
369-418 
ac circuit average power, 424-425 
admittance, 392-393 
amplitude, 369 
angular frequency, 369 
argument, 369 
characteristics of sinusoids. 
369-371 
complex forcing function, 376-380 
algebraic alternative to differential 
equations, 378-379 
applying, 377-378 
imaginary part, 376 
imaginary sources -> imaginary 
responses, 377-378 
real part, 376 
real sources — real responses, 
377—378 
superposition theorem, 377—378 
computer-aided analysis, 402-403 
conductance, 392 
cutoff frequency, transistor amplifier, 
396-397 
forced responses to sinusoids, 369, 
372-376 
alternative form of, 373-374 
amplitude, response vs. forcing 
function, 374 
steady-state, 372-373 
frequency, 370-371 
immittance, 392-393 
impedance. See Impedance 
lagging and leading, 370-371 
natural response, 369 
nodal and mesh analysis, 393-395 
out-of-phase, 370-37] 
period, 369-370 
in phase, 370-371 
phase comparison requirements, 371 
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phasor diagrams, 404-407 
phasor relationships and, See Phasor 
relationships for R, L, and C 
radian frequency, 369 
sines converted to cosines, 371 
sinusoidal waveform forcing 
function, 369 
superposition, source transformations. 
and, 396—403 
susceptance, 392 
Sinusoidal waveforms 
as forcing functions, 369 
oscillator circuit design and, 612-613 
phase comparison, 371 
RMS values of current/voltage. 
433-434 
SI prefixes, 10-11 
Slew rate, op amps, 197-198 
Slicing thinly: O+ vs. 07, RL circuits, 
270-273 
Smoothing, of Bode diagrams, 658-659 
Solve() routine, 86 
Source-free RC circuits, 266-269 
Source-free RLC circuits. See RLC 
circuits 
Source-free RL circuits. See RL circuits 
Source transformations, 3, 131—138, 155 
equivalent practical sources, 133—136 
key concept requirements, 137—138 
practical current sources, 133, 137—138 
practical voltage sources, 131-133, 
137-138 
and sinusoidal steady-state analysis, 
396—403 
summary, 138 
SPICE, 103. See also PSpice 
Square matrix, 806 
Squire, J., 785 
Stability, of a system, 560 
Standby mode, 223 
Stator, 474 
Steady-state analysis/response, 285. 
See also Sinusoidal 
steady-state analysis 
source-free RL circuits, 256 
Step-down transformers, 514 
Step-up transformers, 514 
Stopband, 672 
Structure (programming), 86 
Summing amplifier, 178-179, 180 


Superconducting transformers, 516-517 
Supermesh, 98, 100-101 
Supernodes, 89-91 
Superposition, 3, 121-131, 155, 
377-378 
basic procedure, 128 
applicable to current, 431 
applicable to power, 431 
limitations of, 131 
sinusoidal steady-state analysis, 
396-403 
superposition theorem, 123 
Supplied power, 16 
equaling absorbed power, 44 
Susceptance, 392 
Suspension systems, automotive, 
modeling of, 356 
Symmetrical components, 470 


Symmetry, use of, Fourier series analysis, 


745-749 
Synchronous generator, 474 
Synchronous reactance, 474 
System function, 589 
computer-aided analysis, 776-779 
fast Fourier transform (FFT), 774, 
776-779 
image processing example, 782 
physical significance of, 779-781 
response, in frequency domain, 
772-779 
Systems, stability of, 560 
Szwarc, Joseph, 28 
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T and II equivalent networks, 505-508 
Tank pressure monitoring system, 
184-185 
Taylor, Barry N., 28 
Taylor, J. T., 681 
Tesla, Nikola, 457 
Thévenin, M. L., 139 
Thévenin/Norton equivalent circuits, 3, 
139-149, 155-156 
when dependent sources are present, 
145-147 
Norton’s theorem, 3, 143-145, 
155-156 
linearity for 
capacitors/inductors, 238 
resistance, 142, 155-156 





s-domain circuit analysis, 587-588 
Thévenin’s theorem, 3. 139, 141-143, 
155-156 
linearity for 
capacitors/inductors, 238 
proof of, 813-814 
and sinusoidal steady-state 
analysis, 396-403 
two-port networks, 709-710 
Three-phase system, balanced, 458 
Three-phase Y-Y connection, 464-470 
abc phase sequence, 464-465 
cba phase sequence, 464 -465 
Delta (A) connection ys., 473 
hine-to-line voltages, 465-466 
negative phase sequence, 464—465 
positive phase sequence, 464—465 
power measurement in. See Power 
measurement 
total instantaneous power, 467—468 
with unbalanced load, 470 
Tightly coupled coils, 502 
Time constant (T) 
exponential response of RL circuits, 
262-264 
RC circuits, 267-268 
Time delay (TD) of waveforms, 295 
Time differentiation, Laplace transforms 
and, 553-554, 561 
Time domain 
capacitors in, 577 
converted to frequency 
domain, 539 
ideal transformer voltage relationships 
in, 515-518 
inductors in, 577 
representation, phasors, 382 
resistors in, 577 
V-I expressions, phasor relationships 
and. 385 
Time functions, simple, Laplace 
transforms of, 543-545 
Time integration, Laplace transforms and, 
555-556, 561 
Time periodicity, Laplace transforms and, 
561, 837-839 
Time-scaling theorem, Laplace 
transtorms and, 842 
Time shift, Laplace transforms and, 558, 
561, 837-839 


INDEX 


Topology, 793. See also Network 
topology 
Total instantaneous power, three-phase, 
458, 467-468 
T parameters, two-port networks, 
720-724 
Transconductance, 21 
Transfer functions, 497, 588, 597 
Transfer of charge, 12 
Transformations 
source, See Source transformations 
between y, z, h, and t 
parameters, 713 
Transformers. See also Magnetically 
coupled circuits 
ideal. See Ideal transformers 
linear. See Linear transformers 
superconducting, 516 
Transient analysis, 3, 4 
PSpice capability for, 264-266 
Transient response, 283 
source-free RL circuits, 256 
Transistors, 22, 396-397, 717—718 
Transmission parameters, two-port 
networks, 720-724 
Transmitting mode, 223 
Treble filters, 679-680 
Trees, 793-799 
Trigonometric form, of Fourier series. 
See Fourier series 
Trigonometric integrals, Fourier series 
analysis, 738-739 
Tuinenga, P., 108, 820 


Turns ratio, ideal transformers, 510-512 


I2AX7A vacuum tube, 174 
Two-port networks, 691-734 
ABCD parameters, 720-724 
admittance parameters, 696-703 
bilateral circuit, 702 
bilateral element, 702 
reciprocity theorem, 702 
short-circuit admittance 
parameters, 698 
short-circuit input admittance, 
697-698 
short-circuit output 
admittance, 698 
short-circuit transfer 
admittance, 698 
y parameters, 697—699, 710-711 





computer-aided analysis for, 
723—724 
equivalent networks, 703-711 
amplifiers, 708-710 
A of impedances method, 704-705 
Norton equivalent method, 
709-710 
short-circuit admittance method, 
703~-704 
Thévenin equivalent method, 
709--710 
Y-A not applicable, 706-707 
yv subtraction/addition 
method, 704 
hybrid parameters, 718-720 
impedance parameters, 712-716 
one-port networks. See one-port 
networks 
t parameters, 720-724 
transistors, characterizing, 717-718 
transmission parameters, 720--724 
Two-sided inverse Laplace 
transform, 542 
Two-sided Laplace transform, 541 
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Ultracapacitor, 223 
Unbalance Y-connected loads, 470 
Underdamped response 
source-free parallel RLC circuits. 
See RLC circuits 
source-free series RLC circuits, 
344-345 
Unit-impulse function, 277 
Laplace transform for, 544-545 
Units and scales, 9-11 
Unit-step function u(t}, 276-280 
Fourier transform pairs for, 769 
Laplace transforms for, 544 
and physical sources, 278-279 
RC circuits, 276—280 
rectangular, 279-280 
RL circuits, 276-280 
Unity gain amplifier, 177, 180 
Upper half-power frequency, 636 
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Vectors, 85, 806 
Volta, Alessandro Giuseppe Antonio 
Anastasio, 14n 
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Voltage, 9, 14-15 
actual polarity vs. convention, 14 
current sources and, 17-22, 49-51 
active elements, 21 
circuit element, 21 
dependent sources of 
voltage/current, 18, 19-21 
derivative-ot-the-current 
voltage, 18 
independent current sources, 19 


independent voltage sources, 18-19 


integral-of-the-current voltage, 18 
networks and circuits, 21—22 
passive elements, 21 
cutoff, 223 
force and, 5 
input offset, op amps, 196 
integral voltage-current relationships, 
for capacitors, 218-220 
internally generated, 474 
laws. See Voltage and current laws 
sources. See Voltage sources 
voltage and current division, 57-60 
Voltage amplifier, 176 
Voltage and current division, 57-60 
Voltage and current laws, 35-78 
branches, 35-36 
equivalent resistance, 52 
Kirchhoff’s current law (KCL), 35, 
36-38 
Kirchhoff’s voltage law (KVL), 35, 
38-42 
order of elements and, 52 
loops, 35-36 
nodes, 35—36 
paths, 35-36 
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resistors in series and parallel, 51-57 
series and parallel connected sources, 
49-51 
single-loop circuit, 42-45 
single-node-pair circuit, 45—49 
voltage and current division, 57—60 
Voltage coil, 476 
Voltage-controlled current source, 19 
Voltage-controlled voltage source, 19 
Voltage follower circuit, 177, 180 
Voltage gain, amplifiers, 708 
Voltage level adjustment, ideal 
transformers for, 513-514 
Voltage ratio H(s) = V out/V in, 
synthesizing, 612—616 
Voltage regulation, 475 
Voltage relationship, ideal transformers, 
time domain, 515-518 


Voltage response, resonance and, 630-631 


Voltage sources 
ideal, 131-133 
practical, 131-133 
reliable, op amps, 186-188 
series and parallel connected sources, 
49-51 
source effects, nodal and mesh 
analysis, 89-91 
Volt-ampere-reactive (VAR) units, 441 
complex power, 440 
Volt-amperes (VA), 438, 441 
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Wattmeters, for three-phase systems 
theory and formulas, 478-481 
two wattmeter method, 481-483 
use, 476-478 


Watts (W), 10, 441 
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Wheatstone bridge, 74 
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Winder, S., 616 
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Y parameters, two-port networks, 
697—699, 710-711 

Y(s) and Z(s). See s-domain circuit 
analysis 

Yv method, for equivalent 
networks, 704 
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Zafrany, S., 564, 785 
Zandman, Felix, 28 
Zener diode, 186-188 
Zener voltage, 187 
Zeros, 547 
s-domain circuit analysis 
pole-zero constellations, 
602—604 
zeros, poles, and transfer 
functions, 588 
Zero* vs. Zero”, slicing thinly: 
RL circuits, 270-273 
Zeta (¢) damping factor, 634 
Z parameters, 712-716 
Z(s), Y(s) and. See s-domain circuit 
analysis 
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